Cau 15.

Goi I 1a trung diém SO, dit SO = a (khong doi)
2 2 2 2 2 2
T o MI _MS"+MO” SO MS +MO” a
2 4 2 4

Mit khic By, o) = MA.MB = R* = MO*ma MA=MB = SM
nén MS* = R* — MO* < MS? + MO* = R?

, R® a . .
= MI 27—7 khong doi.

, 1
Vil cb dinh nén M thudc duong tron tam I ban kinh M = 5 2R’ —-a’

. 1 :

Dao lai, trén duong tron () lay M’ tuy y => M '[ = > 2R* —a® . LAy M’ 1am tam quay
mot cung tron ban kinh M’S cit (O) tai A’.

Taco M’A’ =M’S. Kéo dai M’A’ cat (O) tai B’.

, 1 1
, 5 M+ MO =—(4M'I’ + SO*)=—(2R’ -d’ +a’) =R’

Xeét tam giac M’SO co: 2 2

SM'A%+M'O* =04" 7
Hay tam giac OM’A’ vudng tai M’ suy ra M’ 1a trung diém A’B’
nghia la M’A’=M’B’=M’S hay tam giac SA’B’ vudng tai S.

[Ngan hang dé Truong THPT chuyén Nguyén Trii, tinh Hai Duong - PE PE NGHI THI
CHON HSG VUNG DUYEN HAI BAC BO LOP 11 N'm hic ...]
0

Cho tam giac ABC n6i tiép duong tron tdm O va co tryc tam H. P la mot diém bat ki trén (O).
Goi Q,‘R, S 1;& céq di€ém doi xing y(’)’i P lan lugt qua trung di€m cac canh BC, CA, AB. Ching
minh rang bon diém H, Q, R, S nam trén mot dudng tron.

Hudng dan giai

- Goi M, N, K, I 1an luot 13 trung diém ctia BC, CA, AB, PH. Xét phép vi tu
Vi:M—QN—R K-S, I H
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Suy ra phép vi ty nay bién dudng tron ngoai tiép tam giac MNP hay duong tron

Ole cua tam giac ABC thanh duong tron ngoai tiép tam giac QRS.

T d6 @€ chimg minh H thudc duong tron (QRS) ta ching minh I thudc duong tron Ole cua
tam giac ABC.

- Xét phép vi tu V; :A'— H,, B'> H,, C' H,, suy ra phép vi ty niy bién duong tron
Ole cua tam giac ABC thanh duong tron (O), ma V; I—>P; Pe (O) =1 nam trén
duong tron Ole cua tam giac ABC (dpcm).

Cau 16. [TRUONG THPT CHUYEN NGUYEN BINH KHIEM QUANG NAM
KY THI CHON HOC SINH GIOI KHU VUC DUYEN HAI & PONG BANG BAC BO
NAM 2013 BE THI BE NGHI MON: TOAN, LOP 11]

Cho dudng tron (O;R) va mot diém I ¢b dinh ¢ trong dudng tron (I# O), dudng thing qua I
vudng goc voi Ol cit dudng tron tai C va D; A 1a mot diém nam trén dudng tron, tia di ximg
véi tia IA qua dudng thing CD cit dudng tron tai B. Goi M la trung
diém cua AB.

a) Ching minh duong thing AB di qua mot diém cd dinh L khi A thay ddi trén dudng tron (O;R).

b) Goi N, P 1a giao diém cua duong thing OM véi duong tron (O). Pudng thing CN va DP cit
nhau ¢ Q. Ching minh ring cac diém Q, N 1a nhitng tim cua dudng tron ndi tiép va bang tiép
cua tam giac CMD.
Hudng dan giai
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Goi L 14 giao diém ctia AB va OI; K 1a giao diém cua AB va CD.

Ta cd IE LOL va IE |a phan gidc cua géc AIB, suy ra: (ABKL)=-1

Suy ra: MA®> = MB* = MK ML (M la trung diém ctia AB, New-ton)
= (ML+ LK).ML
= ML’ - LK LM
Ma ta lai c6: P,/ (IOMK)=LI.LO = LK.LM
Do dé: MA® = ML> — LK LM = ML* — LI.LO
Suyra: ML = MA> = LI.LO < LO* —OM?* - MA*> = LI.LO
Suyra: OL —O0A® = LI.LO
=(LO+0OI)LO
=L0O*-0I.0L

- — R?
Suyra OA® = OI.OL .Suyra OL =E.Véy L ¢6 dinh.

Trudce hét ta chimg minh MK 14 phén gidc cia goc CMD.
Goi E la giao diém cua OM véi CD

Ta c6: AOIE~NAOML

Suy ra: OM.OE = OI.0OL = 04* = R?

Suy ra: OE” —~OM.OE =OE* -R?

