Chirng minh tinh chit: tam gidc, tit giac, dwdng tron.

Caul. [SO THUA THIEN HUE ( Vong 2)- nim hoc 2001-2002]

Trong mat phang, cho tir giac (16i) c6: tong khoang cach tur mdi dinh dén cac canh 1a mot s6
khong ddi d6i véi tat ca cac dinh. Chimg minh rang tir giac d6 1a hinh binh hanh.

Loi giai
Goi n 1a vecto phap tuyén don vi cua duong t‘hfmg a, ncod gbc trén a. M va N 14 hai diém ¢
ve
mot nira mat phéng 6 bo a chtra vecto n. ~ M
Khi dé taco: HMn=t,n (1) KNa=t.n (2)
Tu Tu gia thiét ta duoc: ty = d(M,a) va tx = d(N,a) va tir (1) va (2) suxra N
MN.n = d(N a) d(M a) (3). /
Goi n,, n,, n,, n, la cac vecto phap tuyén don vi c6 gdc trén
cac canh AB,BC,CD,DA va & mién trong tor giac ABCD;
Goi k 1a tong khoang cach tir mot dinh dén cac duong thang chira canh cua tgdgiac.

Khi do6 ta co:

AB(n,+n,+n, +n,)

= [d(B,AB) — d(A,AB)] + [d(B,BC) — d(A,BC)] + [d(B,CD) — d(A,CD)] + [d(B,DA) —
d(A,DA)]

Do d6: AB(n, +n, +n, +n, ) =k —k =0 (4). Twong tu ta c6: BC (n, +n, +n, +n, ) =0 (5).
Vi A,B,C khong thang hang nén tir (4) va (5) ta suy ra: nT +ﬁ; JrnA3 +ﬁ: =0 (6).
Tir(6)suyra: n, +n, +2n.n, = n, +n, +2n,.0, nén: (n,,n,)=(n,,n,) (7).

Tir (6) suyra: n, +n, +2n,n, = n, +n, +2n.0, nén: (n,,n,)=(n,,mn,) (8).

Do: (n,,n,) +(n,,n,)+(ny,n,)+(n,,n,)=360" nén:

(ny,n; )+(ny,ny) = (ny,n, )H(n;,n,) = 180, suy ra:(n, ,n, ) = 180", twong tw: (n, ,n, ) =
180°. (9) ’

Tur (9) suy ra cac canh doi cua tr giac song song nhau: AB // CD, BC // AD. Vay ABCD la
hinh binh hanh. i

Céch khac: Sau khi ching minh dugc (6). Goi 0 1a mdt diém tuy y.

Dat: O—N1 = nT, ON, = nj, ON, = ni, ON, = ni suy ra Nj thuoc duong tron tam O, ban kinh
1. Do (6) suy ra O 1a trong tdm cua tir gidc N1N2N3N4 suy ra O la trung diém cua doan ndi hai
trung diém cua hai canh NiN2, N3Ny va tir d6 suy ra: NNz // N3N, suy ra NiN2N3Ny4 1a hinh
chir nhat, suy ra:

n,=-n,,n, = —nt nén AB // CD,BC // AD. Vay ABCD Ia hinh binh hanh.

Cau2. [SO THUA THIEN HUE ( Bang B-Vong 2)- ndm hoc 2000-2001]
Cho duong théng ¢ dinh a va mot diém A c¢d dinh trén a. Goi (C) 1a @uong tron luu dong &
trong mot nira mit phang () c6 b a. (C) cd ban kinh khong ddi R va ludn tiép xuc véi a,
goi M 1a tiép diém. Goi I 1a tdm ctia dudng tron (C).
Chtrng minh riang trong mit phing chtra dudng tron (C), ¢ mot parabol (P) ¢b dinh sao cho
truc dang phuong cua (C) va dudng tron dudng kinh AT ludn ludn tiép xuc (P) khi M thay
d6i trén a.
Trong mat phéng chon hé truc toa do Dé-cac vuong goc Oxy, voi Ox trung véi a, nira mat
phang o 1a nita mat phang y > 0, O tring A. bat M(m;0) c6 tam I(m;R).
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Cau 3.

Cau 4.

