Goi N la giao diém cua AD va BC: G 1a giao diém cua AC va BD.
Dung hai tiép tuyén NP, NO cta (O) (P, O 1a cac tiép diém).

PQ cit BC,AD tai Zva T.

Ta c6: (NZCB) = (NTDA) = - 1 nén ZT, CD, AB d6ng quy tai M.
(NZCB) = (NTAD) = - 1 nén ZT, CA, BD d6ng quy tai G

Do d6 P,0, Z, T, G, M thang hang.

Theo dinh 1y Brocard, O 1a tryc tam tam gidc GMN nén NG // d (1)
Ta co, (NTDA) =- 1 nén G(NTDA)=-1 (2)

Tir (1) va (2) suy ra M 1a trung diém coa HK.

Ta c6, ABCDMN la tit giac toan phan nén (XGDB) = -1

= NM(XGDB) =-1 (3).

Tir (1) va (3) suy ra M 13 trung diém cia IJ.

Tré lai bai toan:

Goi K=AM N (01); R=BK nd

Ta c6 CK // PD va M 1a trung diém ciia CD nén CKDP 1 hinh binh hanh. Suy ra M 1a trung
diém cua PK.

Theo b8 d8, ta cé: M |a trung diém cla QR nén KRPQ la hinh binh hanh. Do d4, RK // PQ.

Goi E 1a giao diém cia PQ va (0).
Ta co: OPK = PKB; OPK = 4BE nén PKB = 4BE

Suy ra BAK = EBK hay BE 14 tiép tuyén cia (O1) nén E ¢6 dinh.
Vay PQ ludn di qua diém E c6 dinh.

Cau 26. [TRUONG THPT CHUYEN LE QUY PON TINH DIEN BIEN NAM 2016]
Cho tam gidc ABC nhon, khong can ndi tiép dudng tron (O) cb dudng cao AH va tim duong
tron noi tiép 1a 7. Goi M 1a diém chinh gitra cung nhoé BC cua (0) va D 1a diém dbi ximg voi
A qua O. Puong thang MD cit cac duong thang BC, AH theo thir ty tai P va Q.
a. Chtrng minh riang tam giac /PQ vudng.
b. Puong thang DI cit (O) tai diém E khac D. Hai dudng thiang AE va BC cit nhau tai
diém F. Ching minh rang néu AB+ AC =2BC thi I 14 trong tAm cua tam giac APF.
Hudng dan giai
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Cac hinh v& sau cho trudong hop 4B < AC.
a. (3 diém)
1

Ta c6: ZOAC=90° - 5 ZAOC

=90° —£4ABC = /BHA
va Al 1a phan gidc ZBAC nén

LHAI= ZOAL
Suy ra AAQD can tai 4 = MQ =MD (1).
Goi L 1a giao diém AM va BC,
Khi d6 ZLPD =90° — ZHQP
=90°— ZADM = ZLAD.
Do d6 tir gidc ALDP noi tiép duoc
= MD.MP = ML.MA (2).

MC

r . . B _
Ta c6 AMLC ~ AMCA (g — g) nén 2 = MC e - ppma 3y, T80 €0 £MIC

MC M4 omci= A€ Lan

AMIC can tai M = MC = MI (4).
T (1), (2), (3), (4) ta c6: MI* = MC* = ML.MA = MD.MP = MQ.MP. Suy ra tam gidc
IPQ vuong tai 1.

b. (2 diém)

Tir cdu a. ta suy ra HIPQ ndi tiép

= /IHP = ZIQP = ZIDM = ZEAM
do d6 tir gidc AIHF ndi tiép

= LAIF = ZAHF = 90°.

