MOT SO DANG TOAN THUONG GAP

VAN DE 1: Cic phép toin vé toa do ctia vecto va ctia diém

— Sivdung cic cbng thike vé tog dd cita vecto va clia digin trong khéng gian.
— St dung cic phép toin vé vecto trong khong gian.

VAN DE 2: Xac dinh di€m trong khéng gian. Chiing minh tinh chit hinh hoc. Dién tich —
Thé tich.
— Sir dung ciic cong thitc vé toa do cita vecto va cita diéim trong
khong gian.
— Sirdung cic phép toin vé vecto trong khong gian.
— Cbng thitc xdc dinh toag d6 cua cic digin ddc biét.

— Tinh chit hinh hoc cia cic dign difc bigt:
e A B, C thing hing <> EE citng phirong

= AB=kAC < |ABAC|=0
o ABCD li hinhbinh hanh <> AB = DC

e Cho AABC c¢6 cic chin E, F cia cic duong phin giic trong va ngodi cia géc A cia
AABC trén BC.

Ta co: E=—£.R:, F— A—.FC‘
AC

o

S}

—_——— ———

e A B C, D khéng dong phiing < AB AC, AD khong dong phfing
o[4B.26]4D =0

VAN DE 3: Phuong trinh mit ciu
Dé'viét phwong trinh miit ciiu (S ) ta cin xiic dinh tdém I vi bin kinh R cla mit ciu.
Dang 1: [S) co tam I{a‘. b c] va ban kinh R :
(S (z—a) +(y—bY +(z—c) =R°
Dang 2: [S) o tam I{a‘. b; c] va di qua diém 4 -
Khi d6 bin kinh R = IA
Dang 3: [ g ) nhan doan théng AB cho trudce lam duong kinh:
~Téam I I trung diéin cia doan thing AB -

~Binkinh R=14= E

Dang 4: [S) di qua bon diem A B, C. D (mit ciu ngoai tiép tiv dign ABCD ):
— Gid stv pharong trinh mit ciu (S] cd dang:

x2+y2+zf+2m:+2by+2cz+d=o[*).




MOT SO DANG TOAN THUONG GAP

VAN DE 1: Cac phép toan vé toa dd ctia vecto va ciia diém
— Sivdung cic cbng thite V€ tog d cita vecto vi ciia digin trong khong gian.
— Siv dung cic phép toin vé vecto trong khong gian.

VAN DE 2: Xac dinh di€m trong khéng gian. Chitng minh tinh chit hinh hoc. Dién tich —
Thé tich.

~ Sirdung cic cong thitc vé tog dd ciia vecto va cita diégin trong
khong gian.

— Sir dung cic phép toin vé vecto trong khong gian.

— Cong thiic xic dinh tog do ciia cdc diéin dic biét.

— Tinh chit hinh hoc cia cic digm diic biét:

e A B, C thing hing < ER citng phirong
o AB=kA0 o [4B.46] =0
o ABCD li hinhbinh hinh <> AB = DC

¢ Cho AABC ¢6 cic chin E, F cua cic duong phin gidc trong va ngodi cua géc A cua

AABC trén BC'.

— AB — - A o

Tacé: FEB=-— FC, F
AC A

—_— e ——s

e A B C, D khéng ding phang <> AB AC AD khong dong piﬁng
o[AB.26] a5 +0

=~

Q)

VAN DE 3: Phuong trinh mit cau
Dé viét phuong trinh mit ciu (S ) ta citn xdc dinh tim I va bin kinh B cia mit ciu.
Dang 1: [S) co Em I{a‘. b c] va ban kinh R
(S)(x—al +(y-bY +(z—cf = R

Dang2: (§) cé tam I(a: b, ¢) va diqua diém A4

Khi dé ban kinh R = IA
Dang 3: ( g ) nhéan doan thcfmg AB cho trude lam duong kinh:

~Téam I la trung diéin ciia doan thing AB -

~Bin kinh R=14= E

i

Dang 4: [S) di qua bon diém A B, C, D (mit ciiu ngoai tiép tik dién ABCD ):
— Gid stt phwong trinli mit ciiu (.5'} cd dang:

x‘*+y'2+g?+2am+zby+2cz+d=o[*)_




— Thay lin Iuot toa do cia cic diem A, B, C, D wvio (“] , ta dwoc 4 phuong trinh.
— Gidi hé phuong trinh d6, ta tim dwoc a, b, ¢, d = Phuong trinh mdt ciu (S)
Dang 5: (S} di qua ba diem A, B, C' va c6 tam [ nam trén mit phé.ng {P ) cho trwoc: Gidi
twong tu nhie dang 4.
Dang 6: (S] c6 tam [ va tiép xtc véi mat cau (T] cho trudc:
— Xic dinh tim J vi bin kinh R' ciia mdt ciu (T]
— Stk dung diéu ki#n tiép xiic ciia hai mdt ciu A8 'tinh bin kinh R ciu mdt ciiu (S )

(Xét hai trieomg hop tiép xiic trong va tiép xiic ngoii)
Clui yj: V61 phurong trinh mit ciu (S] :

Ay 2 v 2+ 2y +2e2+d=0 véiad +b +c—d>0

i (S) c6 tam I(-a—b—c) vabankinh R=va* + 5 +¢* —d.