Trung tim Luyén thi AMAX — Ha Pong

Phuong trinh cua (C) 1a: y
(C): (x-m)’ + (y-R)’ = R” hay Y
(C): x>+ y?—2mx — 2Ry + m> = 0.
Phuong trinh duong tron duong kinh Al 1a:

s 2 2 m? +R?
(C): (x—m/2) "+ (y—R2) = — hay I
(C): x> +y*—mx —Ry=0.
Phuong trinh truc dang phuong ciia hai dudng tron

(C)va (C) lax 2 A\_/\M X
(d): mx + Ry —m? =0 < (d): y = f(x)z—%x—km—.

R

v

. 1
Xéthamso y = g(x) = ——x°.
y = g(x) R

< xXx=2m.

mx+m2

f(x)= TR T
He (x)=g(x) o) R R
X X =2m

fx)=g(®x) | m__

1 2

—X 2
—2m)’ =

4R {(x )’ =0

R 2R

Vay Parabol y = f(x) = —ﬁxz luén tiép xuc véi truc dang phuong (d).

Loai 2: Ching minh céc tinh chat:tam gidc, t&r giac dudng tron.

[DE THI HOC SINH GIOI TRAI HE HUNG VUONG LAN THU IX TRUONG THPT
CHUYEN HOANG VAN THU-2013]

Cho AABC cantai A.Goi D 1atrung diém AC . Pudng tron ngoai tiép tam giac BCD
giao v6i phan gidc goc BAC tai E nim trong AABC . Puong tron ngoai tiép AABE giao
voi BD tai F' (khac B), AF giao v6i BE tai . CI giao v6i BD tai K. Chiing minh
rang / 14 tim dudng tron noi tiép tam gisac ABK .

[ DE DUYEN HAI LOP 11 MON TOAN — Truong THPT Nguyén Trii, tinh Hai Duong]
Cho tam gidc ABC ndi tiép dudng tron tim O va c6 truc tim H . P 1a mot diém bat ki trén
(0)- Goi Q,R,S lacac diém dbi ximg v6i P 1an luot qua trung diém cac canh
BC, CA, AB. Chiing minh rang bon diém H, O, R, S nam trén mot dudng tron.

Huéng dan giai ‘ 7
-Goi M, N, K, I lan luot 1a trung diém cua BC, CA, AB, PH .
Xét phép vi tu

V: M QNHR K-S, I H
Suy ra phép vi tu ndy bién dudng tron ngoai tiép tam giac MNP hay dudng tron
Ole cua tam gidc ABC thanh duong tron ngoai tiep tam gidc QRS .

Tir 46 dé chig minh H thudc dudng tron (ORS) ta chimg minh / thudc duong tron Ole
cua tam gidc ABC.

- Xétphépvita V) : A'— H,, B'> H,, C'+ H,, suy ra phép vi tu ndy bién duong tron
Ole cta tam giac 4BC thanh dudng tron (O), ma V; :I—>P; Pe (O) — [ nim trén
duong tron Ole cua tam giac ABC (dpcm).
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Ciau5. [TRUONG THPT CHUYEN LAO CAI TO TOAN — TIN HOC BE THI BE XUAT KY THI
HSG VUNG DUYEN HAI VA PONG BANG BAC BO LAN THU VII. MON TOAN: KHOI
11.Nam hoc: 2013-2014 |
Cho tam giac nhon ABC khéng can. Goi H,O lan luot 1 tryc tAm, tim dudng tron ngoai
tiép tam giac ABC ; D, E 1an luot 1 chan duong cao ha tir cac dinh A, B cua tam giac
ABC . Céc duong thang OD va BE cit nhau tai K, cac dudng thing OE va AD cit
nhau tai L. Goi M 1a trung diém canh AB . Chimg minh ring ba diém K,L,M thang
hang khi va chi khi bén diém C,D,0,H ciung nam trén mot dudng tron.

Ap dung dinh 1y Mé-né-la-uyt cho tam giac HAB vaba diém K,L,M ta co:
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K,L,M thing hang khi va chi khi KB LH MA _ 1o A8 %(1)

KH LA MB KH
B LA
Ta lai c6 _ S (cung canh day OD), —= Sior (cung canh day OF ) va
SHOD LH HOE

Sioe = Ssop Boivi S, = %AE.d(O,AE)= %c.cosA.R.cosB = %R.c.cosA.cosB,
& d6 R 1a ban kinh duong tron ngoai tiép tam giac ABC va ¢ = AB. Tuong tu

1
S, = ER.c.coA.cosB).

BOD

Tir cac két quatréntaco (1)U S, = S, khi va chikhi OH //DE hoac OH di qua
trung diém DE .

