Cau 22.

Cau 23.

[Phwong phap tu luin]
Goi E(a; bic) la vecto phap tuyén cia mit phing (B) can lap.

17@‘ [3.a-2.6+2.

COS("“’”")‘ ‘ H Bt 2+ b

ol

cos((@),(B)) =

=23a-2b+2c)* =17(a* + b* + ¢*)

Phuong trinh trén c6 vo s6 nghiém.

Suy ra c6 vo sb vecto n?(a; b; ¢) 1 véc to phap tuyén cta (£). Suy ra co vo sb
mit phang (8)thoa man diéu kién bai toan

[Phwong phap tric nghiém]

Dung hinh.

Gia str ton tai mat phang (B) thoa man diéu kién bai toan. (Pi qua 4 va tao véi
mit phang («) mdt goc 45°). Goi 4 1a dudng thiang di qua 4 va vudng goc voi
mit phang («). St dung phép quay theo truc A voi mit phang (8). Ta dugc vo
s6 mit phang (4') thoa man diéu kién bai toan.

Hai mit phang nao duéi ddy tao voi nhau mot goc 60°

A. (P):2x+11y-5z+3=0va(Q):x+2y-z-2=0.
B.(P):2x+11y-5z+3=0va (Q):—x+2y+z-5=0.
C.(P):2x—11y+5z-21=0va (Q):2x+y+z-2=0.

D. (P):2x-5y+11z-6=0va(Q):—x+2y+z-5=0.

Huéng din giai

Ap dung cong thirc tinh goc giita hai mat phang.

cos (P) (Q) ‘ =c0s60° = l
Tl

Xéc dinh cac vecto phap tuyén ctia mit phang (P) va (Q). Thay céc gia tri vao
biéu thirc dé tim gia trj dung.
Dung chirc ning CALC trong may tinh bo tai dé hd tro viéc tinh toan nhanh nhét.
Cho vecto u(l; 1; —2), v(l; 0; m). Tim m dé gbc gitra hai vecto u, v ¢o sb do béng
45°.,
Mot hoc sinh giai nhu sau:

- - 1-2m

Budc 1: Tinh cos(u, v) =
\/g.\/mz +1
1-2m 1

Budce 2: Goc gitra u, v ¢6 s6 do bang 45° nén ———=—

\/g.\/mz +1 \/5
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Cau 24.

Cau 25.

Trung tim Luyén thi AMAX — Ha Pong

S 1-2m=+3m* +1) (¥)

Budc 3: Phuong trinh (*) < (1 -2m)* =3(m* +1)

m=2-— \/g

m=2+ \/g .

Bai giai dung hay sai? Néu sai thi sai ¢ budc nao?

A. Sai ¢ budc 3. B. Sai ¢ budc 2. C. Sai ¢ bude 1. D. Dung.

Huéng din gidi

Phuong trinh (*) chi binh phwong duoc hai vé khi bién ddi twong duong néu thoa
man 1-2m > 0. Bai toan d3 thiéu diéu kién dé binh phuwong dan dén sai nghiém
m=2+ \/g .

Cho hai diém A(; - 1;1); B(2; — 2; 4). Co bao nhiéu mat phéng chira 4, Bva tao voi

oesm'—4dm-2=0&

mit phang («): x — 2y + z — 7= 0 mdt goc 60°.

Al B. 4. C.2. D. V6 s6.
Huéng din giai
[Phuwong phap tu luin]

AB(l; ~ 1;3), n, (1 = 2: 1)

Goi ﬁ;(a; b; ¢) 1a vecto phap tuyén ctia mit phang (8) can lap.

na.nﬂ

n .l’lﬁ‘

a

_—

cos(na, nﬁ)‘ =

cos((@),(B)) =

lLa-2.b+1.¢ 1

i P 2
=2a-2b+c) =3 +b +c%) (1)
Mat khac vi mat phfmg (p) chira A, B nén:

n,AB=0oa-b+3c=0a=b-3c

Thé vao (1) ta dugc: 2b° —13bc +11¢* =0 (2)

Phuong trinh (2) c6 2 nghiém phéan biét. Suy ra ¢6 2 vecto n,(a; b; ¢) thoa man.
Suy ra c¢6 2 mit phang.

[Phwong phap tric nghiém]

Dung hinh

Goi « 1a goc gitta hai duong thang AB, CD. Khang dinh nao sau day 1a khang
dinh ddng:
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Cau 26.

