suy ra m, =m, hay f la don anh.
Tu dé f(m) +2f(n)’ = f(p) +2f(q) ©m’>+2n* =p*+2q¢°> (1)
Dé théy voi moi nell ", n>3 taco: (n+2) +2(n-1)" =(n-2) +2(n+1)". 2)
(chu ¥ diéu nay van dung néu ta nhan ca 2 vé véi cing mot thira sb).
bit f(1)=a= f(3a*)=3. Theo (1) suy ra:
f(5a*)’ +2f(a*) = f(Ba’)’ +2f(3a’) =3f(3a’)* =27.
Vi phuong trinh x*+2y* =27 chi c6 nghiém nguyén duong la (x; »)=(3,3) hodc (5,1) nén ta cé
f(@)=1,f(5a")=5.
Cing tr (1) taco 2f(4a>)’ —2f(2a*)’ = f(5a°)° - f(a*)* =24.
Vi phuong trinh x* — y* =12 chi c6 nghiém nguyén dwong 1a (x,y) 1a (4,2) nén
f(4a®)=4, f(2a*)=2. Tt (1) ta cb
F(k+8)a*) =21 ((k+3)a*)* =21 ((k+1)a*)* + f(ka*)*, suy ra tir khai trién (2).
Vi vay theo cac két qua trén va phép quy nap tasuy ra f(ka®) =k, v6i moi k 13 s6 nguyén duong. Do
d6 f(a’)=a=f(1) ma f donanhnén a’ =1=a=1.
Vay f(n)=n v6i moi n nguyén duong. Thur lai thoa man bai toan.
Bai 12. Tim tat ca cdc ham f : QO — R théa man dong thoi cac dieu kién sau:

(1): 7(0)=0;
(2) f( ) Vx #0.
() f(w)=f(x)-f(y)  Vxyel;
(4): f(x+y)< f(x)+f(¥) VxpeQ;
(5) ( )<2006 Vnell;
Bai 13. Tim tat ca cac ham f(x) lién tuc trén R, va théa man:
f(1)=5
f(x*) - xf(x)— —4x,Vx > 0.

Bai 14. Cho ham s thoa mén ddng thoi cac dieu kié £:[0" —0 " n:

(1): f(n+1)> f(n),Vnel”

(2): /[ f(n)]>n+2000,vne0”

a. Chimgminh f(n+1)=f(n),vnel"

b. Tim biéu thic f(n).

Huwéng dan giai

a. Vi f(n)el" néntir gia thiét (1) taduoc f(n+1)2 f(n)+1,Vnel".
Két hop diéu kién (2)ta dugc Vnel *:
n+2001=(n+1)+2000= f[ f(n+1)]> [ f(n)]+1=n+2001
Dodo f(n+1)=f(n)+LVnel"

b. Taco
f(n)=f@)+n-LVnel = f[ f(1)]=F(1)+f(1)-1
=1+2000=21(1)-1= f(1)=1001= f(n)=n+1000,Vnell "
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Thir lai cac diéu kién, nén f'(n)=n+1000,Vnel".
Bai 15. Cho tap hop F gbm tat ca cac ham s f:[0 © — [ * thoa mén diéu kién:
f(3x)= f(f(Zx))+x, Vx e[l *. Hay tim sb thuc o 16n nhét sao cho v6i moi ham s6 /' thudc tap
hop F tadéucod f(x)=a,Vxell .
Huwéng dan giai
Bai 16. Cho a 1a s6 thyc. Tim tat caic ham s6 f:[J —[J sao cho: f lién tyc trén [ va
f(x—y):f(x)—f(y)Jraxy;Vx,yeD .
Huwéng dan giai
Bai17. Cho nell (n>2) vahamsd f:0 —0 saocho: f(x"+y)=x""f(x)f(f(y)):Vx,yell.
a. Gidsirrang f(2002)=0. Tinh £(2002).
b. Timhamso f .
Hudng dan giai

f(x"+y) =2 (x) £ (f () Yy €D (*)

e Tu (*) taduoc

- V('Yisz;f(y)zf(f(y)) Vyell

- Véix=Ly=0:£(f(0))=0= 7(0)=0

- Vé’ileyeD'f(ler) () f(
Do d6, chimg minh bang quy nap ta dugc f(n)=

e Ti (1) taco:

£(0)= £+ £ (1) = £(-1)= £(0)= £ = (1) lx=1)= £ (3)= F(1).