Goi N la trung diém cua doan FA.
Khi d6 ZNIA = Z/NAI = LZEDM

= ZIQP = ZMIP
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nén N, I, P théng hang. )
Theo tinh chat phan giac va gia thiét thi
IA_BA_BA_ AB.BC BA-AB'BC—

Lo T = : =2.
) IL BL AB+ AC 2BC
Ap dung dinh 1y Menelauyt cho tam gidc AFL v&i cat tuyeén NIP ta co
AN FP LI FP 1

.~ =1 1.—.==1 = Llatrung diém cua PF.
NF PL 14 PL 2
Tu d6 suy ra 7 1a trong tam cua tam giac APF.
Ciau27. [TRUONG THPT CHUYEN HOANG VAN THU TINH HOA BINH TRAI HE HUNG
VUONG LAN THU XII]
Cho tam gidc ABC, duong tron tim O bang tiép goc A tiép xtic voi canh BC, CA, AB lan
luot tai T, F, E. Hai duong théng BE, CF cit nhau tai [
a) Chung minh A, I, T thang hang
b) V& dudng tron tim O khac dudng tron bang tiép goc A & trén cit doan AB,AC tai M, N; cit
dudng thang BC tai A,, A, véi A, thudc tia d6i BC, A, thudc tia d6i CB. A, M cit A, N
tai K. Chtrng minh rang K nam trén duong thang Al
Hudng dan giai

a) Can chimg minh AT, BF,CE ddng quy. Ap dung dinh li Ceva v6i tam gidc ABC

TB FC EA . .
—.——.——=1 suy ra A,I,T thang hang.
TC FA EB

b) A,B=BM, 4,C=CN
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Cau 28.

Trung tim Luyén thi AMAX — Ha Pong

+ANAAI=K =K AN

AT AF

AK.  AM
+ AM Al =K, =2 =2

AT~ AE

Can ching minh AM=AN
Ta c6 AO vudng goc véi MN suy ra tam giac AMN can dan dén AM=AN= K, =K,

[TRUONG THPT CHUYENLUONG VAN TUY KHU VUC DUYEN HAI VA PONG
BANG BAC BO NAM HOC 2014 —2015]

Cho tam giac ABC ( BAC #90° ) 6 H 1a tryc tdm va M la trung diém cua BC. P 1a mot
diém thudc duong thing HM, dudng tron (K) duong kinh AP cit AC, AB lan luot tai E, F
khac A. Chirmg minh rang tiép tuyén tai E, F cua (K) cat nhau trén trung
truc BC.

Hudng dan giai A
e
Goi T la giao diém cua
céac tiép tuyén véi (K) [\ tai
E, F.Y, Z theo thu tu /, f] - la
giao diém cua CH, [ N | | BH
va CA, AB. (N) Ia \ / K ¥ |
duong tron duong S ’%—‘ | _F 5 i
kinh AH, S 1a giao VA NE
diém thir hai cua (K) MO aal I/ va
(N). C6 hai truong Ve [ hop
Xay ra: FY B e
Truong hop 1. P [t | s
trung véi H. D¢ thay —— gy e
E=Y,F=Z.Do = M a6
I'=M.
Truong hop 2. P T
khong trung véi H.
D@ thay céac tam giac SEY, SFZ dong dang cung huéng.
Do d6 cac tam giac SEF, SYZ dong dang cung huéng (1).
Tur (1), cht y rang TE, TF tiép xuc vé6i (K) tai E.F va MY, MZ tiép xuc v6i (N) tai Y, Z suy
ra cac tam giac TEF, MYZ dong dang cung hudng (2).
Tir (1), (2) suy ra cac tam giac STF, SMZ ddng dang cing huéng.
Do d6 cac tam giac STM, SFZ ddng dang cung hudng (3).

D3 thiy: ASH =90° = ASP. Do do: SH=SP.

Két hop v6i P thuoc HM suy ra SM=SH(4).

Tu (3), (4) suy ra:

(IM,AH)=(TM ,FZ)+(FZ,AH)
=(SM,SZ)+(AZ,AH)(mod )

=(SH,S5Z)+(SZ,SH) =0(mod )

vay TM [JAH 1 BC'.