Suyra: OEME =IE* +OI* —R* =IE* —(R* - 0I*) = IE* - IC?
Taco: P, /(OIRM) = KE.IE = OE.ME

Do d6 ta suy ra: KE.IE = IE* — IC?

Suyra: IC? = [E*—IEKE = I[E(IE —KE) = IE.IK

Theo hé thuc Newton, ta suy ra: (CDKE)=-1 (1)

Ma MK 1ME nén MK la phén giac trong cta goc EmD (2)
Theo chirng minh trén ta co: OM.OE = R* = ON?

Suy ra: (PNME)= -1

Suy ra: (NPME)=-1 (3)
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Tir (1) va (3) ta suy ra: CN, PD, KM ddng quy tai Q.
Ma goc ODN =90° nén QMND la tir giac ndi tiép
Suy ra: QDM = QNM = CDP

Suy ra DP la phan giac trong cua goc CDAM (4)
Tu (2) va (4), ta c6 Q la tam duong tron ndi tiép tam giac CMD

Ta lai c6 DNLDP suy ra DN la phan gidc ngoai ctia goc epu . Suy ra N 1a tdm duong tron
bang tiép cua tam gidc CMD.
Vay Q, N [an luot 13 tAm cla duwdng tron ndi tiép va bang ti€p cha tam gidc CMD.

Cau 17. [TRUONG THPT CHUYEN NGUYEN BINH KHIEM TINH QUANG NAM NAM 2015 ]
Cho U ABC nhon ¢6 BAC =30". Hai duong phan giac trong va ngoai cua YUBC 1an lugt
cat duong thang A C tai B va B_; hai duong phan giac trong va ngoai clia ACB 1in lugt
cat dudng thing AB tai C,,C, . Gia skt hai dudng tron dudng kinh B, B, va C,C, gip nhau

tai mot diém P nam bén trong [J ABC . Chimg minh ring BPC=90".
Hudng dan giai

Goi O 14 trung diém ctia doan thang BB, .

Khi d6 hai diém B va P nam trén dudng tron tim O béan kinh OB, .

Vi OBC =OBB, — EBB = OB B— B BA=BAC nen JOCBLOBA,
Suyra OC.OA=OB* =OP”.

Tirds JOCPOPA= OPC =PAC.
Do do

PBC-PBA= (@ch +PBB ) - (@BBI -PBB ) ~2PBB ='PoB =Pc4-BPC
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Nhu vay PBC — PBA="PCA—'PAC suyra PAC+PBC ="PBA+PCA (1)
Tuong tu ta cling c6 PAB+'PCB="PBA+PCA. (2)

Ngodi ra (?AC+$BC)+(?AB+ ?CB)+($BA + ?CA) ~180° (3)

Tir (1), (2) va (3) ta di dén PBA+ PCA = 60°.
Suy ra BPC =($BA+$AB)+($CA+EAC) =@AC+($BA+¥*CA) ~90".

Ciau18. [TRUONG THPT CHUYEN LE QUY DON TINH DPIEN BIEN TRAI HE HUNG VUONG
LAN THU XILOP 11]
Cho tam giac nhon ABC, cac dudng cao BD, CE. Mot dudng tron (O) di qua hai diém A
va E tiép xtic v6i canh BC tai diém M. Puong thing ME cat dudng tron ngoai tiép tam
giac AED tai diém thtr hai K. Hai duong thang DK va BC cit nhau tai N. Ching minh
rang dudng thang BC tiép xtc voi dudng tron ngoai tiép tam gidc AEN.
Hudng dan giai

Taco NME =BAM (cung bang mot nira sé do cung EM);
ma MAC =BAC-BAM nén suy ra

WAC =(180° — EKD) - NME =180° — MKN — NMK = MNK = END
suy ra ACAM va ACND dong dang (g.g)
CM 4

= —— =—" = CM.CN = CACD (1)
CD CN

Nhdn xét: Trong tam gidc nhon ABC tuy ¥ ta c6: BC* = BE.BA+CD.CA .
Théy vay

BC?*=BD? + DC? = AB*> — AD? + DC*?
= BE.AB+ AE.AB — AD? + DC*?
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Cau 19.

Cau 20.

= BE.AB+ AD.AC — AD* + DC*
= BE.AB+ AD.CD + DC*? = BE.AB + CD.CA
K&t hop nhén xét trén vai (1) suyra CM.CN = BC* — BE.BA.

Lai ¢c6 BE.BA=BM?* (cing bing phuong tich cua diém B ddi véi (O)), nén suy ra:
CM.CN = BC* —BM* =(BC+ BM)(BC — BM )= (BC + BM)CM
—CN =BC+ BM = BN = BM

— BN’ = BM "2 = BE.BA suy ra duong thfmg BN tiép xuc v6i duong tron ngoai tiép tam
giac AEN tai diém N. Vay duong thang BC tiép xtc voi dudng tron ngoai ti€p tam giac
ANE.