Do d6, chimg minh bang quy nap ta duge f(—n)=-nf(1),Vnell (3)

o Tu (2),(3) ta duoc f(n) = nf(l),Vn el (4)

e bat f(1)= p,peD,qu va tadugc Vnel” va n chiahét p nén nf (1)el) . Do dé ta
q

s(1)=0
s(1)=1

e Do do, tr (4) taduoc f(2002)=1 hay f(2002)=0 (loai). VAy f(2002)=2002.
b. Tu (*) ta dugc y:O:f()c”):x”_1 (x),VxeD (1)

)
f()‘v’neD (2)

awoc: £(f(m))= £ (n) > F(0] =nf () [ (0] = 7(1) &>

n-1 2

e nlé&Tu (*) va (1) taduoc f(x +y) ( )+f(y) (2)

e 1 chan: Vx;tO:f(x):f(xn) f(—x):]:ixn):—f(x)

Suy ra: f(—x”)+f(x) 0= f (- ( ) ) xg)lc =—f(x).
Dodo f(-x)=f(x),Vxel
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o Tu (2) , chimg minh bang quy nap ta duogc f(px") = pf(x"),Vp ell,vxell
VpeD*:f(—px”)=—f(px”)=—pf(x”)
Viay f(px”):pf(x”),VpeD,VxeD (3)

n—-1
3) tacoV el (ueD vel )taduo’c f(1j=f£”"vn j:uv”" (L"j
v v v

Ma /(1 ( j‘vf (Lnj:fv(nl)

vayf(%jzu.vﬂ%zﬂfm (4

v
e Taco f(1)=0 hay f(1)=1t (4) suyra f(x)=0,vxell hay f(x)=x,Vxel
e Thi lai thoa man (*). Vay f(x)=0,vxell .
Bai 18. Timham s6 7 :[] — [ thoa man
f((x—y)2)=x2—2yf(x)+(f(y))2;Vx,yeD.
Hudéng din giai
f(0)=0
f(0)=1
+)Néu £(0)=0.Cho y=0,xell tadugc: f(x*)=x"= f(t)=1,Vt>0

Cho x:y:O:f(O):(f(O)fc{

Cho x=yell taduge £(0)=x*—2xf(x)+(f(x)) (f(x)~x) =0= f(x)=x. Thir lai thdy dung
+)Néu f(0)=1cho y=0,xell taduoc f( ) x’ 1:f )=t+1,Vt>0 .
Cho x=0,y el tadugc f( —2y+( )

2 ) ) , [ f(y)=y+1
:>(f(y)) —f(y )+2y—y +2y+1—(y+l) :{f y)z—y—l
Gia sur ton tai y, €[l sao cho f(y,)=-y,—1
Chon x =y =y, ta dugc:
f(7o)=y+1

1=y =23/ (30)+(f (30)) ‘:’Lf(yo):_yo—l

Yo
7(0)=-1
Néu f(y,) =y, 1= -y, —l=y,+1= y,=-1= f(-1)=
Vay f(y)=y+1.
Bai 19. Tim tit ca cac ham sé f:0 — [ théa min
1
f(x+f(y)):f(x)+§xf(4y)+f(f(y)),Vx,yeD )
Hudéng din giai

Bai 20. Timham f:[0 —[ thdéa man mot trong hai diéu kién

(i):f(x2+f(y))=y+xf(x) vx,yel,

Néu f(yo):_yo_lj_yo_lzyo_lj{ ( Loai)
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(i): £ (£ (3)) 47 (9)) = y+f () W €0,
, Huwéng din giai o ‘ q
Ta tim ham fthoa man (i7). Poi véi (i) ta lam tuong tu. Ngoai ra c6 thé thay hai di€u kién nay cé thé
bién d6i vé nhau.
Ta ciing dé thiy f1a don dnh va f(0)=0, f(f(y))=» Vyel.
Trong (ii) thay x boi f(x) taco

(LA ENT 4 )= (1 (£ (),

Mt khac f(f(y)) y,Vyell nén f(x + ) y+xf(x),vx,yel.
Két hop (ii) thi f(x2+f(y)):f((f(x)) +/(y)) mafdondnhnén 2+ 7 (v)=(/ (x)) + 7 (»).

