Ciu 15. [Ngan hang dé Hung Vwong-Trwong CHUYEN BAC GIANG - nim-Tinh BAC
GIANG]
Cho tam gidc nhon ABC khéng cantai B, T la trung diém canh AC, E va F tuwong ing la chan
dudng cao hatir 4, C cla tam gidc. Z 1a giao diém cla hai ti€p tuyén tai 4, C cla dudng tron
ngoai tiép tam gidc ABC, X la giao diém cla Z4 vaEF , Y lagiao diém cia ZC va EF
a) Chirng minh rang 7' 1a tam duwong tron noi tiép tam gidc XYZ .
b) Budng tron ngoai tiép tam gidc ABC va EBF cét nhau tai diém th& hai D . Chiérng minh rang
trwc tdm H cta tam gidc ABC nam trén DT .
c) Chirng minh rang D ndm trén dudng tron ngoai ti€p tam gidc XYZ.
Huéng dan giai
a) ZT la phan giac goéc Uzc .
Do X4AB=ACB=BFE=YFXx va T4= TF,trdd X va T nam trén trung tryc cua AF
do d6 T la tam duong tron noi ti€p tam gidc XYZ
b)Gid st AB < BC, khi d6 D nam trén cung nho 4B . Goi O 1a tam duong tron ngoai ti€p
tam gidc ABC va L la trung diém cta BH . Ta c6 dugc BD va LO vudng goc.
Tuw BD va DH vudng goc, ta dugc LO va DH song song. OLHT 1a hinh binh hanh nén
LO song song v&6i HT ,do d6 D, H, T thang hang.
¢) Chirng minh dugc goc ADT = UXT va TY 1a dudng trung truc cia DC.
Chtng minh dugc goc EDT = EYT nén CTDY lath giac noi tiép.
Do d6 goc XDY + XZY =¥DT + PDY + XzY = 24T + ZCT + XZY =180°, do d6 DXZY la
tur gidc ndi tiep.

Ciu 16. [KY THI OLIMPIC HUNG VUONG LAN THU X- NAM 2014- TRUONG CHUYEN
HA GIANG]

Trung tAm Luyén thi AMAX — Ha Dong Fanpage: https://www.facebook.com/luyenthiamax/

Hotline: 0902196677



Cac duong phén giac trong AA |, BB, CC, cua tam giac ABC c6 chu vi p cét cac doan thing
B,C,,C/A| AB, twong ung tai 4,,B,,C, A. Cac dudng thang qua A song song voi BC cit
AB, AC theo thu tu tai Az, A4. BPuong théng qua B2 song song véi AC cét BC, BA theo thu
tu tai 33, B4. Puong thang qua C; song song vdi AB cat CA, CB theo thur tu tai C3, C4. Ching
minh rang:

AB4+BCs+CA4+BA+CB3+ACs < p

Dang thtrc xdy ra khi nao?

Huéng dan giai

A
A Ay B
S . Ay
C —
B A C

bat BC=a, AC=b, BA=c,p=atb +c.

BA, _ C4, _ A4, o BA, +CA, 1 AA, ()
AB  AC  AA b+c A4,

Ap dung tinh chat duong phan giac trong goc C:
A AC o G4 AC C A AB.AC cb

Vi A3A4 || BC nén theo dinh li Talet ta co:

= = - = =
CB BC ~AB AC+BC =~ ' AC+BC a+b
Tuong ty: AB, = cb
a+c

Str dung cong thirec duong phan giac cho tam gidc ABC va tam giac A1B1C;

2cb cosé 24B,.AC, cosé
Ad=——2; 44, = 2

b+c AB, + AC,

Do do: A4 o _bFe o

A4, 2a+b+c
Tu (1) va (2) ta co:
BA3+CA4_1_ b+c  2a

b+c ~ 2a+b+c 2a+b+c )
Tur d6, theo bat dang thure Cauchy cho hai s6 duong ta nhan duogc:
(2a+(b+c)2j
2
BA3+CA4:2a(b+C)S :2a+b+c(3)
2a+b+c 2a+b+c 4
2b+c+a 2c+b+a

Hoan toan tuong ty: AB, + CB, < — (4); BC,+ AC, < — (5)

Tt (3), (4) va (5) suy ra:AB4+BC4+CA4+tBA;+CB3+ACs <a +b+c= p(dpem)
Dau bang xay ra khia="b =c.
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Cau 17.

LOAI 8: Cac bai toan khac
Cho tam giac ABC ngoai tiép duong tron tim I, c6 trong tdm G nam trong hinh tron tam 1.
Goi a, b, ¢ 1an luot 12 dd dai cac canh BC, AC, AB cua tam giac ABC. Tim gié tri nhd nhét va
16n nhat cua biéu thirc

B a’+b’ +c’

ab +bc+ca
Huéng dan giai

() Tim gi tri nho nhat:

TuBDT: (a-b)’ +(b—c)* +(c—a)*>20=a’+b* +c* > ab+bc+ca

2 2 2
Tede p= 20 +e oy
i ab+bc +ca i .
Dang thuc xdy ra khi va chi khi a =b = c¢. Do d6 gia tri ciia bi€u thirc P bang 1, dat dugc khi

va chi khi tam giac ABC déu.

