Goi D', E', F' 14 hinh chiéu vudng géc cta Olén cac dudong JK,KI,1J. Do G la trong tAm hai
tam giac trén nén:

Xét V( 1] bién A,B,C,1,J,K thanh 4,B,C, A", B',C’
G;_E

Cé A’ 1a trung diém BC nén O4' L BC, OD' L JK = OD 1 BC.Vay O, 4',D' thiang hang.
Do dé A'D' L BC.

Suyra A'D'//AD vaA'D = %AD = ZLGAD = LGA'D'

= LAGD = LA'GD’
= LAGD + ZAGD' = LZA'GD'+ ZAGD' =180°

bién D thanh D’

.

Tuong tw co V( ) bién E thanh E’ bién F thanh F'
G._7 .

)

Vay D,G,D' théng hang va V(
G;

D,E, F thing hang khi va chi khiD’, E', F’ thang hang. Do D', E', F' 14 hinh chiéu vudng goc
cua O lén cac duong JK,KI,1J nén theo dinh li Simson D', E’, F' théng hang < O nam trén
duong tron ngoai tiép ALK < OH =2R

Cau17. [ HOI CAC TRUONG CHUYEN VUNG DUYEN HAI VA DONG BANG BAC BO. TRUONG THPT
CHUYEN NGUYEN BINH KHIEM DE THI MON TOAN KHOI 11NAM 2015- TINH QUANG NAM ]

Cho AABC nhon co BAC =30". Hai duong phan gidc trong va ngoai cua YUBC 1in luot cat
duong thaing A C tai B . va B_; hai dudng phan giac trong va ngoai clia ACB 1in luot cét
duong thang AB tai C,,C, . Gia sir hai dudng tron dudng kinh BB, va C,C, gip nhau tai
mot diém P nidm bén trong AABC . Chimg minh ring BPC=90"

Huwéng dan gidi
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Cau 18.

Goi O 14 trung diém clia doan thiang B, B, .

Khi d6 hai diém B va P nim trén duong tron tim O béan kinh OB, .

Vi OBC = OBB, —EBB, = OB B — B BA=BAC néen 1OCBUIOBA,
Suy ra OC.OA = OB’ =OP”.

Tirdo HOCP L OPA = OPC =PAC.

Do d6
PBC-PBA= (@,BC +PBB ) - (QBBl _PBB ) - 2PBB ='PoB =Pca-0OPC

Nhu vay PBC — PBA=PCA—~PAC suyra PAC + PBC =PBA +PCA(1)
Tuong tu ta cling ¢6 PAB +PCB=PBA+'PC4 (2) :
Ngodita (PAC + PBC) +(P4B+ PCB) +(PBA+PCA)=180" (3)
Tir (1);(2);(3) ta di dén PBA+ PCA=60".
Suy ra BPC = (@BA + ?AB) + (ECA + ?Ac) ~Bac+ (@BA + E*CA) -90".
[ TRAI HE HUNG VUO'NG LAN THU' X, NAM HOC 2013-2014. TRUONG THPT CHUYEN HOANG
VAN THU -HOA BiNH ]
Cho tam giac AABC ndi tiép dudng tron tim O. Puong tron tdm / tiép xtc véi hai canh

AC,BC lan luot tai E,F va tiép xuc trong véi duong tron tam O tai diém P . Mot duong

thang song song véi AB tiép xuc voi dudng tron tdm / tai diém Q nam trong tam gidc ABC.
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a) Goi K, L lan luot 1a giao diém thir hai cia PE va PF voi (O) Chting minh rang KL song
song voi EF

b) Ching minh rang; Ucp = @CB .

Huéng din giai

a) Goi D la giao diém thirc hai cua duong thing PC PC véi dudng tron tim 7, va M 1a giao
diém thtr hai cia duong tron tim O véi PO.

Xét phép vi tu ¥ tdm P bién duong tron tAm / thanh dudng tron tim O, ta ¢6 phép vi tu V
bién E,Q, F lan luot thanh K, M, L .

Theo tinh chét ctia phép vi tu ta c6 EF / /KL EF.

Tacod OK laanhcia IE qua V,dindén OK //IE ma IE 1. AC = OK 1L AC ,suyra K
13 diém chinh giita cua cung AC . Chirng minh twong tu ta ¢6 L 1a diém chinh giira ciia cung
BC, M la diém chinh giita cia cung 4B .

b) Ta co
BM =W < BL+EM = MK + KA
oo+ Em =Wk + €k

< 2EM + Mc =vc+ 28k
o IM =€k
— PE = FO (tinh chét phép vi tw).