Suy ra (f()c))2 =x",Vxell.
Ta chi ra khong ton tai dong thoi a = 0,6 =0 théaman f(a)=a, f(b)=-b. That vy, gia sir ton tai
a, b nhu trén. Trong (ii) ldy x=a,y=b tacé f(a’~b)=a’+b.
Do (f(x))2 =x>,Vxel nén (a2 —b)2 = (a2 +b)2 = a’b =0, mau thuan.
Vay f(x)=x Vxell hoac f(x)=—x Vxell.
Thir lai thdy hai ham nay théa man.
Bai 21. Tim tat ca cac ham s6 f:[0 , — [ _ thoa man:
S+ f()+2y)=2x+ f(2f(»), Vx;yell ..
‘ ’ _ Hudng dén giai
Gia st ton tai ham s6 f(x) théa man y€u cau bai ra.
bat f(0)=a vé1 aell |

Chon x=0; y=ux, thay vao (14) ta dugc
SfO)+2x)=f(2f(x)) Vxel , = f2x+a)=f(2f(x)) Vxel ,

Nén

SO+ f(0)+2y)=2x+f(2y+a), Vx;yell, (@)
Thay 2y béi y ta dugc

S+ /() +y)=2x+f(y+a), Vx;yell | (i)

V61 x;y>a théaman f(x)= f(y)=t
Thay y béi y-a vao (ii) ta dugc

f(x+t+y—a)=2x+t, Vx;yell |
Thay x bdi y; y boi x-a vao (ii) ta dugc

f(y+t+x—a)=2y+t, Vx;yell |

Dodoé x=y
Chon x=0; y=0, thay vao (i) ta c6
S f(@=1@a)
Theo két qua phan trén suy ra a =2a
Suyra a=0
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Chon x=0; y=x, thay vao (i) ta dugc
f@2x)=12f(x), Vxell,
Suy ra
2f(x)=2x, Vxell , = f(x)=x, Vxell |
Thir lai thiy ham s6 vira tim thoa man yéu cau bai toan.
Vay f(x)=x, Vxell , la ham s6 can tim.
Bai 22. Tim tit ca cac ham sd f: R — R thoa man diéu kién
SO = fx+p)f(x=3)+y" Vx,yeR.
Hudng dan gidi

f(0)=0
f(0)=1
Cho x=y=2 taduoc f(4)= f(4).f(0)+4= f(0)=1
Vay f(0) = 0.
Cho x=y taduge f(x*)= f(2x).f(0)+x’ =x" = f(t)=t,Vt>0.
Cho x=0,y=t>0, ta dugc

fO)= fO f(-)+ < 0=tf(-)+t < f(-t)=-1,Vt>0

Vay f(x)=x

Thir lai ta thdy ham s6 f'(x) = x thoa méan bai toan.

Cho x=y=0 tadugc f(0)=[f(0)] < {

Bai 23. Tim tit ca cac ham sb lién tuc f:0 — [ théa min cac diéu kién sau:
fMH=-1va f(x+y)=f(x)+ f(y)+2xy v&i moix,y thudc []
Hudéng din giai
Cho y=0 tadugc f(x)=f(x)+ f(0)< f(0)=0
Viét lai hé thue f(x+y) = f(x)+ f(»)+2xy dudi dang:
fO+y)=(x+y) =2(x+y)=f(x)=x* =2x+ f(»)-y* =2y
bit g(x) = f(x)—x" =2x do f(x)lién tuc trén ] nén g(x) lién tuc trén [
Taco g(I)= f(1)-3=—4 va g(x+y)=g(x)+g(y) véi moi x,y thudc [
= g(x)cong tinh = g(x)co dang g(x) =kx v6i k 13 hing sb.
Ma g)=—4=k=-4= g(x)=—4x = f(x)=x"-2x,Vxell
Thir lai ta thdy thoa man yéu cau bai toan.
Bai 24. Tim tit cd ham s6 lién tuc £ :00 — [ sao cho:
f(x)+ f(x*+2x)=x"+3x+4026 (1),Vxell.
Hwéng din giai
Taco (1) & f(x)+ /| (x+1) =1]=(x+1) +(x+1)+4024  (2)

