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VEC TO TRONG KHONG GIAN
A.LY THUYET

Cho cac vécto tly y a,b,c va k,icR.

1. Cong véc to:

L4y diém o tuy y trong khong gian, v& O4=a,AB=b,thi OB=a+b
Quy tac ba diém: Cho ba diém M, N, K bat ky thi MN = MK + KN
2. Trir véc to: a—b=a+(-b)
Quy tac ba diém: MN =KN - KM .
Quy tac hinh binh hanh: Cho hinh binh hanh 4BCDta c6: AC = AB+ 4D .
Quy tac hinh hdp: Cho hinh hdp 4BCD.4'B'C'D' ta cd AC' = AB+ AD + AA’ .
3. Tich véc to:
Tich cla véc to a v&i mot sb thue & 1a mot véc to. Ki hiéu 1a k.a
+) Cung huéng véi a néu k>0.
+) Ngwoc hwdng véi a néu k<0 .
+) |kea| = || Ja].
Hé qua: Néu 7 1a trung diém cla 4,B,0 tuy y thi 04+ 0B =20I .
4. Tich vé hwéng cua hai véc to.
+) Dinh nghfa: a.Z;:\a\.\B\.cos(a,B).
+)Hé qua: a Lb< ab=0.

2
al .

+)d =aa=

B>+ AC* - BC?

+) VOi ba diém 4,B,C ta cé AB.AC =" -
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+) Quy tac hinh chiéu: Cho hai véc to' a,b. Goi 4’ la hinh chiéu vudng géc clia « trén
dwong thang chiva b thi: ab=d'b.
B

b
P

| AU

5. Dinh nghia: Ba véc to' a,b,¢ goi la ddng phang néu gia clia ching cung song song hodc nam
trén mot mat phang.

6. Cac dinh ly:
a) Cho a,b khéng cung phwong: a,b,c déng phang < 3m,neR:c=ma+nb( Vi m,n xac dinh
duy nhét).
b) Néu ba véc to a,b,c khéng ddng phang thi moi véc to x déu dwoc biéu dién dwdi dang:
x=ma+nb+ke V&I m,nk xac dinh duy nhat.
B. CAC DANG TOAN VE VEC TO TRONG KHONG GIAN.

Vidu 1: Cho t& dién déu ABCD,M la trung diém cla canh AB va G la trong tam cau tam giac BCD.
D&t AB=b,AC =c,AD =d . Phan tich véc to MG theo d,b,c .

A MG=-1piloila B. MG=1h+icild |
6 3 3 6 3 3
c. Mo--1p-1c.1g D. MG-—Lp-Lc_1g.
3 6 3 3
Loi giai
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<

MG =~ (MB + MC + MD) =+~ 4B + - (Mi+ AC
3 32 3
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Vidu 2: Cho t& dién déu ABCD, M va N theo thir tw |a trung diém cla canh AB va CD. Ménh dé nao

sau day sai?.
A. AC+BD=4D+BC . B. MN - (4D+ BC).
C. AC+BD+ AD+BC =-4NM . D. MC+MD—-4MN =0.
Loi giai:
PapanD
A

C

A.Dung vi: E+ﬁ=(@+ﬁ?)+(?€+@)=@+ﬁ?.
B. Bung vi: E+E)=(W+W+ﬁ)+(ﬁ+m+m)
=2W+(W+W)+(NT)+TC)=2W

C.bung vi: E+§5+ZB+§5=2A_]\7+2§]\7:2(A_]\7+§ﬁ):—2(m+ﬁ§):—4m.
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Vay D sai
Vidu 3: Cho t&r dién déu ABCD cé tam giac BCD déu, AD = AC . Gia tri clia cos E,@) la:
AL B. 0. c. -1 D.ﬁ.
2 2 2
Lovi giai:
Papan B

A

Goi N la trung diém clia ¢D. Tam giac déu BCD nén BN 1 CD . Tam gidc ACDcén tai 4
nén AN L CD ta co:

E.CT):(ZWW;).C—D:ZV.CTME.CT)=0:cos(ﬁ3,c—0)=$=0.

Vidu 4: Cho tt dién déu ABCD c6 AB=CD=a;BC=AD=b;CA=BD=c. Gia tri clia cos(EaBZ)|a:

2 2 2 2 2 2 2 2
a’ —c b —c ¢ —a a —-b
B D.

b* a’ b? ¢’

A.

