NB_BH_dt(AABM) _ABisin(ABM)

Ta co: = = =
NC CK dt(AACM) AC.sin(@CM)
) L B 2dt(AABC) . B 2dt(AABC)
sin (@BM) = sm(@CB) T BCCA Tuong tu: sin (@CM) “ " BCAB
= Suy ra.: m - ACZ

sin(@CM) AC
Céu 15. SO GD&PT LONG AN KY THI CHON HQC SINH GIOI LOP 12 VONG 1
Cho tam giac ABC nbi tiép duong tr(‘)n(O;R). Duong phan giac trong goc A cla tam
giagc ABC ciat BC tai L va cét duong tron (O;R) tai N . Goi M, K lan luot 13 hinh

chiéu vuong gocciia L 1én AC va AB. Ching minh tam giac ABC va tit giac AMNK
c6 dién tich bang nhau.
Hudng dan giai

A

EQV7A
e
ANV
v Ta c6: AL la duong trung truc ctia doan MK

Goi I = AL~ MK = MK =2MI Pit BAC =«

1 . 1 ; .
S e :EAB.AC.sma, Sk ZEAN.MK Ta c6: AACL dong dang voi

AANB = AB.AC = AL.AN

sing—&
1 MK , ., N 2 AL
=S ZEAB.AC.E (1) Ta c6: Tam giac AML vudng tai M= o AM
COS—=——
2 AL
= sino = 2sin L oos & = 2MEAM _ ZMLAL _MK o) 1o (1y va 2)
22 AL AL AL

1 .
=Sk = EAB‘AC‘sma =S usc

Céu 16. SO GIAO DUC VA PAO TAO LONG AN KY THI CHON HQC SINH GIOI
LOP 12 VONG 1

Cho tam gidc ABC c6 truc tim O . Puong tron dudng kinh AC cit BO tai M, duong tron
duong kinh ABciat OC tai N . Chimg minh AM = AN .

Huéng dan giai

Trung tAm Luyén thi AMAX — Ha Dong Fanpage: https://www.facebook.com/luyenthiamax/
Hotline: 0902196677




Goi H, K 1an luot 1a chan duong cao ké tir B, C cua tam

giac ABC

Ta co6 AABH dbng dang v6i AACK

< AB _ A < AB.AK = AC.AH (1) Ta c6 tam giac
AC AK

AMC vuéng tai M, MH | AC = AM* = AH.AC (2)

Tuong tu: AN = AK.AB (3) Tix (1), (2),(3)

= AM = AN

17. Truong THPT chuyén Long An

Cho tir giac ABCD c¢6 hai duong chéo cit nhau tai O .

Goi H, K 1an luot 1a tryc tim cua cac tam gidc ABO vaCDO . Goi I, J 1a trung diém

AD, BC'.

Chirng minh: HK vudng goc véi 1J.

Hudéng dan giai

UUuI uum UUr uur . uur uuar UL uur . uuum Uur uun uuu
HK IJ = (OK ] OH)(OJ _ 01)= E(OK ; OH)(OB +0C- 04 - OD)

1 UUr uum UUIr uuum Uur uum UUr uum Uur uuin UUr U uur uun uur uum
- E(OKOB + OKOC - OKOA - OKOD - OHOB - OHOC + OHOA + OH.OD)

1 UUI U Uul Uur Ul uvm Uum Ul Ui uom Uun uuur U uun Uun U
- é(OCOB +0DOC - ODOA - OCOD - OAOB - OBOC + OBOA + OAOD)

=0
Céu 18. Cho hinh vuéng ABCD . Trén cac canh AB, BC,CD, DA ta ly theo thtr ty cac diém
E,F,G,H saocho AE = BF = CG = DH . Xac dinh vi tri ctia cic diém
E, F,G,H sao cho tr giac EFGH c6 chu vi nhé nht.
Hudéng dan giai

A
HAE = AEBF = AFCG = AGHD
= HE = EF =FG = GH
= EFGH Ia hinh thoi.
AHE = BEF H
—AHE + AEH = 90° i
— BEF + AEH = 90° D
— HEF = 90°
= EFGH la hinh vu6ng
Goi O la giao diem cua AC va EG. Tt giac AECG c6 AE

= CG, AE //CG nén 1a hinh binh hanh suy ra O 14 trung diém cua AC va EG, do d6 O 1 tAim
cta cd hai hinh vuong ABCD va EFGH.