[Truéng PT CEp 2+ 3 TOn S—n B¥%c giang N"m hic 2008 — 2009]

Cho tam gi,c ABC nei tiOp ®éng trBn (C). §iOm A’ Ip fnh chia A qua phDp ®¢i xeng troc
BC. Txm quii tYch ®iOm A’ khi A di ®éng tr*n (C).

Hudng dan giai

[Chuyén Lé Quy Pon - Pa Ning KY THI HQC SINH GIOI CAC TRUONG THPT
CHUYEN KHU VUC DUYEN HAI VA DPONG BANG BAC BO
LAN THU IX, NAM HOC 2015 — 2016]
Cho duong tron (O) va day AB. Céac duong tron (O,) va (O,) nam vé mot phia déi véi
duong thiang 4B, tiép xtic véi nhau tai T ddng thoi tiép xic voi AB va tiép xuc trong véi
duong tron (O) . Tiép tuyén chung tai T cta cac duong tron (0, va (0,) cat duong tron
(0) tai C (v6i C thudc nira mit phang v6i bo 1a duong thiang 4B co6 chira hai dudng tron
(0) va (0,)).
Chtrng minh rang 7 13 tim duong tron ndi tiép tam giac ABC.
Hudng dan gii

K

+ Goi E, F, M, N lan luot 14 tiép diém (O,), (O,) v6i dudng tron (O) va AB nhu hinh v&.
Goi K 1a giao diém tht hai cia EF véi (O).
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Ta c6 cac diém E, O,, O thang hang; cac diém M, O,, O thang hang.

+Hon nita EKO =OEF =OFE = O,F [|/OK = OK 1 AB.
Vay K 1a diém chinh gilra cung 4B.

Nhu vay EF di qua diém chinh gitta K cua cung AB.

+ Chirng minh twong ty ta cling cé MN ciing di qua K.

+ T d6 MEF = NMNB nén tt giac EFNM 1a tt giac noi tiép, do d6
Peyo,=KF.KE=KN.KM=P,,, .

K/(O)

Vay diém K nam trén truc déng phuong cia (O) va (0,),suyraba diém C, T, K thang hang.

Tir d6 diém T nam trén phan gidc cita ACB (1)

+ Ta c6 cac cip tam giac dong dang VKAF va VKEA; VKBN va VKMB .
T dé KA> = KF.KE =KT?, suyra KA=KT .
Talaico KA=KB ,suyra KA=KB=KT .
Vi vay céac tam giac KAT va KBT cung can tai K.
Do d6 CAT = ATK — ACT =TAK — BAK =TAB.
Suy ra AT 1a phan giac ciia CAB (2)
+ Tu (1) va (2) suy ra T'la tdm duong tron ndi tiép tam giac ABC (dpcm).

Cau21. [CHUYEN CAO BANG TRAI HE HUNG VUONG NAM 2013]
Cho hai duong tron (O, R) va (O’, R?) v6i R # R' cit nhau tai hai diém phan biét A vaB.
Mot duong thing d tiép xuc v6i dudng tron (O) va (O°) 1an lugt tai P va P’. Goi Q va Q’ lan
lwot 1a chan dudng vudng goc ha tir P va P’ xudng 00’. Céac dudng thang AQ va AQ’ cit cac
duong tron (O) va (0”) taiM va M’.Chimg minh raing MM’ qua B.
Hudng dan giai

Goi S 1a giao diém cua d va OO’, khi d6 S 1a tAm vi tu ngoai cua hai dudng tron (O) va (0”).
bat k= %, khi do ta co.

V(S,k):(0)—>(0"),P—>P,0— Q'

Goi I, J 1a giao diém cua AB voi PP’ va 00’ Khi d6 ta ¢6

[P>=TAIB=1P" = IP=IP'
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MaPQ// 11/ P°Q’nénJQ=1JQ’

Suy ra AB la trung truc cua QQ’.

Ma OO’ 1a trung truc cia AB. Vay tu giac AQBQ’ 1a hinh thoi
Do d6 Q’B //AQ hay Q’M’ // QM.

Gia str V(S, k) bién M thanh B’ khi 6 QM // Q’B’

Ma M thudc (O) suy ra B’ thudc (O”) do d6 B’ trung voi B.
Vay V(S, k) bién M thanh B.

Tuong tu ta 6 V(S, k) bién M’ thanh B.

Suy ra M, B, M’ thiang hang hay MM’ qua B

Cau22. [Truong THPT Chuyén Ha Long Dé thi Trai Hé Hing Vuong nim 2013]
Cho tam giac ABC can tai A. Goi D 1a trung diém AC.Puong tron

ngoai tiép tam giac BCD giao voi phan giac goc ﬁAC tai E nam trong tam giac ABC. Puong
tron ngoai tiép tam giac ABE giao v6i BD tai F ( khac B), AF giao voi BE tai L. CI giao voi
BD tai K. Chu’ng minh rang I 1a tAm dudng tron ndi tiép tam giac ABK.