Loi giai
Chon A
BC.Di = BC(DC +Cd) = CB.CD - CB.Ci

=l(CB2 +CD? —191)2)—1((:192 +CA? —AB2)
2 2

:%(ABQ +CD2—BD2—CA2):%(2a2 —202)=a2 —c
. 2_ 2 2_ 2
Vay cos(BC,DA) = ‘l:—CH;)—A‘ =4 ch

Vidu5: Trong mat phang (o) cho tir giac ABCD va mét diém S tuy y. Ménh dé nao sau day dang?

A. AC+BD=AB+CD.
B. SA+SC =SB+CD (Vi S 1a didm tuy y).
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Vi du 6:

Vidu7:

C. Néu tén tai diém S ma SA+SC = SB+SD thi ABCD 1a hinh binh hanh.
D. OA+OB+0C + 0D =0 khi va chikhi O la giao diém ctia AC va BD.
Loi gidi
PapanC
A.Saivi AC+BD=AB+CD < AC—AB+DC-DB=0< B=C (Voli)
B. Sai vi: Goi O va O' theo thir tv la trung diém ctia AC va BD.Taco
SA+SC =280 va SB+SD=250"< SO =S0"'< O=0" didu nay khong dung néu ABCD
khéng phai la hinh binh hanh.
C. bung — Chtrng minh twong tw nhw y B.
Cho hinh hop ABCD.A'B'C'D'. Goi M la trung diém ctia A4', O la tdm cha hinh binh hanh
ABCD . C&p ba vecto nao sau day déng phang?
A. MO, 4B va B'C . B. MO,AB va A'D" .
C. MO,DC' va B'C . D. MO,A'D va B'C".

Loi gidi
Pap an A
D’ ol
|
|
|
:
I
A’ !
\\\\\\*\: B'
N S~ o
N I S~
\\ | *\\\\

D
~~ e gt
M [~ %< =S¢
// \\\\\\ ,/”

// ”:s\/
’ _ - N
7 ’,’ N
/- S
A4 B

Céch 1: Tac6 MO//(CDA'B'); AB//A'B'= AB//(CDA'B'),B'C' nam trong mét phang
(CDA'B') nén céc vecto MO, AB, BC dong phang vi c6 gia song song hay nam trén méat phéng
(CDA'BY).

¢ L TR 1 1 1 l— 11—
Céch 2: Taco MO=—_—=—(4"B'+B'C)=—(4'B'+B'C')=—A4B+_B'C.

A'C 2 2 2 2

Vay cac vecto MO, AB, BC ddng phang.
Cho tir dién ABCD. M va N theo th& tw 1a trung diém cla 4B va CD. Bd ba vecto nao dudi
day ddng phang?

A. BC,BD, AD. B. AC; AD; MN.
C. R’,E,M—N D.A—C;D—C;m.
L&i giai
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AD = AM + MN + ND

BC = BM + MN + NC
:zmﬁé:zm:m:%zm%ﬁé

Vay ba vecto BC; AD; MN. ddng phang.
Vidu 8: Chotlr dién ABCD. M la diém trén doan AB va MB=2MA. N la diém trén dwong thdng CD

ma CN =kCD.Néu MN, AD,BC ddng phang thi gia tri cda k la:

[\

A.k:g. B.kzi. C.k:i. D.k=—.
3 2 3

L&i giai

Qua M vé mat phang (a) song song véi AD va BC.
(a)cét AC tai P, BD tai Q va CD tai N.Tacé MP//PN//AD .

Céac vecto MN, AD,BC c6 gia song song hay ndm trong mét phang () nén déng phang.
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Taco W:%@.Véy k:%

Vidu 9: Cho hinh hgp ABCD.AB,C,D,. M 1a diém trén canh 4D sao cho W:%TD. N la diém trén

dwéng thang BD,. P la diém trén dwéng thang CC, sao cho M, N, P thdng hang.

‘MN
Tinh ——
‘NP
AL B.2. c. L D. 3.
3 3 2 4
L&i giai
Pap an B

Dat AB=a,AD=b, 44 ¢ va BN = xBD:CP=yCC = ye.
STUDYTIP
Ta biéu thi hai vecto MN,NP theo cac vecto 21,1;,2

Ba diém M,N,P thang hang nén MN =a.NP(1).