Cau 27.

e

A.cosaz:. B.COSO( =%.
‘ABHCD‘ ‘ABHCD‘
‘AB cD ‘[A—B.@]

C. cosa = D.cosa = ——=.
(] o

Huéng din giai

Ap dung cong thirc & 1y thuyét.

Cho hinh 1ap phuong ABCD.A'B'C'D' ¢6 canh bang a. Goi M, N, P lan luot 1a
trung diém cac canh BB', CD, A'D'. Goc giita hai duong thang MP va C'N la:

A. 30°. B. 120°. C. 60°. D. 90°.

Huéng dén gidi T

Chon hé truc toa do sao cho 4 = 0(0; 0; 0)

Suy ra B(a; 0; 0); C(a; a; 0); D(0; a; 0)

A'(0; 0; a); B'(a; 0; a); C'(a; a; a); D'(0; a; a)

a a a
Mia,0,—|;N|—:;a;0]|; P|0;—:a

Suy ra ﬁ'p:(_a;g;g} ﬁ:[g; o aj:mfa:o

= (MP,NC") = 90°
Cho hinh chop 4.BCD c6 cac canh AB, AC, AD d61 mot vudng géc. AABC can,
canh bén bang a, AD =2a. Cosin goc gitra hai duong thang BD va DC la:

4 2 4 1
A= B. - —. C. —. D.+—.
s 5 NS =
Huoéng dén gidi
[Phuwong phap tu luin]

Chon hé truc toa do sao cho A = 0(0; 0; 0)
Suy ra B(a; 0; 0); C(0; a; 0); D(0; 0; 2a)

Ta ¢6 DB(a; 0; —2a); DC(0; a;—2a) —
‘DB DC
cos(DB, DC) = ‘COS(DB DO)| =
‘DB‘ ‘DC‘ X
Cau 28. Cho hinh chop S.ABCD c¢6 day ABCD la hinh chit nhat, AB=2, AC = J5. asac
vudng can tai 4. K 1a trung diém cua canh SD. Hiy x4ac dinh cosin goc giira
duong thang CK va AB?
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A X B. 2. = D

2
J17 Ji1 V22 V2
Huéng din giai
Vi ABCD la hinh chir nhat nén AD = \JAC*-CD* =1
Chon hé truc toa do sao cho 4 = 0(0; 0; 0)
Suy ra B(0; 2; 0); C(1; 2; 0); D(1; 0; 0)

5(0: 0:45); K(%; 0; g}

N

Suy ra EE{—l;—z; ﬁ} XE(O; 2,0)
2 2

. lekag .
COS(CK; AB)‘ = = .
‘CKHAB‘ J22 ¥ D C

Cau29. Trong khong gian véi hé toa dd Oxyz, cho bon diém diém A(-3; -4; 5); B2 7; 7);

cos(CK, AB) =

C(3; 5 8); D(-2; 6; 1) . Cap dudng thang ndo tao voi nhau mot goc 60° ?
A. DB va AC. B. AC va CD. C. ABva CB. D.CB va CA.
Huéng din gidi

Tinh toa do cac vecto sau d6 thay vao cong thirc: cos(d,d') = ‘cos@,uj, dé kiém tra.

Cau 30. Trong khong gian véi hé toa d6 Oxyz, mit phang nao duéi day di qua 4(2; 1; —
1) tao véi truc Oz mot goc 30° ?
AN20-2)+(y =1 —(z-2)-3=0. B.(x-2)+V2(y =) —(z+1) =2 = 0.
C2x-2)+(y-1D—-(z-2)=0. D.2x-2)+(y-D-(z-1)-2=0.
Huéng din giai
Goi  phuong trinh mat phang (@) can lap c6  dang
Ax—2)+ By — D)+ C(z+1) = 0; n(A; B; C)
Oz c6 vecto chi phuong 13 (0; 0; 1).
, o i
Ap dung cong thirc sin((a), 0z) = H m = sin30°

Sau khi tim dugc cac vecto phap tuyén thoa man, thay gia tri cua 4 vao dé viét
phuong trinh mét phang.

Cau 31. Cho mit phang (P):3x + 4y + 5z + 8 = 0. Puong thang d 13 giao tuyén cia hai mat
phang (a):x -2y +1=0; (8): x — 2z -3 =0. Goc giira d va (P) la:
A. 120°. B.60°. C.150°. D.30°.
Huéng dén gidi
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Cau 32.