AHOE vuéng can: HE? = 20E? = HE = OE~2

Chu vi EFGH = 4HE = 4~/2 OE. Do d6 chu vi EFGH nho nhét <> OE nho nhét

Ké OK 1LAB = OE >OK ( OK khéng d6i )

OE=0K < E=K
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Do d6 minOE = OK

Nhu vay, chu vi t gidc EFGH nho nht khi va chi khi E, F,G, H 14 trung diém cua AB,
BC, CD, DA.

Cau 19. Truong THPT chuyén Long An

Cho tir giac ABCDnditiép (O;R). Goi H,, H,, H,, H, thir t 12 tryc tim ctia cac tam
giac ACD, BCD, ABD, ABC . Chimg minh rang:

a) BH,, AH,, CH,, DH,dong qui.

b) Twr gidge H,H,H H 14 t& gidc ndi tiép

Huéng dan giai

a) Goi a 1a khoang cach tir O t6i CD . Tir tinh chét
(*)suyraAH, = BH,= 2a .Tu giac AH; H2B ¢6
AH, = BH,va AH:// BH; (cung vudng goc voi
CD )P AH,H,B lahinh binh hanh. Chirng minh
tuong tu thi CH,H,A, H DBH , cling 1a cac hinh
binh hanh. Tu cjé suy ra BHl, AH,, CH3, DH4 dong
qui tai trung diém I cua moi duong.
b) Lay O1 di xting véi O qua I; suy ra DOH 0, 1a
hinh binh hanhb O,H, = OD = R .Chimg
minh tuong tw ta c0O,H, = OC = R;
OH,= 04 = R;OH, = OB = R.Suyra
H,H,H H, ni tiép duong tron (O,; R).

Céu 20. Cho tam giac ABC c¢6 dién tich bang 1. Goi M 1a diém bat ky ndm trong mit phang chira
tam gidc ABC . Tim gia tri nho nhét cua biéu thic:
T'=MAh, + MB.hy, + MC.h,.
(v6i h,, h,, h, 1an luot 13 do dai cac duong cao vé tir 4, B, C).

III. Bai toan cuc tri

Cau 31. (Sé GDDT Nghé An- thi chon hoc sinh giéi tinh 2004-2005)
a. Tim diém M trong tam giac ABC dé MA+ MB+ MC nhé nhit.
b. Xét cac tir giac 16i ABCD c¢6 d¢ dai dwong chéo AC, BD cho truéce va goc giira hai
dwong chéo c6 do 16n da cho. Hay xac dinh tir gidc ¢6 chu vi nhé nhat.
Cau 32. (THPT Chuyén Lé Quy Don — Tinh Lai Chéu- Trai hé¢ Hing Vuong lan X)
Trong mit phing cho dwong tron tim O ban kinh R va mjt diém P nim trong
dudng tron (OP =d < R).Trong cdc tit gidc 16i ABCD ndj tiép dwong tron néi trén sao
cho cac duwong chéo AC va BD vuong goc véi nhau tai P, hay xac dinh tir giac cé chu
vi I6n nhat va tir giac ¢6 chu vi nhé nhat. Tinh cac chu vi d6 theo R va d.
Loi giai
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Goi chu vi tir giac ABCD 1a p = AB+ BC + CD + DA .Ta cé
p? =(AB+ BC +CD+ DA)’ = AB* + BC* +CD? + DA®
+2(AB.CD + AD.BC)+2(AB.AD + CB.CD)