Ta co: MN = MA+ AB+ BN
—3b+a+xBD =3 b+a+x(Bi+BC+ BB

1 - S - N: -
=—§b+a+x(—a+b+c):(1—x)a+ x—g b+ xc (2)
Ta lai co:
W’zN—B+E'+§’=—xB—D1+l;+yZ‘=—x(I;—ZI+E)+I;+yE

= Nﬁ:x5+(l—x)g+(y—x)g (3)
Thay (2), (3) vao (1) ta dwoc:
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l-x=ax

x—l:a(l—x) Giai hé ta dwoc a=2 xzé,yzé.
3 3 5 2

xX= a(y—x)

MN| >
Vay

w73

Vi du 10: Cho t& dién déu ABCD. Goi M, N, P 1an lwvot la trung diém cla cac canh AB, CB, AD va G Ia trong
tam tam giac BCD, a la géc gitra 2 vecto MG va NP. Khi d6 cosa ¢6 gia tri la:
V2 V2 V2 1
A 2 B. 3 C. 6 D. 2
Dap an: C
L&i giai:

D&t AB=a;AC =b; AD =c;
:E%mzmjmzﬁ_m:g_a +2h+ 20)
m:m_ﬂ»:%(a +h-0)

Khéng mét tinh téng quat, gia st dd dai cac canh cuda ti dién déu bang 1
:‘&‘:‘B‘:‘E‘:lvé ab=be=ca=1.1.cos60° =—

MG.PN

= cosa = cos(]\TG,ﬁ\/) = ‘m‘ ‘ﬁ\/‘

*)
Ta cé: = MG.PN %(_a +2b+ 20)(a +b-0)

1 =2 e e e =2 - - = =2 1
:E(—a —ab+ ac+2ab+2b —2bc+2ac+2bc—2c ):E

—\/(a +b—c) :%

MG = \/( a +2b+ 26) =

Thay vao (*) ta dwoc

1
= cosa =:—2\/_=$:%. (™) ...

L
2

C.Bai tap rén luyén ky nang
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Cau1: Cho ABCD.ABC,D,la hinh hdp, véi K l1a trung diém CC4. Tim khang dinh dung trong cac khéng

dinh sau:

A.R=E+E+%H B. 4K = AB + BC + A4,
- - 1 — 1 —

C. AK = AB+ AD + A4, D.AK:AB+EAD+EAAI

Hwéng dan giai

Co ﬁ=E+C—K=(@+E)+%A—4=E+E+%H

B1

Chon A

Cau2: Cho hinh hop ABCD.ABCD, véi M = CD, nC,D . Khi d6:

M =L B+ L ap+ 1 g M = L 4B+ AD+ L 44
A. 2 2 2 B. 2 2

—_— = = = -— 1= 1-= —

AM = AB+ AD + — A4, AM = —AB+—AD+ A4,
C. 2 D. 2 2

Hwéng dan giai

( hinh vé cau 1)

—_— — — —

Chon B

Cau3: Cho hinh hop ABCD.4,B,C,D, . Khi do: tbng 3 géc (D,4,CC,) +(C,B,DD,)+(DC,,A, B) la:

A. 1800 B. 290° C.3600 D. 3150
Hwéng dan giai
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B1

D1 1

Ta co:
(D4,CC)=90"
(C,B,DD,) =(C,B,CC,) =135’
(DC,,A, B) =(DC,,D,C) = 90"
= (D,4,,CC,)+(C,B,DD,)+(DC,,A, B) =90 +135° +90° = 315"
Chon D
Cho hinh lap phwong ABCD.A4 B,C,D,, dat a = (AC,DC,); 8 = (D4,,BB,); y = (44,,C,C) Khi
dé:laa+ f+ y:
A. 360° B. 375° C. 315° D. 275°
Hwéng dan giai

( hinh cau 3)

a =(AC,DC)) = (AC, 4B,) = 60’

B =(DA4,,BB,)=(DA4,,A, 4) =135

y = (A4,,C,C) = (44,, 4, 4) = 180°
=Sa+B+y=60"+135"+180° =375°
Chon B

Cho hinh chép S.ABCD c6 day ABCD Ia hinh binh hanh, AB=6; AD=4; AB.AD =12 . Tinh
(SC.— SA)’.
A. 76 B. 28 C. 52 D. 40

Hwdng dan giai
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(SC.—SA)*.= AC = (AB + AD) = AB + AD +2AB.AD
— 6% +4% +2(-12) =28

Chon B

Chi ra ménh dé dung trong cac ménh dé sau:

A. Ba vecto ddng phang la 3 vec to cling nam trong mét mét phang

B. Ba vecto' a,b,¢ ddng phng thi cé ¢ = ma + nb, v&im, n la cac sb duy nhét

C. Ba vecto ddng phang khi co d = ma +nb + pe voi d 1a vec to bat ky

D. Ca 3 ménh dé trén déu sai
Hwéng dan giai
-Phwong an A: sai vi chi can gia ctia ching song song hodc nam trén mét méat phang
nao dé
Phwong an B: Sai a,b phai khéng cung phwong.
Phwong an C sai

Vay chon D

Chon D

Cho hinh t& dién ABCD, trong tam G. Ménh dé nao sau day sai?
A.ﬁ:%(@+@+@) B. GA+GB+GC =0
c.m%@+ﬁ+@) D.A_G=%(Z§+ZE+ZB)

Hwéng dan giai
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8

Goi M, N Ian lwot 1a trung diém cta AB, CD
= G la trung diém ca MN = GM + GN =0
< GA+GB+GC =0 =B dung
Ta co: OA+OB+0C +0D =0G + GA+OG + GB + OG + GC + OG + GD
=4%‘-+(@+@+G—C+@) =40G =A dung
Khi O trung A thi D dung vay dap anla C.
Chon C
Cho ba vecto' a,b,c¢ khéng déng phang xét cac vecto x = 2a — b; y = —4a + 2b; z = —3a — 2¢ Chon
ménh dé dung trong cac ménh dé sau:
A.Hai vec to’};,g cung phwong
B. Hai vec to’;c,} cung phwong
C.Hai vec td;c,; cung phwong
D.Hai vec to'x, y, z ddng phang
Hwéng dan giai

Tathdy y=-2x nén x,y cung phuong.

Chon B
Cho hinh lap phwong ABCD.A B,C,D,, Tim gia tri ctia k thich hop dé AB + B.C, + DD, =kAC))
Ak=4 B. k=1 C.k=0 D. k=2

Hwéng dan giai
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A1 B1

C6 AB+B,C,+DD, = AB+BC+CC, = AC, = k =1
Cau 10: Cho hinh lang try tam giac ABC.4,B,C,. Bat AA, = a; AB =b;AC =¢; BC, =d trong cac dang
thirc sau dang thirc nao dung.
A.a+b+c+d=0 B.a+b+c=d
C.b—c+d=0 D. a=h+c

Hwéng dan giai

>
@)

C1
A1
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Cau 11:

Cau 12:

Cau 13:

Ta co: b—c+d=AB—-AC+BC=CB+BC=0

Chon C

Trong cac khang dinh sau day, khang dinh nao sai?

A.Néu gia cla ba vecto cat nhau tirng ddi mét thi 3 vecto ddong phang

B.Néu ba vecto a,b,c co motvecto 0 thi ba vecto ddng phéng
C.Néu gia cua ba vecto Zz,Z;,E cung song song v&i mot mat phang thi ba vec to d6 ddng phang
D.Néu trong ba vecto a,b,¢ o ha vec to cing phwong thi ba vecto dé déng phang

Hwéng dan giai

Chon A

Cho ABCD.A B ,C,D,la hinh hop, trong cac khang dinh sau khéng dinh sai:
A. AC, + AC =24C B. AC, +C4, +2CC, =0
C.AC+AC -4 D. i + AC=CC

Hwéng dan giai

LY B1

D1

Tacod:  AC, +AC=AA, AC,=AA, - AC, < AC=C,A

Chon C
Hay chon ménh d& dung trong cac ménh dé sau:

A.T& giac ABCD Ia hinh binh hanh néu AB + BC+CD+DA=0

B. T giac ABCD Ia hinh binh hanh néu 4B = CD

C. Cho hinh chép S.ABCD, néu c6 SB+SD = SA+ SC thi t gidc ABCD Ia hinh binh hanh
D.Te gidc ABCD Ia hinh binh hanh néu AB + AC = AD

Hwéng dan giai

1

Chon C
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Cau 14: Cho hinh hép ABCD.AB'C'D Goi |, K lan lwot l1a tAm ctia cac hinh binh hanh ABB'A va BCC' B’
. Khdng dinh nao sau day la sai?
A.Bbn diém |, K, C, A déng phang
B.IK =~ AC=14C
2 2
C.Bavecto BD,IK,B'C' khdng ddng phéng
D.BD+2IK =2BC
Hwéng dan giai
Chon C

Cau 15: Cho tir dién ABCD. Trén cac canh AC, BD lan lwot 1y M, Nsao cho AM=3MD; BN=3NC. Goi P,Q
lan lwot 1a trung diém ctia AD, BC. Trong cac khang dinh sau, khang dinh ndo sai?

