CHUYEN PE PHUONG

Bai 1. Chohamsd f:[J — [ thoéa mén diéu kién:

(=N f(x+y)=(x+y)f(x—y) = xp(x* -
Tinh £(0)va chimg minh £ 13 ham s 1é.
Tim tit ca cic ham sd f .

) Huéng dan
Tinh f(0) va ching minh f 1a ham so 1¢.
Véi x=y=1 thi =2£(0)=0 hay £(0)=0.
Vyell =>-yell
Véi y=0thi £(0)=f(=0)=0 (do (1))
. jx=0 .

Véi {y 20 thi —yf(»)—3f(-y)=0 hay f(-»)=—f(»)

Vay f 1a ham so 1¢€.
Tim tat cad cac ham so f.
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y*) véi x,yell .
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Chon v=1,tacd ——=f1)-—.
: 2 S@) 2

Pit a = f(l)—%

2

Ta ¢6 M—u—:a,‘v’uio.

u 4
3

Suyraf(x)=%+ax,Vx¢0

3

Tir (1), (3) ta duoc £(x) = %+ax, Vxell .
Thir lai

Vi f(x)
(x =) f(x+y)=(x+y)f(x=y)=xp(x* = y*)

3

Vay f(x)=%+ax, Vxell .

3
X
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Bai 2. Tim tt ca cac hamsé f:00 — 0 thoa mén:
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TS ()43f (32)= £ ()£ (32) 2 Yz el

O | —

Huwéng din giai
Cho x=y=z=0 thi %f(0)+§f(0)—f2(O)Zéa(f(O)—%j <0 £(0)-

| 1 2 1
Cho x=y=z=1thi —f(1)+=/ ()1 (1)25

Cho y=z=0 thi %f(O)—f(x)f(O)Z
Do f(0)=%nén f(x)<=,vxel . (1)
Cho y:z:l,tacé%f(x)+— (x)-f(x)f(1)=

Do f(l)z%nén F(x)22 vxen. %)

W | —

Tu (1) va (2) ta duoc f(x):%,VxeD .

Bai 3. Tim tit ca cac ham sd f:R — R, biét rang f 13 ham sb chin va thoa mén:
f(xy)—f(x)f(y)=2014(f(x+y)—2xy—1) véimoi x,yeR.
Huwéng din giai
Tu (1) cho y =0, ta co:
£(0)= £ (x)./(0)=2014( f(x)-1) = (f(x)-1)(£(0)+2014) =0 véimoi xR
Néu f(0)=-2014 thi f(x)=1 véimoi xeR.Khid6é f khong thoa man (1)
Do do f(O) =-2014
Tu (1) thay x boi x va y bdi x, ta dugc:

7(6*)=(7(x)) =2014(f (2x)-2x*-1) )
Tu (1) thay x boi x va y boi —x, ta dugc:

S (=x7)= f(x) f(=x)=2014( £ (0)+2x" ~1) 3)
Vi f1a ham s chin nén viét (3) lai nhu sau:

/() =(/ (x) =2014(f (0)+2x* -1) 4)

Lay (4) trir (2) vé theo vé ta duoc:
f(2x)=4x2 +f(0) véi moi x € R
Suyra: f(x)=x"+f(0)=x>-2014 v6imoi xeR.
Bai 4. Tim tit ca cac ham sé f:0) — [ thoa man
f(xz+y2):xf(x)+yf(y),Vx,yeD D).
Hudéng din giai
Cho x=0,tir (1) suyra f(yz):yf(y),VyeD
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Cho y=0,tr (1) suyra f(xz):xf(x),VxeD .
Do do (1) tré thanh:
f(x2+y2):f(x2)+f(y2),Vx,ye|] :f(x+y):f(x)+f(y),Vx,yZO (*)
thay y boi —y tir (1) ta dwoc :
S+ ) = ()= 2f (p) = (-3) = (¥), ¥y €l = [ (=x) =1 (x),¥x €l

-y (=y)=y(y).Yyel = f(- ) —f(x),Vxell , chimgté f 1a hamsé 1&.
Do d6 véimoi x>0,y <0 tacd

S(x=y)=f(x+ (=) =S (x)+ 1 (=y)=f (x)= /()
=/ (x)=/(x=2)+1(»)

= f((x=2)+0)=f(x=0)+ 1 ()

= f(x+y)=f(x)+f(»),Vx=0,Vy <0 (**)

Véimoi x<0,y<0 tacod
fx+y)==f(-x=y)=-(f(-
Kéthop (*),(**),(***) va ta dugc f

+f(=2)=-(-1 () =1 (x)+1(¥) (**%)
x+y) f( )+ ( )‘v’xyeD

x)
(

f((x+l)2) f X +2x+1)
< (x+1)f (x+1) ( )+f(2x)+f(l)
tinhf((x+1)2)theo hai cach. Ta c6 c>(x+l)( ) xf( ) f( )+f(1)

(x) ()‘v’xeD
(x)zax Vxell,aell

Bai 5. Tim tit ca cac ham sé f:00 — 0 thoa man:

f(x+xy+f(y))=(f(x)+%j(f(y)+%jﬂx,yei .