VAN BE & Vi tri twong déi giita hai mat ciu mit ciu

Cho haimitt ciu S, (I,, R,) va S,(I,. R,).
eI, <|R -R)| & (8,). (8,)trong nhau
ell, >R +R, < (8,). (8,)ngoiinhau
eIl,=|R -R)| < (8,). (8,) tiép xiic trong
eIl, =R +R, (8,). (8,)tip vic ngoi
e|R-R|<II, <R +R, < (8,). (8, )it nhau theo mét duing tron.

VAN DE 5: Tap hop diém la mat cau - Tap hop tam mat cau
1.  Tap hop diém ld mit cin

Gid st tim tdp hop digin M thod tinh chit (P] nio dé.

— Tim hé thiie gidia cic toa d6 =, y, z cua digin M

(x—al +(y—bY +(z—¢) =R*

hole:  2° +y 4+ 2" +2ax+2by +2ez+d =0

— Tim gid1 han qul tich (néu cd).

2. Tim tdp hop tdm mdit cin

[:ﬂ = f(t)
— Tim toa d6 ciia tim I, chiing han: ]y = g(t) (’*)
z = h(t)

— Khit t trong (*) ta c6 phiong trinh tdp hop diém.

— Tim gio1 han qui tich (néit cd).




MAT PHANG
1. n khac 0 va c6 gia vudng géc mp(P) duoc goi la véc to phap tuyén cta (P).
2. Néu n 14 vécto phép tuyén cua (P) thi kn (k # 0) cling la véc to phap tuyén cta (P).
3. Phuong trinh téng quét ciia mp(P): qua M(z,:4,:2,) co véc to phap tuyén n=(A B: C) la:
Alx -z )+ Bly-y,)+Clz-2)=0
4. Khai trién cua phuong trinh tong quat
Az+ By+Cz+D=0
(A,B,C khéng dong thoi bang 0)
5. Nhiing truong hop riéng cua phuong trinh tong quat:

* (P) qua gic toa do < D=0

= (P) song song hoac tring (Oxy) <>A=B=0

* (P) song song hoac tring (Oyz) <>B=C=0

= (P) song song hoac tring (Ozx) < A=C=0

= (P) song song hodc chita Ox <> A=0

= (P) song song hoac chira Oy <> B=0

* (P) song song hoac chita Oz < C=0

» (P)cat Ox tai A(a;0;0), cat Oy tai B(0:;b;0) va cat Oz tai C(0;0;c)

< (P) cé phuong trinh = + £+ Z =1
a b ¢

6. Khoang cach tir 1 diém dén mat phang:

Az, + By, + Cz, + D
NA2+ B+ C?

Cho M (.42, )va (P): Az + By + Cz + D = 0; d(M,(P)) = |

8. Chum mit phing
¢ Tap hop tat ca cc mat phéng qua giao tuyén cua hai

mat phang (cz) va (f) duoc goi la mot chiim mat phang
* Goi (d) 1a giao tuyén ctia hai mat phang
(a] " Ax+By+Cz+D =0va (,ﬁ') "Ax+By+Cz+D,=0.
Khi d6 néu (P) la mét phéing chira (d) thi mat phing (P) cd

dang
(P): m(Az+By+Cz+D)+n(Adz+By+Cpz+D,)=0, m’+n* =0

CAC DANG TOAN THUONG GAP

VAN DE 1: Viét phwong trinh mit phing

D lip phuong trinh mit phiing (o) ta éin xic dinh mpt diéin thude (cc) vi mot VIPT cita né.
Dang 1: () di qua diém M (z,y, z,) c6 VIPT n = (A B.C):
(@) A(z-=,)+B(y—y,)+C(z—2)=0
Dang 2 (o) di qua diéim M (z,y, 2, ) c6 cap VICP G, b
Khi ds mpt VIPT cia (a) 1 i = [a.6 ],