= PEC= @F C (gbc tao boi tiép tuyén va day cung chin hai cung bang nhau) va DE = OF .
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Lai c6 CE = CF theo tinh chit cia hai tiép tuyén ké tir mot diém.
Suy ra ACED = ACFQ, dan dén BCD = %LCQ Tir d6 ta c6 diéu phai chimg minh

Cau19. [THIHSG VINH PHUC NAM 2008-2009]
Cho tur giac 16i ABCD ndi tiép trong duong tron tim O . Goi E 1a giao diém cia AC véi
BD . CMR néu ba trung diém cia AD, BC,OEF thing hang thi AB = CD hodc 4EB = 90"

PHAN HINH HOC PHANG
LOAI 1: Chitng minh tinh chit: thing hang, ddng quy, song song, vudng géc.

Cau20. [TRUONG THPT CHUYEN NGUYEN TAT THANH TiNH YEN BAI TRAI HE HUNG VUONG LAN
THU X]
Cho tir giac ABCD noi tiép duong tron tim O. Pudng vudng goc voi AD tai A cat BC ¢ E.
Puong vudng goc voi AB tai A cit CD ¢ F. Ching minh ring ba diém E, O, F thang hang.

Hwéng din giai
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Ta c6 BAF = ECF cung bu véi goc BAD , cac dinh A, C lai thudc hai phia cua duong thang
EF. Ly K 1a diém d6i xtmg cta A qua EF.

Ta c6 BKF = BAF (do t/c d6i xtmg) suy ra EKF ='ECF suy ra tir giac ECKF ndi tiép
Suyra FCK = FEK ma FEK =4EF (vc dbi ximg).

mat khac UEF ='DAK (cung phu BAK ), suy ra BCK ='BAK ma hai gdc nay & hai dinh
lién tiép cung nhin canh DK. suy ra t&r gidc ADKC ndi tiép suy ra K thudc (O).

Vay EF 1a duong trung tryc cua diy AK suy ra E, O, F thing hang.

Cau2l. [TRUONG TRUNG HOC PHO THONG CHUYEN LUONG VAN TUY NINH BINH]
Cho tam gidc ABC nhon. Goi D, E, F tuwong tng 1a chan ba duong cao tir A, B, C cua tam giac.
I va J tuong tmg 1 tAm dudng tron ndi tiép tam giac AEF va BFD. O va O’ 1 tAm dudng tron
ngoai tiép tam giac AIC va BJD. Chting minh: 00’ // 1.

Huéng din gidi
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0'

Goi K 1a tam dudng tron ndi tiép tam giac CDE.

Ta c6: ABDF -~ AEDC = AIDF ~ AKDC (vi J, K 14 tim dudng tron noi tiép hai tam giéc)
Suy ra ADJK ~ ADFC.

Ta co:

?BD+%<C=%QBC+EKD+BKC=%@BC+BCF+180° _Kcp-Kpc =

=%@BC+90° —BBA +180° —%QCB—%BDC =%QBC+BAB+180° —%@CB—%EAC —180°".

Suy ra tir giac BIKC noi tiép duong tron. (1)
Tuong tu AIKC noi tiép duong tron. (2)
Tu (1) va(2)suyra OO'LCK. (3)

Ta co:

DK =360° — B - BIK =360° — (180° —%EAC)—(ISO‘) —%@CA) =90° —%@BC.

Trung tam Luyén thi AMAX — Ha Dong Fanpage: https://www.facebook.com/luyenthiamax/
Hotline: 0902196677




Suyra IJ LCK. (4)
Tu (3) va (4) taco OO’ // 1.

Ciu22. [TRUONG THPT CHUYEN TUYEN QUANG TRAI HE HUNG VUONG LAN THU XI1]

Cho tam giac ABC néi tiép duong tron (O) va ngoai tiép duong tron (I). Puong thang BI cét
dudng tron (O) tai N khac B, duong thing CI cit dudng tron (O) tai M khac  C. Trén cung
BC khong chtra A ciia dudng tron (O) lay diém G tiy y (G khac B, C). Goi J, K 1an lugt 13 tim
cac dudng tron ndi tiép cac tam gidc ABG, ACG. Pudng tron ngoai tiép tam giac GIK cit duong
tron (O) tai diém P khac G. Hai tiép tuyén cua duong tron (O) tai M, N cit nhau tai Q. Ching
minh rang ba diém P, A, Q thang hang.

Hwéng din giai

TacoG,J,MvaG,K,N théng hang. Hai tam gidc PJM va PKN c6
Py =PNK ; Piv =180° - PG =180° - PKG = PKN .