Hudéng din giai
Dé thay hAm f hang khong théa min. Taxét f khong hang.

f(X+xy+f(y))=(f(X)+ j(f(y)Jr ij,yGD 1)
Trong (1) cho y=-1ta dwoc: f(f(-1))= (f(x)+%j(f(—l)+%j,wc el (2)

RO rang néu f(—1)+%¢0 thi 7 1a ham hang. Do dé: f(—1)+%:0:>f(—1):—l

2
Ta sé chitng minh: f(x)+% =0 x=-1.
A A =2 2 A . _1
That vay, gia st ton tai a # —1 sao cho f(a)= >
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Trong (1) chon y=a tacé: f(ax+x—%)=0,‘v’xeD .

Mau thuan vi £ khong1a ham hang. Do d6 ta c6: a =—1.

Chiyla f(-1)= —%nén tir (2) ta c6 : f(_?l) =0.

L
Trong (1) chon x = 21 , (y#-1) ta dugc:
S f0) =) -0 |
A 1 + Y+ ()= )+ +7)
+y I+y I+y 2 2
f_;_f(y) 1 1 1
< (f( Iy )+5)(f(y)+§)—f(—5)—0»Vy¢—1
e L
= f( 2 )=—,Vyz-l& 2 =-LVy=#-I
I+y 2 I+y

Suy ra f(y):y+%,Vy¢—l
| . 1
Do f(_l):_E nén f(x):x+5,‘v’xeD.

Thr lai ta ¢6 ham s6 can tim la f(x):x+%,VxeD :

Bai 6. Tim tat ca cic ham f: 1 —[] thod man:
f(f(x)+y):f(x4—y)+8yf(x)((f(x))2+y2j,vx,yem |
Huéng din giai
Ti g thide f(f (x)+7)= f(x4—y)+8yf(x)(( f(x))2+y2j,‘v’x,yeD )
Thay y = x* vao (1): f(f(x)+x*)= £(0)+8x* (x)( > (x)+x*),Vxel ()
Thay y = -f(x) vao (1): £(0) = f(x* + f (x)) =87 (x)(/> (x)+ /*(x)),VxeD (3)

Tir (2) va (3) ta c6: 16,/ (x) =8x* f'(x)( /2 (x) +x*), Vel

<:>(f(x)—x4)f(x)(f2(x)+%x8 +(f(x)+%x4j2]:0,‘v’xeﬂ 4)
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Thay x = 0 vao (4) suy ra f(0) = 0.

Gia sir ton tai a # 0 sao cho f(a) = 0. Ta chimg minh f(x) =0, Vx € [
Thay x =0 va y tuy y vao (1), ta duoc f(y) = f(-y).

Thay x =a vay tuy y vao (1), ta dugc f(y) = f(a* — y).

suyra: f(y)=f(-y)=f(a*=y)=f(y—a*),¥yel

:f(f(x))zf(—f(x))zf(a4+f(x)),VxeD (5)
va f(y4):f(y4—a4),‘v’yeD (6)
Thay y = 0 va x tuy ¥ vio (1), ta dugc f(f(x)):f(x“) 7

Thay y = a* vao (1), ta duoc

f(f(x)+a4)=f(x4 —a4)+8a4f(x)(f2 (x)+a8),VxeD (8)
Tir(5), (6), va (8) suy ra: f(f (%)) =/ (x*)+8a* £ (x)(/>(x)+4*),Vxel (9)
Tix (7) va (9): 8a4f(x)(f2(x)+a8)=O:>f(x)=O,VxeD
Va tir (4), néu 3xo €R: f(x0) # 0 = f(x) =x* Vx e R
Thr lai, ta thiy f(x) = 0 va f(x) = x* 12 nghiém ctia phuong trinh.

Bai 7. Tim tit ca cac ham sd £© R — R thoa min

SOf D +y)+ f(xy+x) = f(x+y)+2013xy (1).
Huwéng din giai

1
Thay x=1,y= vao (1) ta duoc: f(a)=1
y x=ly=273 (1) oc: f(a)

1 1
Trongdo a= f(——)+——
8 f(2013) 2013
Tiép tuc thay y = a vao (1), ta thu duoc:
f(x+a)+ f(xa+x)= f(x+a)+2013ax,vx € R

hay f(ax+x)=2013ax,vxeR (2)
Tu (2)suyra a#—-1.Thay x = Ll vao (2), ta duogc
a+

2013at

f(H)= n ,Vte R hay f(t)=ct,(ceR)

a+
Tiép theo, thay biéu thic cua f{(t) vao (1), ta thu duoc dang thirc

cxy+cy+exy+ex=cx+cy+2013xy;Vx, y e R
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< (®+¢-2013)xy=0,Vx,y e R

