+Néu f(2)>0,thi tathdy f(a)=0hodc f(a)=1. Thatvay, néu f(a) > 1, thi bang cach cho k — +w
ta thdy 2f(a)"| £(2)f(a)' 1] +o0 nén (1) khong thé xay ra, con néu 0 < f(a) <1, thi véi k di
I, 2f(a)"| £(2)f(a)" —1] <0 nén (1) ciing khong thé xay ra. Thanh thi, ta da chimg minh duoc véi
moi a, thi f(a)=0hodc f(a)=1.
Tudo suyra 2/ (x> +y*)— f(x)— f(») e{0;1;2}; Vx,y € Z. (2)
Do do, n<2.
FNéu n=0,thi 2/(x*+ %)= f(x)+ f(y); Vxyel .
Vi f khéc hing nén ton tai x, €l saocho f(x,)#0.Khido,
f)=fx)fD= fD)=1
Do f khéc hang nén ton tai x, €ll saocho f(x)=1.Turi),taco
f(0) = f(x).f(0) = £(0)=0.
Bay gio, sir dung (2), ta dugc
2=2f(12+0*) = f()+ f(0)=1.

Diéu v6 li ndy chimg to n = 0 khong thoa mén.
*)Néu n =1, thi ham sb

f(X)={

thoa man dé bai. Do d6, n =1 thoa man dé bai.
*)Néu n =2, thi ta thiy khong thé ton tai 2 s p,q € Z; (p,q) =1sao cho f(p® +¢*)=0. Thit vay,
néu trai lai, thi Vx, veZ, tacod
0=f(p*+@ ) +¥) = f((P*+ )& +))
= [ (Gp+yq) +(xq-yp)’)
Két hop v6i (2) suyra f(xp+ yq) = f(xq — yp) =0. Thé nhung, do (p,¢)=1 nén ton tai x, y € Z dé
xp+yg=1.Do do, 1= f(xp+ yq)=0. Diéu v6 li nay chiing to

f(P+y)=LVx,yeZ;(x,y)=1.
Béy gio, ta xét ham s6

0 néu x=0

1 néu x#0

0 néu {p||x
ql x
X)=
S(x) {p(&
1 néu
q &

trong 6 p,q1a 2 sb nguyén té phan biét c6 dang 4k +3.
Ta s€ chung minh ham f(x) xay dung nhu trén thoa man
i) fy) =10 f(y); Vx,yeZ
i) {27+ - S xy e 2} ={0;1;2}
-Kiém tra diéu kién 1)

Néu {p Il " thi hién nhien f(0)=0= £(0)f(3).
ql xy

rq
-Kiém tra diéu kién ii)

. |pg@®& 1
Neu{ ® thi f(xy)=1=f(x)f(»)
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Vi f(x)e{0;1} nén {2/ (5" +3) = f(x)= f(W)] x,y € Z} = {0;1;2}
2/(1+p*)- )= f(p)=1

Dé thay 12/ (p* +4*)~ f(p)~f(g)=2 nén
2/(0)— f(0)- f(0)=0

2/ +y)=f()- ()] x.y e Z} ={0:1;2}
Vayn=1Ln=21a tat ca cac gia tri théa man dé bai.
Bai 38. Xac dinh ham sé f(x) liéntuc R* > R* (R" 1a tp hop cac sd thuc duong) théa man dong
thoi cac diéu kién:

1) f2x)=2f(x) vé6imoi xeR",

2) (7)Y =)= x"(e" ~1)f(x) voimoi xeR",

3) fle=D=(e=D /), ,

4) f(k)la so nguyén duong vdi moi s6 nguyén duong & .