; PM  MJ
Suy ra hai tam giac PJM va PKN dong dang. Do d6: —— = —.
PN NK

Vi J 13 tam dudng tron ndi tiép tam gidc ABG va M 1a diém chinh giita cung AB ctia dudng tron
ngoai tiép tam gidc ABG nén MJ = MA.
PM  AM

Tuong tu NK = NA. Suy ra = . Do d6 PMAN la tir giac diéu hoa.
PN AN

Vi PMAN la tir giac diéu hoa noi tiép dudng tron (O) nén cac tiép tuyén cua (O) tai M,
N cit nhau tai diém Q trén PA hay ba diém P, A, Q thang hang.

Cau23. [TRUONG THPT CHUYEN LE HONG PHONG NAM DINH TRAI HE HUNG VU'O'NG]
Cho tam giac ABC khong can tai A ndi tiép dudng tron (0) Goi [ 1a thm duong tron ndi
tiép tam giac. Puong tron (01) tiép xuc voi cac canh BA, BC va tiép xuc trong véi (O) tai

B, . Buong tron (02) tiép xtic véi cac canh CA, BC va tiép xuc trong voi (O) tai C,.
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Hwéng din giai

1. Goi M, N lan luot 14 tiép diém cia BC véi cac duong tron (01), (02) va J1a giao diém
cia BM , C,N . Chiing minh ring A4J 14 tiép tuyén ciia cac dudng tron ngoai tiép cac tam gidc

BCM, C,BN .

2. Goi S la giao diém ciia BC va B,C,. Chimg minh rang AIS =90°.

1. Goi J,, J, lan lugt 14 giao diém thir 2 cia BM, C,N véi (O)

Tacd AO,BM , AOB,J, 14 cic tam gidc can tai O,, O, ma O, O,, B, thang hang nén suy ra
OJ,||OM .Dodo OJ, L BC

Chimg minh tuong tw taco OJ, L BC

Ma J,, J, cing phia dbi véi BC nénsuyra J, =J,=J.Suyra J ladiém chinh giita ciia
cung BC nén A, I, J thiang hang va JB=JC =JI .

Ta c6 AIBN ] AABI nén BIN = BAI = @CIN suy ra tir gise BC,IN noi tiép

Chiing minh tuong tu ta ¢6 t& gidkc CBIM ndi tiép.

Mit khac ta c6 JM .JB, = JB* = JC* = JN.JC, = JI*

Vay AJ 1a tiép tuyén cia cdc dudng tron ngoai tiép cac tam gisc B,CM, C,BN .

2. Goi P, Q lan lugt 1a tim dudng tron ngoai tiép cac tam gisac B,CM , C,BN thi PO L AJ

tai /.
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Vi JWJ_B1 =JB*=JC* = WJ_C1 = JI* nén ti gic MNC, B, ndi tiép.
Goi S, =PQ N BC.Do APBN va AQCM 1a céc tam giac can ¢6 cac géc & dinh bang
2BAJ  nén ching dong dang. Suy ra PBN =PNB = @CM = @MC . Do @6
PB||ON, PN||QC
SP SB SN
- = =
SO SM SC
duong tron (MNC,B,), (ABC) = S, € B,C, hay PQ, B,C,,BC déngquytai S, S,=S.
Vay AIS =90°

= S,B.S,C=SM.SN do d6 S, thudc tryc dang phuong cua hai

Cau24. [TRUONG THPT CHUYEN LAO CAI TINH LAO CAI TRAI HE HUNG VUO'NG LAN THU XII]
Cho tam giac AB C noi tiép duong tron (O). Truc tim tam giac ABC 13 H. Goi M 1a diém chinh
gitta cung BHC ciia duong tron ngoai tiép tam giac BHC. BM giao AC tai E, CM giao AB
tai F. Ké phan gi4c trong AD cua goc BAC. Goi T 1a tam dudng tron ngoai tiép tam giac AEF

a) Chimgminh TD 1 BC

b) Ching minh rang ban kinh dudng tron ngoai tiép tam giac AEF bang OD.
Hwéng din giai
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P 1

MCEB nén t giac FACD noi tiép.

-

a) Taco FAD =

o

b |

A

0
|

Suy ra DFC = DAC = MBC, ta thhu duoc t giac FMDB ndi tiép, tuong tu tt giac M ECD noi

tiép.

D& c6 M € (AEF) (dudng tron qua 3 diém 4, E, F), goi I 13 tAm cua (AEF). Ta co:

TB® —TC? = @5~ Pcry = BM.BE — CM.CF = BD.BC — CD.CB = BC(BD — CD)
= (BD 4+ CcD)(BD — CD) = BD* — CD?