+2(BA.BC + DA.DC) (1)
Theo dinh li P t6 1€ mé thi:

AB.CD + AD.BC = AC.BD (2)
K¢é duwong kinh BE,ta co

AABE 1 APAD = AB.AD =2R.PA
ACBE [l ACPD = CB.CD =2R.PC

Tir hai dang thirc trén ta c6

AB.AD + CB.CD=2R.(PA+ PC)=2R.AC (3)
= BA.BC + DA.DC =2R.BD (4)

. AB*+CD’=AB’ + AE’ =4R’
Chu y rang:
BC? + DA = BC? + CE* = 4R’
Thay hai dang thirc trén va tir (1),(2),(3),(4) ta dwge:
p’ =8R*+24AC.BD +4R(AC + BD) (5)

Goi M,N theo thir tu la trung diém ciia AC,BD thi
OM 1 AC, ON L BD

AC? + BD> =4AM* + 4BN> =4(R2 —0M2)+4(R2 —ONZ)

Ta co:

—8R> —4(0M2 n ONZ):SRZ — OP*> =8R* — 44>
Do do

(AC + BD)" = AC* + BD* +2AC.BD =8R* —4d* + 2AC.BD (6)

Piat OM =u,ON =vta c6:
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AC?>.BD* =4AM* 4BN’ :4(}32 —u2)4(R2 —vz)
=16(R' = R* («* +V* )+ u*v* ) =16(R* - R’d” +u"v*) (8)

Tw (6);(7);(8) suy ra: p” dat gia tri I6n nhit (hay nhé nhit) <
AC + BD aat gia tri 16n nhit (hay nhé nhiat) <> AC.BD dat gia tri 16n nhét (hay nhé

nhit) < u”v’ dat gia tri 16n nhét (hay nhé nhit).

Céu 33. (THPT Chuyén Ha Giang — Olympic Hung Vuong lan X - 2014)
Cho tam giac ABC c¢6 chuvi p.Cac dwong phén giac trong 44,, BB, CC, cit cac doan
thang B.C,, C, 4, AB, twong uing tai 4,, B,, C,. Puong thing qua A4, song song véi
BC ciat AB, AC theo thir tw 4, A,. Duong thing qua B, song song véi AC ciat BC,
BA theo thiwr tu tai B,, B,. Dwong thing qua C, song song voi AB cit CA, CB Theo
thir tw C,, C,. Chirng minh rang 4B, + BC, + CA, + BA, + CB, + AC, < p . Dang thirc xay
ra khi nao?
Loi giai
A
A By
Ny 2 A,
Cq —
5 A C
batBC=a, AC=b, BA=c,p=a+b +c.
BA, CA, AA BA, +CA AA
Vi A3A4 || BC nén theo dinh li Talet ta c6: oA L=1-—"2(1)
AB  AC A4 b+c AA,
Ap dung tinh  chit  dwong  phdin  gisc  trong  goc  C:
CA AC CA AC AB.AC cb
= < = =>CAd= =
CB BC AB AC+BC AC+BC a+b
b
Twong tu: AB, = 2
a+c
Str dung cong thirc dwong phan giac cho tam giac ABC va tam giac A1B1Cx
2c.bcos 4 2A4B,.AC, cos 4
Ady=——2 44, = 2
b+c AB, +AC,
AA b+
Do dé: =2 = <
A4, 2a+b+c
Tw (1) va (2) ta co:
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BA+CA, _,__ btc 2a

b+c “2a+b+c 2a+b+tc
Tur dé, theo bat dang thirc Cauchy cho hai so duwong ta nhan dugc:
(2a+(b+c)2j
2
BA3+CA4:2a(b+C)S :2a+b+c 3)
2a+b+c 2a+b+c 4