Huwoéng dan gidi
Véi a, beR" va f(a)= f(b),suyra f>(a)e’“ ~1)= f*(b)(e’" ~1). Do dé
F(fP @) =)= f(f(b)(e"" ~1)).
Hay a’(e’ —1)f(a)=b>(e" =1) f(b). Vi f(a)= f(b)>0 néntasuyra a’(e’ —1)=b*(e" —1).
Xét ham sé h(x)=x?(e" —1)trén R, ta cod A'(x) = 2x(e* —1)+x%¢* >0 véimoi xe R* . Do d6 ham
sd h(x)=x*(e" —1) dong bién trén R*. Do d6 tir a*(e” —1)=b*(e” —1), ta suy ra h(a) = h(b) hay
a=b.
Viay f(x) 1a don anh. Két hop v6i f(x) lién tuc ta suy ra f(x) 1a ham don diéu thuc su. Mit khac,
theo gia thiét £(2)=2/(1)> f(1) néntasuyra f(x) 13 ham ting thyuc su trén R*.
T 2) tacho x=1thi (1)’ ™ -1))=(e—1) f(1). Két hop véi 3) ta suy ra
S =1) = fle=1).

Vi f(x) 1a ham ting thuc sy trén R* néntasuyra f>(1)(e/" -1)=e—1.
Xétham sé g(x)=x’(e* —1)trén R, tacod g'(x)=3x*(e* —1)+x°¢* >0 véimoi x e R" . Do d6 ham
s6 g(x)=x’(e* —1)dong bién trén R*. Do dé tr f3(1)(e’” —1)=e—1, tasuyra g(f(1))= g(1) hay
J=L.
Vi f(2x)=2f(x) vé6imoi xeR" va f(1)=1 nén theo quy nap tacd f(2")=2" v4i moi s6 tu nhién
n.
V&i moi s6 tu nhién n, ta co

2"=f2)<f2"+D)< f2"+2)<..< f(2"+2" =)< f(2")=2"".
Vi diéu kién 4) nén f(2" +1), (2" +2),..., f(2" +2" —1) déu la cac sb nguyén duong. Do d6 ta suy ra
fQR"+1D)=2"+1, f(2"+2)=2"+2,.., f(2"+2"=1)=2"+2"—1.
Vay f(n)=n voi moi sé nguyén duwong .
T f(2x)=2f(x) véimoi xe R". Tasuyra f(2"x)=2"f(x) v&éi moi x € R". Cho v4i moi xzzﬂn
v6i moi m,n 1a sb nguyén duong ta suyra f(m)= 2"f(;1—n) .Dod6 m= 2"f(%) hay f(;) = %

v&1 moi sO nguyén duong m,n.
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Véimdi xeR" tly ¥ cho truée déu ton tai ddy sb {g,}, g, c6 dang ;n_n hoi ty dén x . Vi f(x) 1a
ham lién tuc nén
x=limg, =lim /(g,) = f(limg,) = f(x).
Thir lai ta thdy ham s f(x) = x théa méan moi diéu kién cta bai ra.
Bai 39. Tim s6 nguyén duong m nho nhat sao cho ton tai ham sb f:0 " — [ \{-1;0;1}
thoa man dong thoi cac diéu kién sau
i/ f(m)=£(2015), f(m+1)= £ (2016);
f (n) -1
f(n) +1’

11/ f(n+m)= n=12,..

Hwéng din giai

Ta cod f(n+2m):—ﬁ:>f(n+4m):f(n),VneD*
n

Véi m=1,ta co f(n+4)=f(n):>f(n+4k)

B (s
/(n) f(n
1

F(1)=7(2015)=1(4.503+3)= 1 70 :

Voi m=2,taco f(n+8)=f(n)= f(n+8k)=f(n),Vnkel’

f(n),‘v’k,neD "
-1
+1

~

f(n+2):— ;f(n+l): ,Vnel®

—~ S—

3)=—

va f(n+4):—;'f(n+2)=f(n)_l,VneD*

f(n)” f(n)+1
Ta c6 f(z)=f(2015)=f(251.8+7)=f(7)=_ﬁ;
f(3)=f(2016)=f(251.8+8):f(g):_ﬁ
-2

biéu mau thuan trén dan dén m > 3.
V61 m =3, ta xay dung dugc v6 s6 ham f thda yéu cau bai toan nhu sau