Bing cach vé& tiép tuyén C x cua dudng tron ngoai tiép tam giac ABC tai C, d& dang suy
ra DE //Cx,suyra CO vuong goc véi DE .

Goi P,Q lan luot 1a trung diém ciia DE, HC . Dé thiy tt giac CEHD ndi tiép, suy ra
OP vuong goc voi DE . Suyra CO//QP.

Néu OH di qua trung diém DE suyra P 1a trung diém OH , suy ra EHDO 12 hinh binh
hanh, suyra OD // EH va EO // HD . Piéunay trai voi gia thiét OD cit BE va
OE cit AD.

Vay (1) xay ra khi va chi khi OH //DE khi va chi khi CO vuong géc véi OH khi va
chikhi E, H, O, D cung nam trén mot duong tron (vi ta ludn co ti giac CEHD néi tiép
duong tron duong kinh CH ).

[TRAI HE HUNG VUONG LAN THU XI TRUONG THPT CHUYEN LE QUY PON
TINH BIEN BIEN BE THI MON TOAN LGP 11 ]

Cho tam gidc nhon ABC, cac duong cao BD,CE . Mot dudng tron (O) di qua hai
diém A va E tiép xuc v6i canh BC tai diém M . Puong thing ME cit dudng tron
ngoai tiép tam giac AED tai diém thir hai K . Hai duong thing DK va BC cit nhau
tai N . Chiémg minh ring duong thang BC tiép xtc voi duong tron ngoai tiép tam giac
AEN .

Huéng dan giai
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Cau 7.

Taco NME = BAM (cing bang mot nira s6 do cung EM );
ma MAC =EAC —BAM nén suyra

WAC = (180° — EKD) — NME =180° — MKN — NMK = MINK = END
suyra ACAM va ACND ddng dang (g.g)

= C—M = 2 = CM.CN =CA.CD (1)
CD CN
Nhdn xét:
Trong tam giéc nhon ABC tuy y ta c6: BC* = BE.BA+CD.CA.
Thay vay

BC?=BD?+DC* = AB*> — AD* + DC?
=BE.AB+ AE.AB— AD* + DC’
=BE.AB+ AD.AC — AD* + DC?
= BE.AB+ AD.CD + DC* = BE.AB + CD.CA
Két hop nhan xét trén véi (1) suyra CM.CN = BC*> — BE.BA.

Lai 0 BE.BA=BM? (cing bing phuong tich ciia diém B ddi voi (0) ), nén suy ra:

CM.CN = BC* —BM* =(BC + BM)(BC — BM )= (BC + BM)CM
= CN =BC+BM = BN =BM = BN’ =BM® = BE.BA

suy ra duong thang BN tiép xuc voi duong tron ngoai tip AAEN tai diém N .
Vay duong thing BC tiép xtic v6i duong tron ngoai tiép AAEN .

[Ngan hang dé Hung Vuong-Truong CHUYEN BAC GIANG — nam-Tinh BAC GIANG]
Cho tam gidc nhon ABC khéng cantaiB, T |a trung diém canh AC, E va F tuwong &ng |a chan
duong cao hatr 4, C cla tam gidc. Z la giao diém cla hai tiép tuyén tai 4, C cla dudng tron
ngoai tiép tam gidc ABC, X la giao diém cla Z4 va EF , Y lagiao diém cia ZC va EF
a) Chirng minh rang 7' 1a tam dudng tron ndi ti€p tam gidac XYZ .

b) Budng tron ngoai tiép tam gidc ABC va EBF cét nhau tai diém th& hai D . Chiérng minh rang
trwc tdm H cuta tam gidc ABC nam trén DT .

¢) Chirng minh rang D ndm trén dudng tron ngoai ti€p tam giac XYZ.

Hudng dan giai
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Cau 8.

Trung tim Luyén thi AMAX — Ha Pong

a) ZT la phan giac goc Azc .