Hoan toan twong tu: AB, + CB, < %+” 4); BC, + AC, < w )
T (3), (4) va (5) suy ra:AB4++BC4+CA4+BA3+CB3+AC3< a +b+c= p(dpcm)
Déu bang xay ra khia=b =c.
VI. Cac bai toan khac
Cau 34. ( THPT Chuyén Chu Van An — Lang Son - Thi Toan 11)
Cho tam gidc ABC vudng tai 4 va I 13 tam dwdng tron ndi tiép cia né. Goi AH la
duwdng cao tir dinh 4 ciia tam giac ABC va E, F lan lwot 1a tim dwong tron ndi tiép
tam giac AHB, AHC twong ing. Goi O la trung diém ciia BC . Chirng minh O la
dwong thiang Euler ciia tam gidc AEF .
Lo1 giai

A

Chirng minh: Ta cé

ZABE :%AABC zééHAC =/HAF vaAH | BH = BE 1 AF . Twong tu ta co

CF 1 AE . Goi giao diém cua AI, BI, CI véi EF, FA, AE twong uwng la X, Y, Z. Khi do, /

la truc tAm AEF.

0 —
Ta ¢6 LIAF = LIAC — LCAF = 45" —%LBAD =45’ —% =45’ 0 —zC
_«c “u_IF

== ZICA, suy ra AIAF [ ICA = C = IA* = IC.IF . Hoan toan twong tu, ta c6

IA* = IB.IE ,nén ta ¢6 IB.IE = IC.IF = BEFC ni tiép, nén suy ra Z/IEF = /FCB . Vi tit
gidc EZYF ndi tiép nén £IZY = ZIEF = YZUBC = /FCB . Hon nira, goi M 1a trung
diém ciia YZ, theo dinh i Thales suy ra I, M, O thang hang. Mit khac, cac tir giac
AYXE, AZXF ndi tiép nén ta cé

LZXY = LZXA+ LYXA = LZFA+ £/YEA= LACF + ZCAF + ZABE + ZBAE =90 nén M
12 tAm ngoai tip ciia XYZ, suy ra M 1a tim Euler ciia AEF, suy ra IM i duwong thing
Euler cia AEF nghia 13 OI 1a duong thiang Euler ciia tam giac AEF[
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Cau 35. (THPT Chuyén Nguyén T4t Thanh — Yén Bai — Toan 11)
Cho tam giac ABC véi trong tAim G ndi tiép trong dwong tron tim O ban kinh R.

Cac tia ] .
AG, BG, CG cat dwong tron tai D, E, F.Ching minh rang
1 1 1 3
+ + —
GD GE GF R
Loi giai

Goi cac trung tuyén cia AABC 1a AM,BN,CP va ait
AB=c,AC=b,BC=a,AM=m,

Xét phwong tich ciia M d6i véi duong tron ta c6
2 2
a a
MD.MA =MBMC hay MD.m, = Z,MD = 4—
m

a

2

:>GD:GM+MD:lma+a—
3 4m

a

2
T GA = Ema va tir (2) ta co:

2
GA 3™ gm’

GD 1_ a  4m’+3a’

3 % 4m,
Ma 4m’ =2(b° +¢*)—a’ khi dé ta duge
GA _ 2(2b°+2c’-a’) 2b*+2c*-a’
GD 2b°+2¢*—-a’+3a’ a’+b’+¢’

GB GC
Twong tu ta tinh dwoge cac ty s6 —,——
GE’ GF
GA GB GC
GD GE GF
Ta co

AD BE CF 3. GA GB GC )
GD GE GF GD GE GF
Do cac diy AD,BE,CF déu khéng 16n hon 2R nén thay vao 4 ta cé
_AD BE CF 2R 2R 2R
~ GD GE GF GD GE GF
1 1 1 _ 3
Tir do ta co: + > —
GD GE GF R

Cau 36. (S6 GDDT Quang Ninh — Chuyén Ha Long — 2013- Toan 11 )
Cho tam gidc ABC cin tai 4.Goi D la trung diém ciia AC . Pwong tron ngoai tiép
tam giac BCD giao véi phan giac goc £BAC tai £ nam trong tam giac A5C. Puwong
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