N6i cach khac, tiép tuyén tai E, F ctia (K) cit nhau trén trung truc BC.
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Cau29. [TRUONG THPT CHUYEN NGUYEN TRAI TINH HAI DUONG NAM 2015]
Cho tir gidc ABCD nbi tiép dudng tron tdm O va c6 AC vudng goc voi BD tai diém H. Goi
I, J, K, L 1an luot 12 hinh chiéu vudng goc ctia H trén cac duong thang AB, BC, CD, DA, goi
M, N, P, Q twong Ung 1 trung diém cua céac canh AB, BC, CD, DA.
a) Chirng minh rﬁng tam diém I, J, K, L, M, N, P, Q cung nam trén mot duodng tron co6 tam la
trung diém cua doan thang OH.
b) Chimng minh rang giao diém cta IK va JL nam trén dudng thang OH.
Hudng dan giai

¢ hét ta chimg minh H, I, P thing hang. That vay, 4HI =90° - 24H =90° - HDC = HCD = PHC (vi HP 1a
trung tuyén ctia tam giac vudng HCD)
ral, H, P thing hang. Tuong ty cling ¢4 J, H, Q thang hang, K, H, M
ng hang, L, H, N thang hang.
rang I va K nam trén duong tron duong kinh MP, J va L nam trén duong
1 duong kinh NQ. (1)
t khac, MNPQ 1a hinh binh hanh va MN song song AC, NP song song
, AC vudng goc BD nén MN vuodng goc NP, vi vay MNPQ 1a hinh chir
t. Do d6 duong tron duong kinh MP ciing 1a duong tron duong kinh NQ

(Dva@)suyral,J, K, L, M, N, P, Q cung nam trén mot dudng tron co
13 trung diém cua MP va NQ, goi tim d6 1a T. Hon nita, OM song song
( vi cung vuong goc voi AB), OP song song HM(vi cung vudng gboc véi
) nén OMHP 14 hinh binh hanh, do d6 trung diém T cua MP ciing 1a
1g diém cta OH.
yI1,J, K, L, M, N, P, Q cung nam trén mot duong tron co6 tam la trung
m cua OH.
> diém) Ta sé& dung phép nghich dao dé ching minh phan nay.
hidu (T) 14 dudng tron duoc néu trong phan (a).Ta cd
rn =HI.HP=HJ.HQ = HK.HM = HL.HN = k nén phép nghich ddo cuc H

rong tich & bién I thanh P, J thanh Q, K thanh M, L thanh N.

x¢t hai truong hop:

[éu IK va JL déu khong di qua H: thé thi phép nghich dao néu trén bién

thanh duong tron (HPM), bién JL thanh duong tron (HQN). Goi G 1a

o diém ciia IK va JL, phép nghich dao trén bién G thanh G' thi G' thudc

1ai dudng tron (HPM) va (HQN). Vay duong thang HG' 14 truc dang

rong cua hai dudng tron nay.

c6 MNPQ 1a hinh chit nhét tim T nén TM TP =TN.TQO = By yprry = Fruon

d6 T thudc truc dang phuong HG'. Ma T 1a trung diém cua OH va H, G,

hang hang nén G nam trén dudng ding OH. (dpcm)

‘éu IK hoic JL di qua H: gia sir IK di qua H, thé thi AB song song CD

' ABCD 14 hinh thang n6i tiép duong tron (0), do do ABCD la hinh thang
.Khi @6 I, H, O, K thang hang nén giao diém ciia IK va JL nam trén

g thang OH.(dpcm)

Cau 30. [SO GIAO DUC PAO TAO VINH LONG BE THI CHON HOC SINH GIOI VONG TINH
LOP 11 NAM HOC 2014 —2015]

Cho tam giac nhon ABC ndi tiép duong tron tim O ban kinh R, trén canh BC ly cac

diém E, F sao cho diém E nim gitra hai diém B, F va BAE = CAF . GoiM,N lan Iuot 1a hinh

chiéu vudng goc ciia F trén cac duong thing AB va AC, kéo dai AE cét duong tron ngoai
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tiép tam giac ABC taiD. Ching minh rang to gidic AMDN va tam giac ABC c6 dién tich
bang nhau.
Hudng dan giai

Ching minh rang t& gidc AMDN va tam giac ABC c6 dién tich bang nhau.
Dit BAE = CAF = a, BAF = p.