Do XAB =4CB = BFE =4YFx Yé TA=TF,trd6 X va T nam trén trung tryc cua AF ,
do do T 1a tam duong tron ndi tiép tam gidc XYZ ]
b)Gid st AB < BC, khi d6 D nam trén cung nho AB . Goi O la tdm duong tron ngoai ticp
tam gidc ABC va L la trung diém ctia BH . Ta c6 dugc BD va LO vudng goc.

Tu BD va DH vudng goc, ta dugc LO va DH song song. OLHT 1a hinh binh hanh nén
LO song song voi HT ,do d6 D, H, T thang hang.

¢) Chtirng minh duoc goc ADT = UXT va 1Y 1a duong trung truc cuia DC .

Chung minh duogc goéc DT = €YT nén CTDY lata giac noi tiép.

Do d6 goc XDY + XZY =XDT + DY + XZzY = ZAT + ZCT +'X2¥ =180°, do d6 DXZY 1a
tir gidc noi tiep.

[THI HSG LOP 11 THPT NAM HOQC 2010-2011-THPT CHUYEN VINH PHUC ]

Cho tam gidc ABC. Phan giac trong ctia cac goc 4, B, C cit dudng tron ngoai tiép tam giac
ABC lan luot tai cac diém 4,B,,C,. Duong thang AA, cit duong thing CC, tai diém 1 ;
duong thang A4, cit duong thing BC tai diém N ; duong thang BB, cit dwong thang A4,C,
tai diém P . Goi O la tim dudng tron ngoai tiép tam giac IPC, . Duong thing OP cit duong
thdng BC tai diém M. Biét ring BM = MN va BAC =24BC . Tinh cic gbc clia tam gide
ABC.

Hudng dan giai

* D& théy £PC, =90, do d6 O 1a trung diém cta IC, .

* jop = 2C P =€4B =€C B = BC //OP

Fanpage: https://www.facebook.com/luyenthiamax/

Hotline: 0902196677



* Do BM=MN; Ol =0C, = IN//C,B

Do d6 €14, = BAC, ma €14 :%(@AC+QCB)
vay BAC = %(@AC+ QCB) — Bac=Uca
Cung voi BAC = 2UBC ta dugc BAC ='ACB =72°;4BC = 36"

o EM =K
Truong hop AC > BC ta cling chi ra dugc LM =CK
— PE = PO (tinh chét phép vi tw).

= PEC= @F C (gbc tao boi tiép tuyén va day cung chan hai cung bang nhau) va DE =
CQF :
Lai c6 CE = CF theo tinh chat cua hai ti€p tuyén ké tir mot diém.
Suy ra ACED = ACFQ, dan dén BCD = %LCQ . Ttr d6 ta c¢6 diéu phai ching minh.
Cau9. [§O thi hsg 11 t@&nh nghO an - N"m hic 2002-2003]

Trong tam gi,c ABC, D Ip trung ®iOm cfia ¢'nh BC. Gif s6 gic BAD = ISO;QAD =30°.
H-y tYnh tanC.
Hudng dan giai
§Zt BD =CD = a vp AC =b. ,p dong ®Pnh ly sin trong AACD vu AABC ta ca:
b b
2 —

azﬁﬂa\/_——. -
sin(C+30") sin(C+45")

: 0 , . o

_ 2= sin(C+30 )@\5_ sinC.cos30" + cosC.sin30

sin(C +45°) sin Ccos45" + cosC.sin45°
<:>cosC=(\/§—2)sinC @th:ﬁ:—(ZnL\/?)

Cau 10. [TRUONG THPT NGUYEN HUU THAN QUANG TRI Nam hoc: 2011 —2012]
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Trong mit phing toa do (Oxy) cho duong tron (C,) ¢6 tam I,(2;3), ban kinh R,=1 va
duong tron (C,) ¢6 tam L,(-1;0) va ban kinh R,=2. Xéc dinh phép vi tu tam I, ti s6 k
bién (C,) thanh (C,) biét I ndm gira hai diém I, 1,.

Hudng dan giai

=~

. 2 . .
Theo giai thiet suy ra | k |= Ez = n =2 < k=12 . Mitkhac I, I, nam khac phia doi véi

-

Inénsuyra k =-2.

ay

— — —1-x=-2(2-x) 3x=3 x=1
Goi I(x;y),taco II, =21, < & N \%
0-y=-23-y) 3y=6 y=2

I(1;2)

Cau 11. [KY THI OLYMPIC 30-4 Lan 16 (3-4-2010) Toan Khéi 11]
Hay tim bén trong mot t& gidc 16i mdt diém sao cho cac doan thang néi diém dé va trung diém céc
canh déi dién chia t& gidc thanh 4 phan cé dién tich bang nhau bang nhau.