Cau 33.

Cau 34.

Cau 35.

Ta co n,(3; 4 5)
E_[n " J_(z 1: 1)

n,.u
AP dung cong thirc sin((P), d) = ‘_ =

ngi.|\u

B

2

d

Goi « la goc giira hai vecto AB, D . Khang dinh nao sau day la dung:

‘[AB.CD] AB.CD‘
A. COSO; = T———. B CoOS = ——.
‘ABHCD‘ ‘ABHCD‘

‘AB CD AB.DC

C. sing=——-—1 D.cosa = ———
‘ABHDC‘

Huéng din giai
Ap dung cong thirc & 1y thuyét.
Cho ba mat phang
(P):2x—y+2z+3=0;(Q):x-y-z -2=L(R):x+2y+2z -2=0.G01 ¢; a,; lan
luot 14 goc gitra hai mat phang (P) va (0), (Q) va (R), (R) va (P). Khang dinh
nao sau diy 1a khang dinh ding.
A o >a, >a,. B. o,>a,>0q,. C.a,>a >a,. D.o > a, >a,.
Huéng din gidi
Ap dung cong thuc tinh goc giita hai mit phang. St dung may tinh bo tai dé tinh
gbc 101 so sanh cac gia tri d6 voi nhau.

VAN DUNG
Trong khong gian voi hé toa doOxyz, cho mat phéng(a):x+2 y+2z4+m=0
Va‘ldiémA(l;l;l) . Khi d6 m nhan gia trji ndo sau day dé khoang cach tir diém A4 dén
mat phing () bang 1?

A.-2. B.-8. C.-2 hoac -8 . D. 3.
X . 5+m| m+5=3 m=-2
Huwé a ai:d (A =|—=1
wéng dan gidi: d (4,(a)) C:{m+5=—3<:{m=—8

Trong khong gian véi hé toa d00xyz, mit phang (@) cét cac truc Ox, Oy, Oz lan
luot tai 3 diém A(-2;0;0),B(0;3;0),C(0;0;4). Khi d6 khoang cach tir géc toa do
O dén mit phiang (4BC) la

AYoL B.4. ¢ 1261 D.3.
12 61
Huéng dén gidi
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12461

Cich 1: (a): =+2+2 =1 6x-4y-32+12=03d(0,(4BC)) =——-

-2 3 4 61
Cach 2: Ta di€n0OA4BCcd0OA4, 0B, OCd61 mdt vudng gbéc, khi do
1 11 1 6l 12461

cﬁ(oxABcn:ZOAf+03f+ocz=144:>d(04ABC»- ol
y=0

Cau36. Trong khong gian voi hé toa do
2x—y—-2z-2=

, Oz cho diém M (1;0,0) va
N (0;0;—1), mat phang (P) qua diém M, N va tao véi mit phang (Q):x—y-4=0

mdt goc bang 45°. Phuong trinh mét phang (P)la

y=0 y=0
N2x—y-2z-2=0" N2x—y-2z+2=0"
c[2r-r-2z+2=0 p |22 +2=0
2x-y—-2z-2=0 2x-2z-2=0

Huéng din gidi

Goi vecto phép tuyén cua mp(P)va (Q) lan luot 1a n, (a;bic) (a* +5> +¢* # 0), n,
(P) qua M (1;0;0)=(P): a(x—1)+by+cz=0

(P) qua N(0;0;—1) =>a+c=0

T . 0 — —\| _ o |a—b| _L a=0
(P) hop vé1 (Q) goc 45 :‘cos(np,ng)‘—cos% @mﬁ—ﬁc{az_ﬂ)

V61 a=0=¢=0 chon »=1 phuong trinh (P):y=0

V6i a=-2b chon b=-1=>a=2 phuong trinh mit phang (P):2x—y-2z-2=0.
Cau 37. Trong khong gian Oxyz, cho diém A(-2;0;1), duong thang d qua diém 4 va tao

v6i truc Oy g6c45°. Phuong trinh dudng thang 4 13

_x+2_L_z—l _x—2_L_z+1
2 5 -l 2 5 -l
A. Vs . B. Js
x+2 y z-1 x=2 'y z+l
2 5 - 2 5 -
_x+2_L_z—1 _x+2_ y _z-1
2 -1 2 - -1
C. Vs D. Vs
x=2_ y _z+l x=2 'y _z+l
2 5 -1 NS
Huéng din giai
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Cach 1: Piém M (0;m;0) e Oy, }‘(0;1;0)121 vecto chi phuong cua truc .Oy,