Cho a e[ \{-1;0;1}, dat f(1)=a;f(2):1+_“;f(3):_l;
—-a a
| ()1
va f(n+3)—f(n)+l,v >

Khi d6, chimg minh quy nap thi ham s6 xac dinh trén [ “va
f(n)eD \{-1,0;1},Vnel"
hon nira theo ching minh trén

F(n+6)=——— f(n+12k)= f(n),Vn,k 0

f(n)
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Khido f(2015)= f(167.12+11)= f(11) =~ 2 = =—=1(3)

£(2016) = f(167.12+12) = f(12) = _

Véy ham s6 thoa mén yéu ciu bai toan.
Bai 40. Tim ham f(x) lién tuc trén R va théa man:
f(x+y)+f(x—y)=21f(x)+2f(y) Vx,yeR.
Huwéng din giai
+)Chox=y=0tu (*) = {(0)=0.
+)Thay x bdi y va y bdi x ta dugc:
f(x+y)+f(x—y)=2f(x)+2f(y) Vx,yeR
suyra f(x—y)=f(y-x), Vx,yeR = f(x) la ham sb chén.
+)Chox =y — f(2x) = 4f(x), CM quy nap ta dugc f(nx) = n*f(x), VxeR,VneN"

2

:f(fj:%f(x),VxeR,VneN*:>f(ﬂXJZm—zf(x):VXER,VWJMEN*
n) n n n

hay f(rx) =r*f(x), VxeR,VreQ,
+) Vi f(x) 1a ham chan nén f(rx) = r*f(x), VxeR,VreQ.
+) Vi f(x) lién tyc trén R nén flox) = of(x), VxeR, YVaeR = f(a) = aa?
Vay f(x) = ax?, véi a=1(1),x € R.
Bai41. choham f R > R, (R, ={x€R[x20}) c16 cho:

SO+ f(y)= (& +y+xf(4y) Vx,y20
a) Chung minh f la ham tang khong nghiém ngat trén R+
b) Tim tit ca cac ham f thoa mén diéu kién trén.

Huéng din gidi
a) Thay x=y=0 ta c6 f(0)=0. ‘ ,
Xét ham g(x) = x> + f(4y)x 1a ham dong bien trén R+ vi f(4y)>=0. Ma:

=) = T T = '+ . ~. I3 , \ . 9
g(0)=0;g(+e0) =40 = go 8(x) =[05+0) nén voi moi sO duong a bat ky ludn ton tai xo dé a= g(Xo)

>0.Do d6 f(y+a) = f(g(x0)+y) >= f(y) v6i moi s6 a dwong. Chirng to f 12 ham tang khong nghiém
ngat.

b) Xet hai truong hop sau:
THI1: Ton tai t > 0 dé f(t) = 0.

Thay x=~t = ()= [+t +1f(49) = f(t+)
Ma f(< f+y)=f()=F(y+1) Vy=0
= f(0)=f()=fQ20)=...= f(ni) Vne Z*

Két hopvéi f(x) 1a ham khéng giam nén f(x) = 0 v6i moi x khong am. Vi néu nguoc lai ton tai u > 0 dé

f(u) > 0 thi ludn ton tai n nguyén duong dé nt > u nhung f(nt) = 0 mau thuan véi tinh khong giam cua
ham f.

TH2: Vi moi sé dwong t ¢6 f(t) > 0. Theo chimg minh trén suy ra f 1a ham ting ngit

Thay y boi y? ta cé: f(x?) + f(y?) = f(x> + y* + xf(4y?))

Thay x boi y, y boi x>

SOO+S(6)= /(7 +2° + 3 (4)
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Vi f tang ngdt nén:

X+ Y Haf(4y*) =y  +x° +yf(4\/;):>x(f(4y2)=yf(4\/;):> AGS) = f(4\/;)=kax>O;y >0
y X

= f(x)=kx

Thir lai ta duoc k=1.