SuyraTD 1 BC.

b) Ta c6 ADB = AEB = MDC nén DA va DM d6i xtng v6i nhau qua DT.

Do BM = CM va BFM + CEM = 180° nén R(gyz) = R(gys. Suy ra BF = CE.
Ta c6 (AEF) giao (0) tai J 1a tAm cua phép vi tu quay bién BF thanh CE nén JB = JC. Do
OT L AJ va A] L AD nén OT || AD.
Ta thu duoc TOM = ADT = TDM, suy ra tr giac TMOD noi tiép. Ma OM || TD nén TMOD 13
hinh thang can. Vay TM = 0D, hay R,z = OD.

C3u25. [TRUONG THPT CHUYEN CHU VAN AN TiNH LANG SO'N TRAI HE HUNG VU'O'NG LAN THU XII

]
Cho tam giac ABD ndi tiép dudng tron (0). Goi M 1a trung diém cua BC va AM cit (O) tai
D. Goi E, F, G, H 1a trung diém ciia AB, BD, DC, CA. Phan giac trong

cac goc @MG;EMH cit EG, FH tuong tmg tai S, 7. Goi X = AC ~ BD;Y = AB~ CD .
a. Chirng minh rang S7 [ XY .

b. P=MSFH:R=MT ~n EG . Chimg minh rang AD di qua trung diém cta PR.

Huwéng din giai

Tacd AABM [ CDM ;AAMC [l ABMD nén

AB _MB _MC _AC _ AB _AC
CD MD MD BD CD BD
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Hon nita, ME, MG, MF, MH 1a cic dudong trung tuyén truong Ung nén suy ra

ME _AB _AC _MH \p prs T 1a phan giac nen SE - ME _ MH _TH

MG CD BD MF SG MG MF TF

Chu y EFGH 1a hinh binh hanh nén EH 0 FG , theo dinh li Thales thi suyra STUOEH U FG ,
suyra STBD (1).
Mait khac, ap dung dinh li Ceva cho tam gidc ABC v6i cac doan AM, CY, BX thi ta duoc

MB XC ﬁ—1:>X_C=% nén suy ra XY [BD (2).

MC XA YB X4
Tu (1), (2)suyra ST XY .

b)

gy

Goi L 1a trung diém cua AD. Thé thi cac ti giac LHMF, LEMG, EFGH 13 hinh binh hanh nén
suy ra EG, FH, LM ddng quy tai trung diém K mdi doan thang.

Mt khac, d& thiy BMF =AM, TMF = TMH suy ra Phrs = a4, tirc 1a MT 13 phan gidc goc
UMB .

Tuong tur thi MS 1a phan giac goc AMC nén suy ra MT 1 MS . Do d6 MR 1a phan giac ngoai
ciia EMG.

Tuong tu thi MP la phan gidc ngoai goc FvH . Suy ra

PH TH E  RE X 1A . . 2 .
—=—= SE =——= PRUSTUEH . D¢ thay AK di qua trung diém cua EH nén ciing di
PF TF SG RG

qua trung diém cta PR.

Nhin xét va binh ludn va phat trién bai toan:
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+Y a) 1a két qua cua cac ti s6 dong dang két hop véi dudng phén gidc. Cung v6i viée chu ¥ t6i
dinh 1i Thales va hinh binh hanh EFGH.

+Y b) 1a mot hé qua kéo theo voi viée nhan thdy MT 1 MS tir d6 suy ra MS, MR 1a phan giac
trong va ngoai cua EMG .

+ Ta c6 thé thu dugc két qua rat tha vi sau: Goi P=MSNFH;R=MT NEG;0=YPN XR.

Khi d6 MPOR 14 hinh chit nht.

Chirng minh: D& thdy AXCD [0 AXBA voi XE, XG 1a trung tuyén tuong tng, do d6

XE AB _ME

XG CD MG

do, ME = SE = AE =k nén M, X, S ciing nam trén duong tron Apollonius d6. Hon nita, dé
MG SG XG

thiy BMF = UMH; PMF = TMH suy ra TMB = TMA, tc 1a MT 1a phan giac goc 4MB .