() Tim gié tri 16n nhat:

G 0i p v a r theo thi tur 12 nira chu vi va ban kinh dudng tron ndi tiép tam giac ABC. Ta c6:
I +IB*+IC* =(p—a) +(p-b) +(p-c) +3r°()

Ta lai co:
14* + IB* + IC? = (IG + GA)* + (IG + GB)’ +(IG + GC)’
=3IG* +GA’ +GB* + GC*(2)
(Do GA+GB+GC = 6)
\ \ 8 AR 2D 2 2 2 a’+b’+c? A , \
Tu (1) va (2) vadé yrang: GA" +GB” +GC~ = v (theo cong thurc dudng trung

tuyén trong tam giac), ta thay

(p—a) +(p-b) +(p—c)*+3r* =3IG’ +“2+l;;cz(3)
Vi I nam trong hinh tron (I) nén IG < r.Tir (3) suy ra
(p=a) +(p=b) +(p-c)’ SW

a’+b*+c’

@%(a+b+c)2—(a+b+c)2+(a2+b2+c2)s 3

& 5(a +b* +c*) < 6(ab+be +ca)
Do do Pﬁg

Ping thirc xay ra khi IG = r. Vay gia trj 16n nht cua biéu thirc P bang gdat duoc khi G nam

trén duong tron tam 1.

Cau 18. [TRUONG THPT CHUYEN HA LONG PE PE XUAT TRAI HE HUNG VUONG]
Cho tam gidc ABC va mdt diém M nam trong tam giac sao cho WiBA > Mica va MBC > MCB .
Gia sir BM va CM [an lwot cit AC va AB tai P, Q, chirng minh rang BP < CQ.
Huéng dan giai
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Ta thdy AB, CD, MN lan luot 1a truc ddng phuong cta cac cip duong tron (AOB) va (O);
(AOB) va (COD); (COD) va (O) nén AB, CD, OM ddng quy tai tim ding phuong S. SO cit
(O)tai E, F.

Ta c6 SE.SF =SA.SB=SM.SO va O 1a trung diém EF nén theo hé thirc Maclaurin, ta c6
(SMEF) = -1, do 6 M thudc duong dbi cuc cua S (1)

Ma I ciing thudc dudng ddi cuc caa S (2)

Tir (1) va (2) suy ra IM 1a dudng d6i cuc cla S, do dé géc IMO bang 90°. Twong tu géc INO bang 90°,

ta c6 dpcm
Cau 19. Cho tam gidc ABC c6 d6 dai cac duong cao BB' = J5,CC" =2 va cosCBB' = % . Tinh dién
tich tam giac ABC'.
Huéng din giai
Xét hai truong hop:
+) B va C khong tu. Khi do6
2 2 1
cos ZCBB'=—=sinC=—,cosC=—
V5 J5 V5
c-_ B8 >
cosZCBB' 2
Suy ra sin B :Q :i,cosB :E
BC 5 5
= sin A =sin BcosC +sinCcos B :i: AB = _BB :2 S =lAB.CC':§
J5 sind 2 2 2
+) B hoac C tu
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Do BB'>CC'nén B<C vaCtu :>sinC:i,cosC:—L
J5 NG
) 4 3 . 2 25 25
Con sinB=—,cos B=— (giong truong hop 1) =>sinAd=——,4AB=— Suyra S=—
5 5 (eiong mrong hop 1) 55 2 Y 2

Cau 20. Cho tit gidc ABCD ( AB # CD ) ngoai tiép dudng tron (O;R), R>0 va diém M di chuyén
trén dudng tron (O;R). Goi X,Y,Z,T lan luot 1 hinh chiéu vuéng géc ciia M 1én cac dudng

thang AB,BC,CD,DA . Tim vi tri ctia diém M sao cho MX + MY + MZ + MT dat gia tri 16n
nhét, nho nhat?

Huéng din giai

Goi E, F, G, H lan luot 1a tiép diém cua cac dudng thing AB, BC, CD, DA véi dudng tron
(O;R) va goi K 1a trong tam cua tir giac EFGH.

Ta co
VO 4 MY 5 M2 o T — MX-OF + MY.OF ; MZ.0G+MT.OH
_ MX.OE + MY.OF + MZ.OG + MT.OH
R

MX.(OE + OF + OG + OH VY] G

M )\ 4p_AMOOK
R

4.M0.0K.COS(]T45,5]€) I
= - +4R = 4.0K .cos(MO,OK ) + 4R
Do do6
MX + MY +MZ +MT

dat gi trj 16n nhat khi M 1a giao diém cua tia KO voi dudng tron (O; R) va dat gié tri nho
nhat khi M 1a giao di€m cua tia OK v6i duong tron (O;R). ‘
Cau 21. Goi AD,BE,CF la ba duong phan giac trong cua tam gidc ABC vudng & A. Poan thang

AD cat EF tai K. Duong thiang qua K song song v6i BC cit AB, AC lan lugt & M, N .