Hudng dan giai

Goi D’ 1a trung diém ctia AB va M 1 trung diém canh BC.

Ta c6 D’ nam trén dudng tron ngoai tiép ABCD. Do tinh d6i xtmg nén suy ra D'E=ED
suy ra ABI ='P'BE = BBD =1BK

suy ra [ nam trén phan giac goc UBK hay BI la tia phan gidc géc UBK (Hy1.o0a
Ta c6: DFA=180° — BFA=180° — BEA = MEB :%@EB :%@DB

=> PF4=D4F suy ra AAFD can tai D.1.0d

Do IA.IF = IE.IB nén I thudc truc dang phuwong ctia duong tron dudng kinh AC va duong
tron ngoai tiép ABCD .

Tir d6 CI di qua giao diém tht hai J cta hai duong tron nay. 1,0d
Ta ¢6 DCJ = BIC =BBCnén DA*> = DC* = DK.DB

Suy ra DAK ='PBA hay FAD-FAK = DFA - BAF . Tur d6 FAK = BAF .
Ta c6 (dpcm) 1.0d

Cau 23. [CHUYEN HUNG VUONG BE THI TRAI HE HUNG VUONG 2013]
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Cho tam gidc nhon ABC ndi tiép trong duong tron tam O. Cac diém D, E 1an luot thude céac

canh 4B, AC sao cho Boc = QBC, COE ='4CB. Puong tron ngoai tiép tam giac BOD cit
canh BC tai B va F. Chimg minh rang:
a) ADOE 1a mot tir giac noi tiép.
BC la tiép tuyén ciia duong tron ngoai tiép tam giac DEF.
Hudng dan gii

Ky hiéu BAC = 4,4BC =B, AcB=€.

a) Tir gia thiét, ta c6
POE =360° - BOB-BOC-EOE =360° -B—€ —24=180" -4
Suy ra ADOE 1a mét tir giac néi tiép.

b) Trudc hét, ta chimg minh CEOF 14 mét tir giac ndi tiép.
That vy, EOF =360—EOD — DOF =360—(180—4)—(180—B) = 4+ B.
Tir d6 EOF +ECF =4+ B+ € =180° hay CEOF 13 mét t& gic noi tiép.

Do ADOE 1a mot tt gidc ndi tiép nén EFE=CO0E=€ (1)
Ta ching minh BOF =€ (2),

that vay EDF = EDO + ODF = E40+OBF =0C4+0CB =¢.
T (1) va (2) suy ra BC la ti€p tuyén cla duwong tron ngoai tiép tam gidac DEF.

Ciu 24. [Truong THPT Chuyén Hoang Vin Thy - Tinh Hoa Binh-DE XUAT DE THI TRAI HE
HUNG VUONG Nam hoc 2012-2013]
Cho hai duong tron (O) va (O°) citnhau tai A va B. M la mot diem
thugc duong tron (O). MA cit lai duong tron (O’) lan thir hai tai N, MB cat lai duong tron
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(0) lan thir hai tai P. Tiép tuyén tai A va B ctia (O) cét nhau tai Q. Chirng minh rang MQ di
qua trung di€ém cua NP.
Hudng dan giai

Qua Q ké EF // NP (E€ MN, Fe MP) 7
= Yeéu cau de¢ bai tré thanh ching minh Q 1a trung diém EF.
Ta cé: AEQ ='ANP =4BM
(Do ANPB la tir giac ndi tiép)
Lai c6 4BM = Mdx = OAE
= [JQAE can tai Q
Chung minh tuong ty QBF can tai Q
Q4=0F  Q04A=0B
{QBzQF "™ 0E=0F
= Q la trung diém EF "
= MQ di qua trung diém NP

Cau25. [TRUONG THPT CHUYEN HUNG YEN TINH HUNG YEN NAM 2016]
Cho hai dudng tron (O1), (02) cit nhau tai hai diém 4, B. Mot dudng thang
qua B cit hai dudng tron (01), (02) tai diém tht hai la C, D. Goi M la trung
diém cua CD; Puodng thing AM cit duong tron (02) tai diém tht hai 13 P; Buong thang (d)
qua M va vudng goc voi O1M cat dudng thang AC tai Q. Ching minh dudng thing PO di qua
mot diém cb dinh.
Hudng dan giai

B6 dé: Tir gidc ABCD ndi tiép (O); Goi M 1a giao diém ctia AB va CD. Pudng thing d qua
M va d L OM. Puong thing d cit BD, AC, AD, BC lan luot tai K, H, I, J. Ching minh MH
= MK; MI = MJ.
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