Giai
a) Gia st 6 chinh gitra khong c6 so1 va diém sb ciia cach xép 1a 8. Nhu Vay 3 hang, 3
cot va hai duong chéo déu c6 mot s6 1é vién séi. Goi a, b, ¢, d 14 s6 séi trong cac 0
nhu hinh v€, a,b,¢,d €{0,1}. Khi do cac 6 d6i xtmg véi a, b, ¢, d qua tAm s& c6 b

so1 tuong ung la a',b',¢',d' sao cho a+a'=b+b'=c+c'=d+d'=1.

a|lb|c al|b|c
d d|0]|d
c|b | a

TU d6 (a+b+c)+(a+b+c")=3 suy ra mot trong hai tong a+b+c hodc a'+b'+c' 1a
mot s6 chan. Khi d6 dong thir nhat hodc dong thir ba c6 tong s6 so6i 1a mot sb chén,
mAu thuin véi gia thiét ban dau.
Vay khong ton tai cac xép soi thoa man diéu kién bai toan.

b) Ta goi hai cach xép soi 14 lién hop v6i nhau néu 6 trén ciing bén trai ciia ching co
s6 s0i khac nhau va cac 6 con lai twong tng c6 s s6i nhu nhau.

al|b]|c a|b

flel|d flel|d

g | h |1 gl h|i
(B) (B’)

Nhu vay, cac cach xép s6i chia thanh timg cap doi mot lién h0’p v6i1 nhau.
Xét hai cach xép lién hop v6i nhau (B) va (B). Tong s6 s6i 0 dong 1, cot 1 va 1
duong chéo cua hai bang d61 mot khac nhau veé tinh chan 1¢. Cac dong, cot va duong
cheo con lai cua hai bang co s6 soi nhu nhau. Do d6 diém s6 cta (B) va (B’) khac
nhau 3 don vi, suy ra so diém cua (B) va (B’) co tinh chan 1& khac nhau.
Viy hai cach xép lién hop voi nhau, mét cach xép ¢ diém sb chdn, cach xép con
lai ¢6 diém s6 12 mot sd 1é suy ra diéu phai chirmg minh.
Cau12. Cho mét hinh phang c6 dién tich bang 1 dugc phu kin béi hiru han cac hinh tron.
Chung minh rang trong s6 cac dudng tron d6 c¢6 thé chon duge 1 hinh tron c6 dién tich

khong bé hon 5 hodc chon duoc 1 s6 hinh tron d6i mét rdi nhau ¢ tong dién tich khong
bé hon .
9
Ki hi€u:(O;R) — duong tron tim O ban kinh R.
dtF — dién tich hinh phang F.
Do s6 cac duong tron 1a hiru han nén luén chon duge hinh tron c¢6 ban kinh 16n nhét. Goi

duong tron d6 1a(0,:R)).
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Goi F, 1a hinh phing tao béi (0,;R) va cac hinh tron c6 diém chung véi hinh tron(0;; R,)

D@ thdy, tat ca cac hinh tron tao nén F, déu nam trong hinh tron(0;;3R,) .

Do d6: dtF, < dt(0;;3R,) =9dt(O;R,) :dt(OI;Rl)z%@)

Trudng hop 1: (O;R)) ¢ diém chung véi tat ca cac hinh tron con lai.
Do céc hinh tron phu kin hinh phang c6 dién tich bang 1 nénd:F, > 1 . Tir (1) ta dugc

dt(O;R)) 2 (dpcm)

O | —

Truong hop 2: Ton tai hinh tron khong c6 diém chung VO1(O;;R)).
Do s6 cac duong tron 13 hiru han nén ta ¢6 thé chon duoc trong sb cac hinh tron d6 k (k
>1) cac hinh tron (O,;R,);(Os;R;);..5(Op3 R,., ) thoa man 2 diéu kién:

a) V&imdi i = 2, 3,....k + 1 thi (0;R,) la hinh tron c¢6 ban kinh 16n nhat khong c6 diém
chung v6i cac hinh tron (O;;R,);....(0_; R, ) da chon trudce do.

b) Khong ton tai hinh tron khéng c6 diém chung vdi it nhat 1 dudng tron trong cac
duong tron (O;;R,);(0y;R, );.-3(0,,1:R,...)
V&imdi i = 2.,k + 1 goi F 13 hinh phang tao boi (O;R)) va cac hinh tron co diém
chung v6i hinh tron(0,;R,). Do a) nén tat ca cac hinh tron tao nén F, déu nam trong hinh
tron(0,;3R,).