KL: Bai toan c6 hai nghi¢m la

f(x)=0; f(x)=+x.

Bai 42. Tim tit ca ham f: R—>R”" lién tuc trén R va théa man diéu kién:
1 1

+ 5 =1 VxeR.
Sx) f(x"+2x)

Huwéng din giai
Taco (1) & f(x)H(x*+2x) = f(x).f(x*+2x)
& [f(x)-1].[f(x+1)*-1]=1
Thé x boi x-1 ta [f(x-1)-1].[f(x>-1)-1]=1
Dit g(x)=f(x-1)-1 = g lién tuc trén R; g(x)#1 VxeR va g(x) g(x*)=1 VxeR (2)
Tur (2) ta co g(x) 20 1 VxeR
Thay x béi —x = g(-x).g(x>)=1-g(x).g(x*) = g(-x)=g(x)
Vay g 12 ham chin x nén ta chi can xét voi x>0 trén R.
Tur (2) ta co: g(x) = = g(xH)= g(x)=g(x"*) Vx>0
Liy a>0 tuy y, xét diy (xn) xac dinh nhu sau:
X0=2; Xn+1=Xn*'VneN=Lim x,=1

Va c6 g(xn)=g(xa")=g(xnt1) YXEN=> g(Xn)=g(Xn-1)=...=g(X0)=g(a)
Vi g lién tuc nén ta c6 g(x) =Lim g(xa)=g(Lim X») = g(1)
Thay x=1 vao (2) =g*(1)=1 = g(1)=1 (vi g#1) =g(x) =1 Va>0 bat ki
=g(x)=1 VxeR =f(x)=2 VxeR
Bai 43. Tim tat ca cac ham sé f: —[J thoa mén:
xf (x+xy) :xf(x)+f(x2)f(y), Vx,yell .
Hwéng din giai
xf(x+xy)=xf(x)+f(x2)f(y), vx,yell (1)
Trong (1) lay x = y = 0 duoc f(0) = 0.
Trong (1) ldy y =-1 ta co

xf(x)+f(x2)f(—1):xf(O):O, Vx el (2)
Trong (2) liy x = -1 ta dugc:

S(=1)=0

PO D=1 (0=00 )
+Néu f(—1)=0 thi tir (2) suy ra f dong nhét 0 va ham nay théa man bai toan.
+Néu f(1)=1 thi trong (2) lai ldy x = 1 ta thu dugc f(-1)=-1.

Tir d6 (2) tré thanh : f(x*)=xf(x), vVxel  (3)

Trong (1) tachoy=1:

xf(2x)=xf(x)+f(x2)f(l), Vxell & f(2x)=2f(x), Vx#0

Két hop (1) va (3) ta dugc:
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f(x+xy)=f(x)+f(x)f(»), Yvel,x=0 (4
Tir (4) lan lugt lay x = I, x =-1 taco: f(1+y)=1+f(y), Vyell

f(—l—y)z—l—f(y), vy ell

Nhu vay ham f 12 mot ham s6 1é.
Trong (4) thay y bdi -y va sir dung tinh 1€ ctia ham f:

S(x=xp) = f(x)+ 1 (x) f(=9) = F ()= F(x) / (), Vyel,x=0  (5)

Cong vé theo vé (4) va (5) :

f(x+xy)+f(x—xy)=2f(x):f(2x), Vyell,x#0

Ma £(0) = 0 nén ta co f(x+xy)+f(x—xy):2f(x)=f(2x), Vx,y el
f(x—i-y)zf(x)—i—f(y), Vx,yell