. 2—+2
Ching minh rang: MN > 2\/— (AB + AC).
Hwéng din giai
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Cau 22.

Cau 23.

Cau 24.

Cau 25.

B

b+c)
bit BC=a,CA=b,AB=c tacod a’ :b2+c22% suy ra b+c£\/§'
a

bc AE = bc'
a+b a+c

Dung phuong phap dién tich, hoac cong thurc dudng phan giac trong tinh duogc

\/Ebc . \/EAE.AF y \/Ebc

,AK = = .
b+c AE+ AF  2a+b+c

AK  b+c _)MN_ b+c
AD 2a+b+c a 2a+b+c

Dung tinh chit duong phan giac tinh duoc AF =

AD =

T do

2-2

1 1
Suyra: MN =(b+c)————=(b+c = AB+ AC).
y O T Pvw e )
+7
a
(Ky thi hoc sinh giéi tinh Ha Tinh 2008 — 2009) Cho tam gidc ABC c6 céac goc A4, B,C thoa

1 1 1 1 1
+ +

.4 . B .
sin— sin— sin—
2 2 2

man hé thuc: ! + =
cosA cosB cosC
Chimg minh tam gidc ABC 1a tam giac déu.
(Ky thi hoc sinh gidi tinh Ha Tinh 2010 —2011)Tam gidc ABC c6 ba géc thoa man h¢ thuc:
8003AsinBsinC+4\/§(sinA+cosB+cosC)—17 =0
Hay tinh cac gbc cua tam giac do.
(Pé thi chon HSG tinh Quang Binh 2012 — 2013) Chting minh rang néu cac goc A ,B,C cla

AABC thoa man diéu kién: cos2A4+cos2B+cos2C >—1 thi sin 4+sin B+sinC <1+ V2.
(Dé thi d& nghi trudng THPT chuyén Lé Quy Pon TP. Pa Néng — hoi thi HSG duyén hai Bic
b0 1an thir VII) Cho n-gidc déu A4 4,...4, (n>3)ndi tiép dudng tron (O;R) va dudng thang

d tuyy. Qua cac diém 4, (k = I,_n) vé& cac dudng thang song song véi d cat dudng tron (O)
tai cic diém B, (k = I,_n) Chimg minh téng S, = A4, B> + A,B? +...+ A B> khong phu thudc

vao vi tri ciia dudng thang d .
Huwéng din giai:
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Chon h¢ truc Oxy, sao cho géc toa do la tam da giac, truc Ox vudng gbéc voi d . Khong
mat tinh tong quat, gia st c¢6 thé gia sir da giac déu noi tiép duong tron don vi (R =1).

Pit (O%:04) =« thi 4, [cos[oww}sin(owwn

n n

‘ [ ( (k—l)nJ . [ (k—l);zD
va B, | cos| o+ ;—sin| a+ ,Vk=12,..,n
n n

S, ZABZ—“ZSm( (k-1)z ] 2n+Zcos(2a+2(k Dz J

n n

0 4 BT (TS 4 WE

k=1 n Cos(ﬂ-jkl
n
1 { ( (2k—1)7rj ( (2k-3) nﬂ
= cos| 2o +~—— |—cos| 2a +
TS n
2005()

n

2n—1
= ;(cos(za +(n—)ﬂj—cos(2a —Zj] =0
/4 n n
2cos (j
n
Vay S =2n+T, =2n.
Cau 26. Goi x,y,z 1a khoang cach tir mot diém M bat ky nam trong AABC cb 3 goc nhon dén cac

) N . a’+b*+¢? A VvV &
canh BC,CA, AB. Chung minh rang: \/;-l- y +\/; < T , a,b,c 1add dai cac canh

ctia tam giac, R 1a ban kinh dudng tron ngoai tiép. Dau = xay ra khi nao?
Ciau 27. Tinh cac gbc cia AABC biét rang: cos2A4 + 2\/§(cos B +cos C) =3 va AABC khong c6 goc

tu.

Cau28. Ching minh ring v6i moi diém thudc mit phang chita AABC, ta déu co:
MA* + MB* + MC* > %S, trong d6 S 1a dién tich cia AABC

Ciu 29. Chung minh ring néu a,b,c 1a 6 dai ba canh cta tam giac c6 chu vi bang 3 thi:

3(a2 +b’ +cz)+4abczl3

Ciau 30. Hiy x4c dinh dang cta tam giac ABC néu cac goc cua tam giac ABC thoa man dang thirc

sau:
tgé tgE tgg
2 . 2 . 2 _ 1
1+tg§tg£ 1+tg£tgé 1+tgétg§ 4tgétg§tgg
272 272 272 27272

LOAI 8: Cac bai toan khac

Cau 1. [Chu Van An-Ha N¢i] Goi AD, BE,CF 1a ba duong phan giac trong cua tam giac ABC
vudng & A.Doan thing AD cit EF tai K . Pudng thing qua K song song voi BC cit
AB, AC lanluot & M, N . Chung minh rr:ing:
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