Do d6: diF, < dt(0,;3R,) =9dt(0,.;R,.):dt(Q;Ri)z@(z)

Ta b) do cac hinh tron phit kin hinh phang c6 dién tich bang 1 nén:
diF, + dtF, + ...+dtF,, >1 (3).

Tu (1), (2) va (3) suy ra :>dt(Ol;R1)+...+dt(OkH;RKH)zé )

Theo cac xac dinh céac hinh tron thi (O;;R,);(0,;R,);...;(0,,;R,.,) r01 nhau  (dpcm).

k+1°
Cau13. Cho 2015 diém trén duong thang, to cac diém bing mot trong 3 mau xanh, do,

vang (moi diém chi t6 mot mau). C6 bao nhiéu cach t6 khac nhau sao cho khong c6 3
diém lién tiép nao cung mau.
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Giai

Goi S, 14 s6 cach t6 mau thoa min cho » diém (bai todn cia ta 1a »=2015). Ta s& tinh
theo » , xét hai diém cubi cing ctia c6 hai trudng hop xay ra:

+Néu hai diém cudi cing mau thé thi diém th » +1 khiac mau 2 diém cubi.

+Néu hai diém cudi khdc mau thi diem thir n+1 t6 bat ki.

Tir d6 sinh ra hai s6 dic trung 13 s6 cach to6 » diém ma hai diém cudi ciing mau, 13 sd
cach to mau » diém ma hai diém cudi khac mau va ca hai ciing théa man 3 diém lién tiép
khac mau.

Taco: S, =2M ,+3P, P,

n+l

=28:M, =P.

Théthi S, =2P_ +65 _ =4S _,+6S . Vay ta c6 hé thic truy hdi: S, —6S _ —4S , =0.
Bay gio ta tinh S,,S,thdy ngay S, =27-3=24, S, =4-3-12=49 . Phuong trinh dic trung
X?-6X-4=0 c6 nghiém la:.

Cong thuce xac dinh S, =ax; +bx; vO1 a,b thoa man:

., 24413 - 23
a(3+\/ﬁ)3+b(3—\/ﬁ)3:24:> 2J13(3+4/13)°
a3++/13)* +b(3-/13)" =49 _24413-23

b

2J133-13)’
Sau d6 cho » =2015 ta dugc két qua bai toan.

Cau14. Goi aa,..a, VOl q, €{2;0}1a mot xau co do dain .

Goi xau 20 14 xau OLIMPIC néu 2 va 0 13 hai phan tir lién tiép theo thir tu d6 ¢ trong xau
c6 dd dai » da cho (vi du nhu xau 2220022 c6 dd dai 1a 7 va trong d6 c6 1 xau OLIMPIC).
Xét cac xau c6 do dai 30 va chia & xdu OLIMPIC, biét rang c6 C;, xau nhu thé. Timk ?
Giai

Goi H 14 56 14 xau chira toan 13 s6 2 ¢6 do dai 16n hon hay bang 1

Goi K 1a sb 13 xau chira toan 14 s6 0 ¢6 do dai 16n hon hay bang 1.

Ta c6 cac truong hop sau:

Truong hop 1. HKHKHK...HK (*) ( ¢6 k xau loai H, k xau loai K)

Truong hop 2. HKHKHK...HKH ( c6 k+ 1 xau loai H, k xau loai K)

Truong hop 3. KHKHK...KHK ( ¢6 k xau loai H, k+1 xau loai K)

Truong hop 4. KHKHK...KHKH( c6 k+1 xau loai H, k+1 xau loai K)

Xét truong hop 1.

Goi x, 12 s6 phan tir & xdu H ( H & vi tri dau tién trong (*)) , x, >1

Goi x, 1a s6 phan tir & xau K (K & vi tri thit hai trong (¥)) , x, >1.
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Goi x,, 1a s6 phan tir & xau K (K & vi tri cubi trong (¥)) , x,, >1
Taco: x, +x,+...+x, =30.
Theo bai toan chia keo Euler : S6 x4u c6 d6 dai 30 va chtra k xau OLIMPIC trong
truong hop 1 1a )"
Tuong tu nhu vay ta ¢ cac trudng hop con lai va két hop véi quy tic cong ta co :
Gl O+ G =,
el o {9:2k+1
<SG =0G > =k=4
9=31-(2k+1)
Vayk=4.
Cau15. Cho s6 nguyén »>1. Tim s 10n nhit cic cap gdm 2 phan tir phan biét cta tap
{1;2;...;n} sao cho tong cua cac cip khac nhau 1a cac sd nguyén khac nhau va khong vuot
qué n.
Giai
Gia sir ¢6 & cap thoa min dé bai. Goi § 13 tong cua & cip do, thi
S214+2+...+2k=k(2k+1)