Va by gid ta s& tinh biéu thic f ((x+ 1)2) theo hai cach:
f((x+1)2):f(x2 +2x+1):f(x2)+f(2x)+f(1)=xf(x)+2f(x)+1, Vxell
S 1)) = (e 1) £ (1) = (x4 1)( £ (x) +1), Vel
Tur hai diéu trén thu dugc:
xf(x)+2f(x)+1:(x+1)(f(x)+1), Vxell <:,>f(x)=x, Vx el
Thir lai thoa. Két luén cia bai toan 1a: f(x)=0,vxell; f(x)=x,Vxell .
Bai 44. Tim tat ca cac ham sé f:0 \{0} -1 sao cho véi moi x,y khac 0 vax =y tacd
FO) - f(0) = f(y)-f(

y ] '
Hwéng din gidi

Pit g(x) = f@ ta duoc PTH: g(y)-g(x) = g(y)g(l —%j (1)

X
X —

+ Cho y=1: g()-g(x)=g()g(1-x). Suyra gﬂ%g@ =slle (l‘fj @

g(l)—g[xj
W)

+Tu (1) va(2) suyra g(y)—g(x)=g().
g

= g(»)g [ij = g(x).g(1) (3), véi moi

x,y#0x#y.

+ Trong (3) thay x bdi y —x, ta dugc: g(y)g(l —ﬁj =g(y—x).g) (4).
Y

+Tu (1), (4) suyra g(y)—g(x)=g(y—x).g(l). Thrday suy ra g(u+v)=g(u)+g().g() (5), véi moi
u,vz0u+v=0.

+Tu (3) suy ra g(xy)g(l) = g(x).g(y) voimoi x,y#0 (6).

+ Hoén ddi vai tro ctia u,v trong (5) suy ra néu g(1) #1 thi g(x)=0 (mau thuin). Do d6 g(1)=1 va ta
dugc: glu+v)=gu)+gv);g(uv)=g(u).g(v) voimoi u,v#0.

Theo két qua co ban ta duge g(x) =x. Vay f(x)= 1 12 ham duy nhét can tim.
X
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Bai 45. Tim tat ca cac ham f:[J — [ thoa man dong thoi hai diéu kién sau:
i) V@i moi cdp a, b nguyén duong khéng nguyén té cung nhau, ta cé f(a).f(b) = f(ab)
i) Véi moi bd a, b nguyén duong tén tai mot tam gidc khdng suy bién cé dd dai ba canh I3

f(a),f(b)va f(a+b-1) .

Hwéng din giai
Tu dk 2, voi moi by a, b nguyén duong, ta cé
f(a)+f(b)> f(a+b-1);
f(a)+f(a+b-1)> f(b);
fa+b=1)+f(b)> f(a);
a=b=2: f(4)=1(2);2/(2)> £ (3).
a=3b=2:1(2)+f(3)> f(4)
127 =r(#)<r@)+f(3)<s(2)+2/(2)=3/(2)
= f(2)=1or f(2)=2.
Néu f(2)=1. Do 2f(2) > f(1) — f(1) =1.
Quy nap ching minh f(n)=1 v6i moi n nguyén duong.
Cho a=n,b=2:f(n+1)<f(n)+f(2)=2 > f(n+1)=1.
Néu f(2)=2 , bang quy nap chimg minh duoc f(2k):f(Z).f(Z“):....:f(Z)
Do f(H-f(2)<f(3)<2f2)= f3)=3.
Quy nap ching minh f(n)=n véi moi n > 2.
Choa=n-1,b=2:f(n)<f(n—1)+f(2)=n+1—> f(n) <n.
Léy r 14 s6 nguyén 16n nhat sao cho 2" khong vuot qué n.
Néu 2=n thi theo chung minh trén c6 f(n)=n
Néun=2"+s véi 1<s<2".
a=n=2"+s;b=2"—s+1.
Tacof (2 —s+1)=2"—s+1= f(n)+ f(2 —s+1)> f(2 +s+2 —s+1-1)
f(n)>f(27)-f (2 —s+1)=2"" (2 —s+1)=2"+s-1=n-1
:>f(n)2n
f(n)=n Vn>2..
Do f(1) <2f(2) =4 nén f(1) bang 1, 2 hoic 3.
Vay f(n)=1 v6i moi n nguyén duong hodc f(n)=n vn >2.; f(1) e {1;2;3}

k

=k
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