S e = %AB.AF.sin(a +f3) +%AC.AF.sina = %(AB.CD +AC.BD) (1)

Dién tich tir giac AMDN la

S oy = %AM.AD.si% +1AD.AN.sin(a + )

=lAD.[AF.cos a+ g\ X in(a+ﬁ)]
2

—%AD.AF. n(2af [

Vi tir gidc o

AB.CD+A

euhhai chirng . ’

TAQXTNEL LONG BETHI CHON HOC SINH GIOI VONG TiNH

Cau3l. [SO GIAOBU

04> OB* 0C?
+ + =

Cho tam giac ABC r@oai tiép duong tron tim O. Ching minh rang 1,

c ca ab
voi a=BC,b=AC,c=AB.
Hudng dan giai
Goi M,N,P lan lugt 1a céc tiép diém cta (0) véi AB, AC, BC.
Tacd AM = AN, OM =ON nén
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S o :%AMZ.sinA+%0M2.sianON
1 2 2 . 1 2 .
=—(AM +OM ).smA:—.OA .sinA
2 2
Tuong tu: S, :%.OB2 sinB, S, :%.OCZ .sinC
Khi do:

OA> OB’ 0OC*> OA’sinA OB’.sinB  OC”.sinC
+ + = + +

bc ca ab bc.sin A ca.sinB ab.sinC
2 (S +S 4§

AMON BPOM CPON) — 2SABC _ 1

28 28

ABC ABC

Cau 32. [TRUONG THPT CHUYEN NGUYEN TAT THANH TINH YEN BAI NAM 2015]
. Cho tam giac ABC. Goi B 1a diém d6i xting cia B qua AC, C; 1a diém dbi xtimg ctia C qua
cac duong thing AB, O 1a diém ddi xtng ctiia O qua BC. Chimg minh rang: Tam dudng
tron ngoai tiép tam giac AB;C; ndm trén duong thang AO;.
Hudng dan giai

Goi H Ia truc tAm AABC. Goi AB;, CH cat nhau tai P, AC; va BH cdt nhau tai Q. Goi K 1a tam duwong tron

ngoai tiép cdc tam gidc ABCy.
Dé thay O; 1a tdm dudng tron ngoai tiép tam gidc HBC.

Tuong tw ta Chirng minh duoc Q ndm trén truc dang phwong cla cac duong tron (01) va (K). Vi
vay, PQ vuong gbc O:K.

Lai co @ClP —ABH = @BIP ( cing chin cung AH ciia (w2) nén PQB;Ci ndi tiép va tam
gidc AQP dong dang tam gidc ACB;.
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Xét ti giac B;AHC. Ta ¢ HCA=90" —€4B =4UBH = QBlA. Vi vay B;AHC ndi ti€p duong
tron (w1).Twong ty C;AHB ndi ti€p dudng tron (wa).

Truc dang phuong cua (K) va (w1) 1a ABI, Truc dédng phuong cua (O1) va (wi) la CH.
Nén P la tam dang phuong cua (O1), (K) va (w1) va né phai nam trén truc dang phuong
cua (O1) va (K).

Ta lai ¢6 @1AK =90" — lEIKA =90° — @BICl =90" — EQA nén KA 1a dudng vudng goc
2
PQ.

Vay KA va 01K vudng géc PQ nén A, K, O; thang hang.

Bai 1. Cho tam gidc ABC nhon voi AB< AC .Giasu D va E lacéc diém trén canh BC. sao cho
BD =CE va D nam giita B va E. Gia sit P 1a diém thudc mién trong tam gidc 4BC sao
cho PD|| AE va £ PAB = EAC . Ching minh raing: / PBA=PCA .
Huéng dan giai

V¢ hinh binh hanh BPCQ, khi d6 PO va

BC giao nhau tai trung diém M cta mdi
duong.

Do d6 DE va PQ ciing giao nhau tai trung

diém M ctia mdi duong suy ra PDQE 14 hinh
binh hanh. Suy ra QE||PD tir d6 A, E, Q thing
hang.

V& hinh binh hanh BPAT. Khi d6 ta ciing suy ra
TACAQ 1a hinh binh hanh.

Taco £ TQA=L QAE=ZEAC=/ZBAP=/ APT.
Do d6 tir gisc TAQB ndi tiép.
Ta thdy qua phép tinh tién véc to BP thi tam gidc BQT bién thanh tam gidc PCA.
Do d6 £ ACB=ZTQB=ZTAB=2Z ABP (bPCM).