Dang 3: (a} di qua diém J\I(roiyn:zﬂ) va song song v6i mat phang




(ﬁ):A:c+By+Oz + D = 0:
{(x): A($—$0)+B(y—y0)+5'(z—zo)
Dang 4: {a') di qua 3 diém khong I:l'r?mg hang A, B.C

0

Khi d6 ta c6 the xic dinh mt VIPT cia (o) la: 7 = [ AB, AC |
Dang 5: {a) di qua mot diem M va mét duong l:héng (d khong chita M :
~ Trén (d) ldj diéin A vi VICP .
— Mt VTPT ciia (ot la: 7 = | AM i
Dang 6: {a:) di qua mét diém M, vudng géc véi dudng thang (d} :
VTCP i ciia duwong thﬁng (d) li mot VTPT ciia {af)
Dang7: {a’) di qua 2 dudng thang cat nhau d, d,:
— Xiic dinh cdc VICP @,b cia cidc duomg thing d. d,..
~ Mot VIPT ciia (o) la: 7 = a@,b |.
~ Liiy mot digin M thuée d: hodc d, => M e [a].
Dang 8: {cr) chita duong thang d, va song song véi duodng thang d,( d, d,chéonhau)
— Xiic dinh cic VTCP @b chia cic dudng thing d, d,
~ Mot VIPT cia (o) 1 78 =[a,b .
— Lajy mot digin M thue d, = M e (a).
Dang9: {a:) di qua diém M va song song v6i hai dudng thang chéonhau d , d, :
— Xidc dinh cic VTCP d,b ctia cic duong thing d, d,
— Mot VTPT ciia (et) la: 7 =[a,b ].
Dang 10: (a’) di qua mot dudng thang (d) va vubng goc véi mot mit phang (,6) ;
~ Xiic dinh VTCP i cita (d) vi VIPT 7, ciia ().
~ Mot VTPT cita (c) I 7 = [ﬁﬁﬂ].
— Lity mot digin M thude d = M e (cx)_
Dang 11: (.‘.’I) di qua diém M va vuéng géc véi hai mat phang cat nhau (ﬁ) (}f) :
- Xitc dinh cic VIPT # 7 ciia (8) va (7).
~ Mot VIPT ciia (o) la: i = [uﬁn]
Dang 12: (a} di qua duong thing (d) cho trude va cach diém M cho trude mét khoang &

cho trudc:
— Gid sir () ¢6 phaeong trinh: Az + By + C2+D =0 [AE + B+ O # 0].

- Lijy 2 diéim A, Be (d] = A Be {-:x) ( ta dwoc hai phirong trinh (1)., (2)]




— Tiv diéu kién khodng cich d(M (e)) = k, ta dwoc phwong trinh [3] .
— Gidi hé phirong trinh (1) (2) : {3] (bﬁng cich cho gid tri mot dn, tim cdc dn con lai).
Dang 13: {a:) la tiép xtic véi mat cau (S) tai diém H :

— Gid sivmit ciu (S] cé tim I i bin kinh R.

~ Mgt VIPT ciia (o) Ii: 7i = IH

VAN DE 2: Vi tri twong déi ciia hai mat phang
Cho hai mit phang [P) : Ax+By+Cz+D=0va (P'): A'x+B'y+C'z+D'=0.

Khi dé: [P} cat [P' < A:B:C=2A:B:C.

() /1 (P) <

(p)=(p) oa=E-C.D

(P)L(P") ety L, < i, #H, =0 AA'+BB'+CC'=0.

_B_C,
B C
_B_C_

=]

VAN PE 3: Khoang cach tir mot diém dén mét mat phing.
Khoéang cach giita hai mét phang song song.

Hinh chiéu ctia mét diém trén mat phang .

Diém d&i xtimg ctia mét diém qua mat phéng.

o Khodng cich tie digin M (3:0'. Yyo 2 ) déinmit phing (@) Az +By+C:+ D=0

_|Az, + By, + 0z, + D)

JA?+ B* + 7

e Khoing cich gifta hai mdt phing song song bing khodng cich tiv mét diéin bit ki trén mt
phiing niy déi mit phing kia.
Chii yj: Néis hai mdt phang khong song song thi khodng cich gifia chiing bing 0.

d(M ()

MH. n cung phuong

eDitin H 1 hinh chiéii civa digin M trén (P) PN {H ()
=

eDiéin M d6i ximg vGi diein M qua (P) <> MM' = 2MH

VAN BE & Géc giita hai mit phing

Cho hai miit phing (a}, ( ﬂ) co phuong trinh:
(a)  Az+By+Cz+D,=0 (p): Az+By+Cz+D, =0