Dé théy Ssn+(n—1)+...+(n—k+1)=nk—k(k_1) . Do do,

k(2k+l)3nk—k(k2_l) @kﬁ[zn_l}

5
N A 2n-1| . : Y R
Bay gio ta xay dung [T} cap théa man dé bai nhu sau

2n-1

Truong hop 1: S6 » c6 dang 5k +1 hodc 5k +2. Khi ay, [ }= 2k . Ta xét cac cap sau

(4k +13k), Bk 1), ... Bk + 2;1), (3k; 2k), Bk =152k 1), ... Rk +1;k +1)
R rang ddy trén c¢6 2k cip thoa man dé bai.
Truong hop 2: S6 n ¢6 dang 5k +3 hodc 5k +4 hodc 5k+5. Khi 4y, {%} =2k+1. Taxét

cac cdp sau
(4k +2;k +1), (8k +1; k), ..., Bk + 2:1), Bk + 1,2k + 1), (3k; 2k), ..., Rk + Lk +1)

Day trén c6 2k +1 thoa man dé bai.

Vay s6 16n nhét cac cip thoa man dé bai la [2;45— 1}
Con(n=4)capvg chéng tham du budi da tiéc. Biét réng moi ngudi déu co
thé tro chuyén véi tat ca nhirng nguodi khac, trir vo hoac chéng minh. Cac cudc tro
chuyén 1ap thanh cac nhém ngudiC,, C,,..., C, v6i tinh chat sau: Khong c6 mot
cap vo chong nao néi chuyén trong cung mot nhom va hai ngudi bat ki khong
phai vo chong thi déu c6 dung mot nhom dé ho tro chuyén.Chimg minh rang:
k > 2n.

*) Goi g,(i=1,2,...,2n) 12 56 nhém ma ngudi thir i tham gia trod chuyén.

Do nguoi thit i noi chuyén voi it nhat mét cap vo chéng (A,B) va ton tai hai nhoém khac

nhau chtta A vachtaBnéntacog > 2i=1,2,...,2n.
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*) Truong hop 1 : Ton tai i sao chog =2.
Gia st C,nC, ={i}. Khi do mdi cip vo chong khong phai vo chong ctia i ¢6 mot ngudi
tham gia vao nhom C, va nguoi kia tham gia vao nhomc, .
Khi d6 mdi ngudi ciia nhom C, \{i} s€noi chuyén voi nguoi khong phai ban doi ciia minh
trong nhomC, \{i} . Do cac nhom nay phén biét nén c6 tat ca (n—1)(n-2) nhém nhu vay.
Do do: « > (n—l) (n—Z) +2>2nVOin > 4.
*) Truong hop 2: g, > 3 véimoi i=1,2,...,2n
Khi d6 ta gan cho nguoi thir i bién sbx .
Xét hé phuong trinh 2x an: Dx =0t = k.o (%)

i<,
Gia stk < 2n.Khi d6 hé trén c6 sé phuong trinh it hon s6 4n nén ton tai i sao chox, khac
0. ‘
Dat y, =) x ; M ={(i.j) voi i,j la vo chong}; M* = {(i,j) v6i i,j khongla vo chong}

ieC,

Khi do:
Zk:yf= y (ij Zglxl +2 z XX
t=1 =1 \_ieC, (i, j)eM”
_i(g —l)x +Zx +22xx -2 Z XX,
i#] (i,))eM
=§:(gl.—1)x +(ij -2 z XX
i=1 i=1 (i,j)eM
2n 2n 2
=Z(gl—2)xl.2+(2xl.j + z (xl—xj)2
i=l i=1 (i,j)eM