Bai 2. Cho tam giac nhon ABC noi tiép dudng tron tim O, 4B < BC. D 1a chan dudng cao xut phat
tr B va H 1a tryc tAm cla tam giac ABC. Puong thing qua D vudng goc véi OD cit
canh AB tai P. Chirmg minh ring Z/DHP = /BAC.

Huéng dan giai
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Goi K 1a giao diém cua BD va (0),K = B. Q 1a
giao diém cua CK va PD. 7
Theo dinh ly con budém, suy ra D 1a trung diém
cua doan PQ.

Mit khac D 1a trung diém cua HK , do d6 tir
giac PHOK 1a mot hinh binh hanh. Suy ra
/DHP = ZHKQ.

Ma ZHKQ = ZBAC, do vay ZDHP = ZBAC.

Bai 3. Cho tam giac nhon ABC c6 duong cao AH , truc tam K .
Puong thing BK cit duong tron duong klnh AC tai D,E

(BD < BE ) Puong thang CK cit duong tron duong kinh 4B tai
(CF < CG). Pudng tron ngoai tiép tam giac DHF cat BC tai diém thir hai 1a P.
a) Chung minh réng cac diém G,H,P,E cung thugc mot duong tron.
b) Ching minh rang cac duong thang BF,CD, PK dong quy.
Hudng dan giai

_-
P /
/’/ 4
//’ /
- /
/’ /
@ /
- /
// /
_ /
// 4
-7 /
//’ /
- /
- /
_
G ’
AN 7
~ 4 == /
S // AN /
~ /
N K 4
~
~ | \
SO F
!
\ 77
D\ \\ i
N / /s
-
B\ _,:}.—; C

a) Taco P,

K/(AGHF) —

Dén dén GDF +GEF =180° (1).
Tu gia thiét ta c6 4B, AC lan luot 1a duong trung truc cua GF, DE. Suy ra 4 la tam cua

dudng tron (GDFE). Suy ra GEF = %@AF =B4F (2).

= KG.KF = KAKH = Py, 1, = KD.KE. Suy ra it gidc GDFE ndi tiép.
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Tacé FDP = FHP (cung chén cung FP cua duong tron (DHF)). Xét dudng tron duong kinh
ABta c6 PHP = %(sd%H + sd@F) = %sd@F =BAF =GEF (do (2)).

Suy ra FDP = GEF (3).
Tur (1) va (3) suy ra GDF + FDP=180". Suy ra G, D, P thing hang.
Tuong tu E, F, P thang hang.
Vi 4 1 diém chinh giira cung GAF cua duong tron duong kinh 4B nén UHG =4nF. Tuong
tw 4HE =4HD. Suy ra

 GHE ='4HG +'AHE ='4HF + 41D = DHF = DPF = GPE.
Suy ra cac diém G, H, P, E cung thugc mét duong tron.
b) Nhén thay rang, ba dudng tron (GDFE), (DHPF), (GHPE) ¢6 3 truc dang phwong DF, GE,
HP dong quy (tai Q). Tt do, ta xét bai toan tong quat nhu sau: “Cho tam giac PGE. Piém Q
thudc tia ddi cua tia GE. Puong thang di qua Q cit canh PG, PE lan luot tai D, F. Goi Kla

giao diém cua GF va DE. Buong thang PQ cat EK, GK lan luot tai B, C. Chirng minh rang
cac duong thang BF, CD, PK dong quy”.

0<%
Xét tam gidc COG, ta ¢6 (EDKB)= -1 (hang diém diéu hoa co ban).
EK DK
Suy ra — = —— (*).Ap dung dinh 1y Menelaus cho tam giac CBK vdi cat
EB DB
tuyén PFE ta c6 B F—C % =1 (*%)
PC FK EB
PB FC DK
T (*) va (**) suyra —.—.——=1. Ap dun dinh ly Ceva cho tam giac CBK suy ra BF,
()()yPCFKDB p dung y g y
CD, PK dong quy.
MB NC
Bai 4. Cho hinh binh hanh ABCD . Céc diém M,N nam trén cac canh BC,CD sao cho M_C :m

Goi 7,J lan luot 1a giao diém ciia BD véi AM, AN . Ching minh rang dién tich tir giac
IJMN bang dién tich tam giac ALJ . N
Hudng dan giai
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