1 et Enen o6 2 dudng

m*+5 \/5

W(Z;—m;—l) ‘cos(A_AZ,}')‘ =cos45° &

thang:

x+2 _y _z-l x+2 _ y z-1

2 5 -1 2 5 -

Cach 2: LTI(Z;\/g;—l):‘cos(tz,})F% ; LZ(Z;—\/E;—I)S‘COS(Z:})F

Puong thang d di qua diém A(-2;0;1) nén chon dap an 4.

-

Cau38. Trong khong gian Oxyz cho mit phang (P):x+y+z-3=0 va mat phang
(0):x—y+z-1=0.Khi d6 mit phang (R) vudng goc voi mat phang (P) va ()
sao cho khoang cach tir O dén mit phang (R) bang 2, ¢ phuong trinh la

A.2x-2z-2J2=0. B. x-z-2J2=0.
—z+2VJ2=0
C. x—z+24J2 =0. p. |77 V2 .
x—z-2J2=0

Huoéng din:
np (151).ng (L=81) = npng | = (2:0:-2)
o 12 D D=4J2
Mat phang (R):2x—22+D:O:d(O,(R)):%=2:>L):_4\/§
Vay phuong trinh mp (R):x—z+2y2=0; x-z-2/2=0
Cau39. Tap hop cic diém M (x;»;z)trong khong gian Oxyz cach déu hai mit phang
(P):x+y-2z-3=0 va (Q):x+y—-2z+5=0 thod man:

Ax+y-2z+1=0. B.x+y-22+4=0
C.x+y-2z+2=0. D.x+y-2z-4=0.
Huwéng dan: M (x;y;z). Ta co

|x+y—2z—3| |x+y—22+5|
= =

d(M,(P))=d(M,(0)) NG J6

Slx+y-2z-3|=|x+y-2z+5| x+y-2z+1=0

Cau40. Tap hop cac diém M (x;y;z)trong khong gian Oxyz cach déu hai mit phang
(P):x—2y—-2z-7=0va mait phang (0):2x+y+2z+1=0 thod man:

x+3y+4z+8=0
A.x+3y+4z+8=0. B. 7 .
3x-y—-6=0
C.3x-y-6=0. D.3x+3y+4z+8=0.
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Huéng din giai
|x—2y—2z—7| 3 |2x+y+2z+1
3 - 3

Cho di€m M (x;y:z),d(M,(P))=d(M,(0)) =

x+3y+4z+8=0

Lx —y-6=0

Cau41. Trong khong gian Oxyz cho diém M thudc truc Oxcach déu hai mat phang
(P):x+y-22z-3=0 va (Oyz) .Khitoa d6 diém M 1a

| 3 <N
A(HI OOJva (\/__ ooj B. (1+xf Jva[ _\/g,o,oj.
(*/_ ! ooJ (*/_” o;o]. (”I Oojva (T*/g;o;o .
Huéng din gidi: Diém M (m;0,0)e Ox; d(M,(P))=d(M,(P))<:>@=|m|

m— 3-—1%/7 3
16

Cau 42. Trong khong gian Oxyz cho diém A(3;-2;4) va duong thang d :

3
m=——
—3=mJ6
{m m 1+\/6

x-5 y-1 z-2
3 22
. Piémum thudc duong thing 4 sao cho M cach 4 mot khoang bang+/17 . Toa
do diém M 1a
A.(512)va (6;9;2). B.(5:1;2) va (-1;-8,—4).
C.(5-1;2) va(1;-5;6). D.(512) va (1;-5;6).
Huéng din giai
Cach 1: M (5+26,1+36,2-2t)ed; W(2+2m;3+3m;—2—2m)
m=0 M(5;1;2)
=
M (1;-5;6)

:>AM=\/ﬁ<:>17(l+m)2=17<:>{ ,
m=—

Cach 2: Kiém tra cac diém thudc duong thiang 4 c6 2 cip diém trong dap an B
vaC thudcdudng thang 4 . Dung cong thirc tinh do dai 4M suy ra dap an
C thoa man.