Pit y=x+lox=y-1 = f(y-1)+f(»" -1)=)"+y+4024,vy el

Xétham sd g:0) — 0 thoaman g(x+1)+x+2013=f(x) & g(x)+x+2012=f(x~1)
Do d6 tir (2) = g(x) + g(x*)=0 (3) va g(x) lién tuc trén [

Thay x=0=>g(0)=0

Thay x=1:>g(1)=1
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Thay x boi —x = g(—x)+g(x2) =0=g(—x)=g(x),vxel
Do d6 g(x) 1a ham chin trén [ nén ta chi cin xét véi x >0

Tu (3) taco g(x)z—g(xz):g(x4)

1

g(x)=g[x4j,Vx>0

Liy a>0 tuy y, Xét ddy (x,) xéc dinh nhu sau:

1

X, =a;x,,, =x*,Vn=20=limx, =1

n+l

1

Va g(xm)=g(x,2‘J=g(xn)=g(xn_|)=---=g(xo)=g(a)

Mit khac vi g liéntucnéntacd g(a)=limg(x,)=g(limx,)=g(1)=0
Vay g(x)EO,VxeD :f(x):x+2013,VxeD .

Bai 25. Tim tit ca cac ham sd f:0 — [ thoa man diéu kién
f(m+n)+f(mn—1):f(m)f(n)+2, Vm,nell.

Huéng din giai

Néu f laham hing, f(k)=c,Vkell thitacd 2c=c*+2& (c=1) +1=0, v Iy.

Cho m=0 taduge f(n)+f(~1)=f(0)f(n)+2< f(n)(f(0)-1)=f(-1)-2

Do f khong 1a ham hang nén £(0)=1; 1 (-1)=2.

Cho m = -1 ta duoc f(n—l)+f(—n—1):2f(n)+2, Vnel.

Suyra f(-n)= f(n),Vnell hay f 1a ham s6 chin.

Bang quy nap ta chimg minh duge f(n)=n"+1,Vnell.

Do f lahamsé chdnnén f(n)=n’+1,Vnell.

Thir lai thdéa man.
Vay f(n)zn2 +1,Vnell.

Bai 26. Tim f(x) x4c dinh Vx e[l thoa man
£(0)=2013; f(%jzzom
F(x+y)+f(x=y)=2f(x)cosy Vx,yel.

Hwéng din giai
Cho

=0 y%:f@ﬂv(;):o

oF)Agm
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Cho

y:§:>f(x+%j+f(x—§j20
A5

) e

=—4028cos y
Cho

J’:x2>f(x—%)+f(—%—x)=—4028cosx (1)
Cho

x:0:>f(y)+f(—y):Zf(O)cosy=4026cosy
Cho

T T T T
=x+—= +— |+ f| —x——|=4026cos| x+—
YT f(x 2jf(x2J S(x 2)

=40265sin x (2)
Trir timg vé hai phuong trinh (1) va (2)

f(x—%)—f(x+%j — 4028 cos x — 40265sin x
- 2f(x—%) = —4028cos x —40265sin x
54

PN f(x—%j = 2014 cosx—2013sin x

Chox:x+£

:>f(x):—2014cos(x+%j—20135in(x+%]
=2014sinx—-2013cosx

Bai 27. Tim céc hamsb f:(1;+00) > thod mén diéu kién:
f(x)—f(y)z(y—x)f(xy) vO1 moi x, y > 1

Hwéng din giai

V&imoi 1> 1, thay (x;y)=(£2),(¢:4) va (25,2) vao (1) ta duoc
f()=1(2)=(2-1) 1 (20)
S()=1(4)=(4-1)1 (%)
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