148053
o +e-2013=0 2
1448053
2
Vay ta nhn dugc hai ham sé thoa man d& bai 1a f(x) = _1% V803 Vi f(x)= _1% V8033 |

Bai 8. Tim tit ca cac hamsd f:0 — [ thoa mén
f(x+y+f(y))=f(f(x))+2y, Vx,yel .
Hudéng din giai
Chtng minh f1a don 4nh
Thét vy, voi moi x, y thoa man f(x)= f(y) taco
Flerres ()= (F()+2r_
X =
Sxy+f(0)= 1 (f(¥)+2x
Chony =0tadugc f(x+f(0))=f(f(x))= f(x)=x+/(0),vxel
Vay f(x) =x+c,Vxell véiclahangsd.
Thay vao diéu kién bai toan ta dugc
x+y+f(y)+c :f(x)+c+2y S x+y+y+2c=x+2c+2y (luon dung).
Bai 9. Tim tat cd cic ham f:R — R théa man: f[xf(y)+2015x]=2015xy + f(x) v6imoix, y.
Huwéng din gidi

Cho x =1 thi f[f(y)+2015] =2015y+ f(1)
Chon y thoa man 2015y + f(1)=-2015, vadat t = f(y)+2015 thi f(t)=-2015.
Chon y =t, va thay vao gia thiét thi: £ [xf(t)+2015x]=2015xt+ f(x)
Hay: f(0)=2015xt+f(x) <> f(x) = -2015tx+ f(0) V x
Vay f(x) 1a ham béc nhét.
Gia st f(x) = mx+n . Thay vao gia thiét ta co:
m[xf(y)+2015x]+n =2015xy+mx+n

<> mx(my+n)+2015mx+n =2015 xy+ mx+n

om’ xy+(mn+2015m)x =2015xy + mx
bang thirc trén dung v6i moi x, y nén:

{m2:2015 (_){mzi\/m

n=-2014

Vay ¢6 2 ham théa man yéu cdu, 1a  f(x) = +4/2015x—2014.
Bai 10.Tim tat ca cac ham f: I —[J thod man:

f(f(x)+y)=f(x4 —y)+8yf(x)((f(x))2 +y2j,Vx,yeD

mn+2015m=m

Huwéng din giai
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Tir gia thiét: f(f(x)+y) =f(x4 —y)+8yf(x)((f(x))2 +y2j,‘v’x,y ell 1)
Thay y = x* vao (1): f(f(x)+x4):f(0)+8x4f(x)(f2(x)+x8),‘v’xeD )
Thay y = -f(x) vao (1): £(0) = f(x4 + f(x))—8 fz(x)( f2(x)+ fz(x)),‘v’xeD 3)

Tir (2) va (3) ta co: 16f4(x)=8x4f(x)(f2(x)+x8),‘v’xeD

<:>(f(x)—x4)f(x)(f2(x)+%x8 +(f(x)+%x4j2]:0,‘v’xeﬂ 4)

Thay x = 0 vao (4) suy ra f(0) = 0.

Gia sir ton tai a # 0 sao cho f(a) = 0. Ta chimg minh f(x) =0, Vx e [
Thay x =0 va y tuy y vao (1), ta duogc f(y) = f(-y).

Thay x =a vay tuy y vao (1), ta dugc f(y) = f(a* — y).

Suy ra: f(y)zf(—y)zf(a4—y)zf(y—a“),VyeD

= f(f (%)= (-F (%)= F(a*+f(x)),vxel (5)
va f(y“)zf(y“—a“),VyeD (6)
Thay y = 0 va x tuy ¥ vio (1), ta dugc f(f(x)):f(x4) )

Thay y = a* vao (1), ta dugc

f(f(x)+a*)=f(x*=a*)+8a* £ (x)(f* (x)+a*),Vx el ®)
Tix (5), (6), va (8) suy ra: f(f(x)):f(x4)+8a4f(x)(f2(x)+a8),‘v’xeD 9)
Tir (7) va (9): 8a4f(x)(f2(x)+a8)=02>f(x)zO,‘v’xeD
Va tir (4), néu 3xo €R: f(x0) # 0 = f(x) =x* Vx e R

Thir lai, ta thdy f(x) = 0 va f(x) = x* 12 nghiém cuia phuong trinh.

Bai 11. Ki hiéu [~ 1a tap hop cac s6 nguyén duong. Tim tat ca cac ham f:[]° — [ " thoa min ding
thuc:
f(f2(1n)+2f2(11)):m2 +2n, v&imoi mynell”.
Hwéng din giai
Néu m;,m, e1” sao cho f(m,)= f(m,)=

f(f2(1711)+2f2(n)):f(f2(1712)+2f2(n)):>mlz+2n2 =m; +2n°,
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