Hay, y, =0,vt=1,2,...k & x, =0;Vi=1,2,...,2n
Vay h¢ (*) c6 nghiém x, =0;Vi=1,2,....2n (VO ly)
Nénk > 2n.
Cau16. Tap hgp M gom hitu han diém trén mat phang sao cho v4i moi diém X thudc
M ton tai dung 4 diém thuoc M c6 khoang cach dén X bang 1.
Hoi tap hop M ¢ theé chira it nhat 1a bao nhiéu phan ti?
Giai
+) RO rang c6 it nhat hai diém P,Q thudc M sao cho PO #1 .
Ky hiéu:M,= (X eM / PX = 1}. Tir gid thiét |M,| = 4 tacod:|M, "M, [<2.
Néu tdn tai P, O sao cho | M , M <1 thi M chira it nhét 9 diém.
+(1.50 d) Truong hop v6i moi P,Q sao cho PO#1va |[M,nM |=2.
Khid6 mM,~nM, = {R,S} ,lacd6 M, = {R,S,T,.U} va M_= {R,S,V,W} vagia
st M ={P,Q,R,S,T,U,V, W} tacOTQ=1, UQ#1, VP#1, WP#1.
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e Néu TR,TS,UR,US khac 1: suyra M,nMgq = M,nM_ = {V, W} suyra T hay
U trung voiQ , vo ly.

e Néu 7R,TS,UR,US cb mot sd bang 1: Khong giam di tinh tong quat, gia sir
TV =110cd6 7s-1vaTrV =1 hayTW=1.Gidsau 7v =1 lac d6 7w =1
suyraTU =1,va M,= {P,R,U,V} va M, = {P,T,V,w} luc do
UTV, RPT,UTV 1a cac tam giac déu canh 1, ta c6 hinh 1. Piéu nay mau thudn
VIiVR>2 .

+(0.50 d) Vay M chira it nhat 1a 9,diém. Dqéu bang xay ra voi hinh2.
Vay M c6 thé chura it nhat 1a 9 diém.

A

NVAVS A

- —~

>

Cau 17. Tim s6 nho nhét trong cac cdp tap hop c6 giao khac tap & trong 2000 tap hop
phan biét sao cho vai 3 tap hop bét ki trong 2000 tap hop d6 déu co it nhat mot cap tap
hop c6 giao khac tap &.
e Giai tong quat di v6i » tap hop ( trong bain = 2000).
Ta c6 hinh biéu dién (K) cua n tap hop nhu sau: » tap hop duogc biéu dién boi »
diém phan biét trong mat phang ( khong c6 3 diém ndo thang hang), hai tdp hop
c6 giao khic & biéu dién boi 1 duong lien nét(__ ) noi voi hai diém bicu dién,
hai tap hop co giao bang & biéu dién 1 dudng khong lién nét ( ---) ndi hai diém
biéu dién.
Ki higu P 14 tap hop » diém, k(n) 14 s6 doan ndi lién nét ctia mot biéu dién
(K) thoa gia thiét bai toan ( tirc 1a: voi 3 diém bat ky ctia P ¢6 it nhat mot doan
lién nét). Bai toan tro thanh tim gia tri nho nhét d(n) cuak(n).

s e va

‘e

e Ta luon ludn co thé gia thiét rang : Trong biéu dién (K) ton tai hai diém 4, B ma
doan ndi 4B 1a khong lién nét. Pat Q= P\{4,B} ,nhuvay, O c6 n-2 diém, trong
biéu diff:n (K) ta bo di doan AB yé tat ca cac doan ndi véi A, néj vo1 B va ta‘du’(yc
biéu dién (K*) cua tap Q thoa dicu kién bai toan. Goi k(n-2) la s6 cac doan lién nét
trong biéu dién (K*).
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e Lay CeQ, suy ra cac doan CA, CB phai co it nhat mot doan lién nét (vi doan AB
khong li€n nét). Vi Q c6 n-2 diém, nén suyra: k(n)=n-2 + k(n—-2)(*).
e Cong thirc truy hdi (*) cho ta : k(n)>(n-2)+(n—-4)+ .. +4+k(4) vin chan.

o Suyra k(n)2(n-2)+(n—4)+ .. +4+d(4)=(n-2)+(n—-4)+ .. +4 + 2:”(”_2)

(dod (4)=2).

Chtng t6 : Ton tai d(n) = n(n4_2) :

e Chon » tap hop dé co d(n) :@ nhu sau : Nhom X gdm g tap hop giao nhau

khac @ timg d6i mot, nhom Y gdm %tép hop giao nhau khac & timg d6i mot. Moi tap

hop ctia nhém nay thi khong c6 giao khac @ vai bat ky mot tap hop ciia nhom kia. Cach
chon trén thoa gia thiét bai toan.

e S6 doan ndi lién nét gitra g diém ctia X 1 : (g -1)+ (% 2)+ (g B3)+... 1=

n(n—2)

n(n—-2)

e S0 doan noi lién nét gitran diém cia X va Y la:

n(n—2) 20001998

. Thé n = 2000 ta duoc sb can tim 1a: ————=999000.

e Viyd(n) =
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