Cau 43. Trong khong gian Oxyz cho tr dién 4BCD c¢6 cac dinh A(1;2;1),B(-2;1;3),

C(2;-11) vaD(0;3;1). Phuong trinh mit phang (P) di qua 2 diém 4,B sao cho
khoang cich tir Cdén (P) bang khoang cach tir  dén (P) 1a
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Cau 44.

Cau 45.

4x —2y+7z-1=0
{ roeymiz . B. 2x+3z-5=0.

2x+3z-5=0

C. 4x+2y+7z-15=0.
2x+3z-5=0

D{4x+2y+7z—15=0.

Huoéng din giai:

Truwong hop 1: (P) qua 4B va song song voi CD, khi do:

(P) ¢c6 vecto phap tuyén la [A—B,C—DJz(—&—4;—14)Vé C¢(P)
= (P):4x+2y+72-15=0.

Truwong hop 2: (P) qua 4B cit CD tai trung diém 7 cua doan CD. Ta c6
I(L51) = 27(0;—1;0) , vecto phap tuyén cua (P) la [EA—[] =(2;0;3) nén phuong

trinh (P):2x+3z-5=0.

VAN DUNG CAO
Trong khong gian véi hé truc toa do Oxyz, goi(P) 1a mat phang chira duong thang
d :XT_1 = y—+12 = iz va tao voi truc Oy goc c6 sb do 16n nhat. Piém nao sau day
thudc mp(P) ?
A E(-3;0;4). B. M(3;0;2). C. N(-1;-2-1). D.F(1;2;1).
Huéng dén gidi:

Goi n(a;b;c);n=01a VTPT cua (P); a la goc tao boi (P)va Oy, a lon nhét khi

sin. 16n nhat. Ta ¢6 n vudng goc véi us nén n(b+2c;b;c)

- - - o]
SINa = ‘COS(I’Z,])‘ =
\/2b2 +5¢* +4bc
Néu »=0thi sina=0.
Néu »-0thi sina = ! . Khi 9, sina lc'mnhétkhi%=—%
J5¢ 2 6
b 5 5

= chon »=5;c=-2

Vay, phuong trinh mp(P) 1a x+5y-22+9=0. Do do ta cé Ne(P).

Trong khong gian véi hé truc toa d§ Oxyz, cho diém M (0,-1; 2),N(-1;1; 3). Goi
(P) la mat phang di qua M,N va tao v&i mat phang (0):2x—y—-2z-2=0 gbc co
s6 do nho nhat. Piém A(1;2;3) cach mp(P) mot khoang la

AN B3 ¢ p. 43
3 11 3
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Huwoéng din gidi:

(P) ¢c6 VTPT n vudng goc véi W\/(—l;z;l) nén ;71(2b+c; b;c).

Goia 14 gbc tao bdi (P)va(Q),a nho nhat khi cose 16n nht.
2

J5b> +267 +4bc

Néu b=0thi cosa=0.

Ta co cosa =

Néu »=0thi cosa =

. Khi d6, cose 16n nhat khi %:—1:> chon

b=1c=-1
Vay, phuong trinh mp(P) 1a x+y-z+3=0. Do d6 d(4,(P))=v3.
Cau 46. Trong khong gian véi hé truc toa do Oxyz,cho (P):x—2y+2z-1=0 va 2 duong

x+1_y _z+9, A x—=1 y-3 =z+1
1 6 2 1 -2
Goi M la diém thudc duong théng A, M cb toa do la cac s6 nguyén, M cach

thang A, :

déu A,va (P). Khoang cach tir diém M dén mp(Oxy) 1a

A.3. B. 242 C.3\2. D. 2.
Huwoéng din gidi:

Goi M(t-1;t,6t-9),t €Z.

Tacod d(M,A,)=d(M,(P))= ‘[f‘—
u
< 291* — 88t +68 :@v(yi M, (1;3;-1) €A,
t=1
& _53—>’EZ t=1

35
Vay, M(0;,-1;3)=d(M,(Oxy))=3.

Cau 47. Trong khong gian véi hé truc toa do Oxyz, cho 2 diém A(1;5,0);B(3;3;6) va duong

théng d;xT”:y_‘llzg. Goi C 1a diém trén duong thing ¢ sao cho dién tich

tam gidc 4BC nho nhét. Khoang cach gitta 2 diém 4 va C 1a
A.29. B.~/29. C./33. D.7.
Huwong din gidi:

Ta c6 2 duong thing 4B va d chéo nhau.
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