Hudng dan giai

Céau 12. [Ngan hang dé Hung Vuong-Truong CHUYEN BAC GIANG — nam-Tinh BAC GIANG]
Cho tam gidc nhon ABC khéng cantai B, T la trung diém canh AC, E va F twong &rng la chan
dudng cao hatir 4, C cla tam gidc. Z 1a giao diém cla hai ti€p tuyén tai 4, C cla dudng tron
ngoai tiép tam gidc ABC, X la giao diém cla Z4 va EF , Y |a giao diém cta ZC va EF
a) Chirng minh rang 7' |a tam dudng tron ndi ti€p tam gidac XYZ .

b) Budng tron ngoai tiép tam gidc ABC va EBF cét nhau tai diém th& hai D . Chirng minh rang
trec tdm H cta tam gidac ABC nam trén DT .

c) Chirng minh rang D ndm trén dudng tron ngoai ti€p tam giac XYZ.

Hudng dan giai
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a) ZT la phan giac goc Azc .

Do XAB=ACB=BFE=AFX va TA=TF, trdoé X va T nim trén trung tryc cia AF ,
do do T la tam dudng tron ndi tiép tam gidc XYZ

b)Gia st 4B < BC, khi d6 D nam trén cung nh6 4B . Goi O la tim dudng tron ngoai tiép
tam gidc ABC va L la trung diém cua BH . Ta c6 dugc BD va LO vudng goc.

Tu BD va DH vudng goc, ta dugc LO va DH song song. OLHT 1a hinh binh hanh nén
LO song song v6i HT ,do dé D, H, T thang hang.

¢) Chirng minh duoc goc UDT = UXT va 1Y 1a duong trung truc cua DC .

Chung minh duogc goéc DT = €YT nén CTDY lata giac noi tiép.

Do d6 goc XDY + XZY =XDT + DY + XZzY = ZAT + ZCT +'X2Y =180°, do d6 DXZY 1a
tir gidc noi tiep.

Céau 13. [Ngan hang dé Tréng T.H.P.T Chuy*n Th,i Bxnh- DE DE NGHI THI CHON HSG
VUNG DUYEN HAI BAC BO LOP 11

N"m hic 2013-2014]

Cho tam gidc ABC vudng tai A. Hinh chir nhat MNPQ thay d6i sao cho M

thugec AB, N thugc AC va P, Q thuc BC. K =BN N MQ; L = CM N NP;X =MP N NQ;Y
=KP N LQ Ching minh rang.

1) KAB=EAC.

2) XY luén di qua mot diém cb dinh.
Hudng dan giai

1) LAy U, V theo thtt tu thudc AK, AL sao cho ABU = ACV =90° (h.1).
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M N
K L
B c
Q Py
Vv
U
(h.2.1)
TacgBU _BU NA MA _BK BA ML_ BQ BA MN

CV NA'MA'CV NK CA'CL NM CA CP
BQ CA NP BA CA BA BA

MQ BA'CP CA BA'CA CA’
Do d6 cac tam gidc ABU, ACV ddng dang.
Vay KAB=EAC.
2)bat Z=ML N NK (h.2.2).

Theo dinh li Pappus, X, Y, Z thang hang (1).

Goi H 14 hinh chiéu ctia A trén BC; O, F, E theo thir ty 13 trung diém cia BC, MN,AH.
Dé thay A, Z, O, F thang hang; E, X, O thiang hang; FX // AH.

Vay X(AHEF) = —-1= X(AZOF) = X(AZEF).

Do d6 X, H, Z thang hang (2).

Tu (1) va (2) suy ra XY di qua H (dpcm).

A
z
K X ]
Be g >
Q 0] H p c
(h.2.2)

Ciu 14. Cho duong tron (O, R) va mot diém S & trong duong tron. Xét tat ca cac goc vudng dinh S:

goi giao diém cua hai canh goc vudng véi duong tron 1a A, B. Tim tap hop trung diém

M cua AB.

Hudng dan giai
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