Géc giita [c,‘c) (,6’] biing hodc bit véi géc giita hai VTPT Ty, 1,

|A1A +BB,

_JA] +B +C JA+B +C‘
Chitg: 0° <((@).(8)) <90° (&) L(B) <> AA + BB, +CC,=0

cos((@), (1)) = I ”’




VAN DE 5: Vi tri twong déi giita mat phing va mat ciu.
Phuong trinh mit phang tiép xtc voi mit ciu

Cho mit phing {o:) “Ax+ By+Cz+ D=0 vimit ciu {S] (z—al +(y—bY +(z—cf =R’
. (cx] vil {S] khéng cé diém chung < d(I.(e)) > R
e (a) tigp xiic véi () edI(a)=R  (e)ltip din
DE tim toa A6 tiép diem ta cé the thuc hién nhu sau:
— Viét phirong trinh dudong thing d di qua tim I ciia (S] i vudng gic vdi (a’].
— Timn toa d6 giao didin H cia d va (a] H i tigp didin cia {5] véi {r:r)
e () ciit (S) theo mdt duimg trom <> d(I () < R
D& xic dinh tim H vi bin kinh r cia duong tron giao tuyéh ta cé the thuc hién nhw sau:
— Viét phuwong trinh dwong thing d di qua tim I cia (S) v vudng goc véi (a],
— Tim toa do giao diein H ciia d va [cr).

H la tim clia dudmg tron gino tuyén ciin (S] véi [a).

Biin kinh v ciia duong tron giao tuyéin: v = NR* — IH"

PUONG THANG
I. Phuong trinh ctia duong thang
1) Vect chi phwong ciia duong thing

Dinh nghia: Cho duong thang d . Néu vecto a # 5 va c6 gia song song hoac tring voi
duong phang d thi vect ; duoc goi la vecto chi phuirong ctia duong phang d . Ki hiéu:
a=(a;a,a,)
= Chay:
1) a 1a VICP ctia d thi ka (k = 0) cling la VICP cua d
2) Néu d di qua hai diém A, B thi AB 1a mot VICP cua d

3) Truc Oz co vecto chi phurong a=i= (1,0,0)
, - - WEBSITE
4) Truc Oy c6 vecto chi phuong a = j = (0,1,0)

5) Truc Oz cd vecto chi phuong a = = (0:0:1) glalnhanh'llve‘edu'vn

2.Phuong trinh tham s6 cta duong thang:
Phurong trinh tham s& ctia duong thang (A) di qua diém M (z,:y,:2,) vanhan a= (a,a,.a,)

lam VTCP la: z a
—
(&)
y r = Q‘,‘D + tﬂ«1
T MERD) v @) jy=y+te,  (teR)
- .
z=2z,+ t%
.

3. Phuong trinh chinh tic cia duong thang:



Phurong trinh chinh tic cua duong thang (A) di qua diém M (z;v,:2,) vanhén a = (a . a, a,)
lam VTCF la:

IL. Vi tri trong dbi ciia duwong thang va mit phing :
1.Vi tri twong déi cia duong thang va mat phang :
PP HINH HOC

M a (A

Gy

(57 7 fee

Pinh ly: Trong Kg (Omyz) cho: dudng thang (A) <y = y, +at (2) c6 VICP a = (a];azgag}
z=z, +at (3)

vaquaM (z:y,;z,) va mat phang () Az + By+Cz+ D=0 ¢6VTPT n= (A B C)

Khi d6 :
(A) cat () << an#0 < Aa,+Ba,+Ca, #0
= Aa + Ba,+Ca, =0
() // (@) a0 T
M, ¢ (P) Az, + By, +Cz, + D # 0
an = Aa, + Ba, +Ca, =0
() c (a) =l o T
M, e (P) Az, + By, + Cz, + D =

=l

Pac biét: (A) L (a)e ¢ van cung phuong

= ai:a_):aSZA:B:C /< H V
a

- A
PP DAI SO: Mudn tim giao diém M cua [ ﬂ) va (a] ta giai hé phurong trinh: {pticxi tim z,y, z
p ;

Suy ra: M (:}3 v, 2:)
Thé (1}(2)(3) vao phuong trinh mp(P) va rat gon dua vé dang: at + b = 0 (%)
* d cit mp(P) tai mot diém < Pt (*) c6 mdt nghiém ¢ .
« d songsong véi (P) <> Pt (*) vo nghiém.
* d nimtrong (P) < Pt (*) c6vo 8 nghiém ¢
« d vuéng goc (P) < a va n ciing phuong
2. Vi tri tuong déi clia hai duong thang;

PP HINH HOC
Vi tri twong déi ctia hai duong thang trong khéng gian

Cho hai dudng thing: A, di qua M va cé médt vecto chi phuong 1.