= k nén X, M nam trén duong tron Apollonius dyng trén E, G v6i ti s6 k. Do

Tuong tu thi MS 1a phan giac goc 4MC nén suyra MT 1 MS (3). Do do, MR 1a phan giac
ngoai cua EMG va MS1a phéan giac trong, nén duong tron duong kinh MS la duong tron
Apollonius dung trén E, G. Do d0, tir giac MSXR néi tiép. Goi I 1a trung diém ctia MX. Xét tir
giac toan phan XDMCAB, thi E, G, I thang hang (ndm trén dwong thing Gauss). Do d6, SR 1a
duong kinh duong tron Apollonius d6. Vay, MRX =90° (3). Tuong tu thi MPY =90° (5). Tir
(3), (4), (5) suy ra MPQR 1a hinh chit nhat.

0

Cau26. [TRUONG THPT CHUYEN NGUYEN BiNH KHIEM QUANG NAM NAM 2014 KY THI OLYMPIC
TOAN KHU VU'C DUYEN HAI & DONG BANG BAC BO NAM 2014]
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Cho tir gisc ABCD ndi tiép co cac cip canh ddi khong song song. Cac dudng thang AB va CD
cit nhau tai diém E va cac dudng chéo AC va BD cit nhau tai F. Puong tron ngoai tiép cic tam
gidc AFD va BFC cit nhau tai diém thir hai K. Ching minh rang hai duong thing EK va FK
vuong goc.

Hwéng din giai

= Goi G 1a giao diém ctia AD va BC, O 1a tim dudng tron ngoai tiép tir giac ABCD.

Ta dung ki hiéu (ABC), (ABCD) tuong tmg dé chi duong tron ngoai tiép cua tam gidc ABC, tir
giac ABCD.

Ta c6 AD, BC, FK lan luot 1a truc ding phuong cua cac cip duong tron (ABCD) va (ADF),
(ABCD) va (BCF), (ADF) va (BCF) nén AD, BC, FK dong quy tai G hay F, K, G thang hang.

= Khong mat tong quat ta gia st F ndm giira K va G.
Ta c6 DKC = (180° = BKF)+ (180° — CKF) = PAF + CBF = %@00 +%@0€ -Poc

(ta c6 thé dung goc dinh hudng cho moi truong hop).

Suy ra cac diém D, C, K, O cing thudc mot dudng tron ta goi 1 (C1).

» Tuong tu, cac diém A, B, K, O cung thudc mot duong tron ta goi 1a (Cz).

Ta c6 AB, CD, OK lan luot 1a truc ddng phwong cua cac cip duong tron (ABCD) va (C2),
(ABCD) va (C1), (C1) va (C2) nén AB, CD, OK ddng quy tai E hay O, K, E thing hang.

= Xét cuc va ddi cuc dbi véi duong tron (O), ta c6 GF 1a ddi cuc cia E

nén GF vuong goc voi OE

MaG, K, F théng hang; O, K, E théng hang nén EK va FK vudng goc (diéu phai chitng minh).
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C3u27. [Truwdrng THPT Chuyén Hung Yén DE THI CHON HOC SINH GIOI MON TOAN LOP 11VUNG
DUYEN HAI VA PONG BANG BAC BO]

Cho dudng tron (7) tim O va AB, CD 14 hai dudng kinh ctia duong tron d6. Tiép tuyén véi duong
tron (7) tai B cit AC tai P. Goi G 1a giao diém th{r hai ciia duong thang DP véi dudng tron (7).
Goi/ 1a trung diém ctia AP. Chimg minh rang

a) Cac diém O,B,C,I cung nam trén mot duong tron
b) Ba dudng thiang AG, BC,OP ddng qui.
Huwéng din giai
a). Tacd OI// BPnén £IOB = ZOBP =90°. Ma /BCI =90° suyra 4 diém O, B,C,I

nam trén dudng tron (w)duong kinh BI.

b) Goi I'la trung diém cua PC. Tacod OI'// DPnén ZCOI'= ZCDG (1).

Ma £ZCDG = LCAG (2). Tam gidc CGP vuodng tai Gco GI'=CI'= %CP suy ra

AOCI'= AOGI'(c.c.c),do d6 LCOI'= ZI'OG (3).

Tir (1),(2),(3) ta c6 LCAG = ZI'OGsuy ra 4 diém I', 4,0, G nam trén mot dudng tron (@').
Taco@0) =P 01wy =0

Hon ntrag ., = PI.PC = %E.ZP_I' = PAPI'= p o SUY TaOP 12 truc dang phuong cua hai
duong tron (@) va (@").

AG 1a truc ddng phuong cua hai dudng tron (7) va (@'). BC 1a truc dang phwong cta hai duong

tron (7) va (w).

Vay ba duong thing 4G, BC,OP ddng qui tai S 1a tim dang phuong cua ba dudng tron (7), (@)

va (o).
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