A.Cac vec to BD, AC,MN khong ddng phang
B. Cac vec to MN, DC,PQ ddng phang

C. Cacvecto 4B, DC,PQ ddng phing

D. Cac vecto AC, DC,MN ddng phang

Hwéng dan giai

A
o)
M
i |
B T F D
QHN C

L4y diém E trén canh AC sao cho AE=3EC, |4y F trén BD sao cho BF=3FD
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Cau 16.

Cau 17:

NE//AB,NE =1AB
{ = NE//MF,NE | IMF
MF |/ AB,MF =§AB

— NEMF la hinh binh hanh va 3 vec to BA,DC,MN c6 gia song song hodc ndm
trén mat phdng (MFNE) = B4, DC,MN dbng phing
— BD,AC,MN khong ddng phéng.

Chon A

Cho t&r dién ABCD c6 cac canh diu bang A. Hay chi ra ménh dé dung trong cac ménh dé sau:
. . . . . . 2

A AD+CD+BC+DA=0 B.AB.AC:af

C.AC.AD = ACCD D.ADCD=0

Hwéng dan giai
( st dung hinh cau 7)
Phwong an A:
AD+CD + BC + DA = (AD + DA)+ (BC +CD)=0+BD # 0 = A sai

2

Phwong an B: 4B.AC = a.a.cos600=% = B sai

Phuong an B AC.AD = AC.CD < AC(AD + DC) =0 < AC =0= C sai
Chon D

Cho hinh 1ap phuwong ABCD.A4, B,C,D; . Goi M la trung diém cta AD.Chon khang dinh dung:

A.BM =BB+B,A,+B,.C, B. C1M=C1C+C1D1+%C1BI
C.C1M=C1C+%C1Dl+%CIBI D. BB, + B, A, + B,C, =2B,D

Hwéng dan giai
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Al 1

D1 C1

Taco CM=CD +DD+DM =CD, + C1C+%CIB1

Cau 18: Cho tw dién ABCD va diém G thdéa GA+ GB +GC =0 (G la trong tam cla te dién). Goi O 1a giao
diém ctia GA va mat phang (BCD) . Trong cac khang dinh sau, khang dinh nao sai?

A.GA=-20G B. GA=40G
C. GA=30G D. GA=20G
A

B

(
Hwéng dan giai

Goi M, N Ia trung diém cta BC, AD

= G la trung diém MN. Goi H 14 hinh chiéu ctia N Ién MD = NH la dwdng trung binh
cua A40D va OG la duwdng trung binh cia AMNH

:>OG=1NH=l.lAO:>OG=lNH=l.AO
2 22 2 4

hay GA=30G
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Cau 19: Cho t dién ABCD. Goi M, Nlaafn Iwot la trung diém ctia AD, BC. Trong ccs khang dinh sau, khang
dinh nao sai?

A.Cac vec to AB, DC,MN ddng phéng

B. Cac vec to MN, AB, AC khéng ddng phang
C. Cacvecto AN, CM,MN ddng phang

D. Cac vecto AC, BD,MN ddng phang

Hwéng dan giai

TA

Goi P, Q lan lwot 14 trung diém AC, BD

— Ba vecto 4B,DC,MN c6 gia song song hodc ndm trén mat phang (MNPQ) nén 3
véc to nay déng phdng = A dung

Ba vecto 4B, AC,MN khong déng phidng = B dung

Ba vecto AN,CM,MN c6 gia khong thé song song v&i mat phdng nao = C sai

Chon C

Cau 20: Cho hinh lap phwong ABCD.AB'C'D’, ¢ canh A.Hay tim ménh dé sai trong cac ménh dé sau:
A.AD'CC'=-d* B.AD'AB' =’
c. ABCD'=0 o.[40] = 3

Hwéng dan giai
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Xét phwong an A c6: AD'CC'= AD'AA ' = ‘AD HAA‘ cosds’ = @’
Chon A

Cau 21: Trong khéng gian cho hai tia Ax, By chéo nhau sao cho AB vudng géc véi ca hai tia d6. Cac diém
M, N Ian lwot thay ddi trén Ax, By sao cho d6 dai doan MN ludn bang gié tri ¢ khong dbi (c> AB).
Goi ¢ la goc gitra Ax, By. Gia tri lon nhat ciia AM, BN

¢’ — AB’ B ¢’ — AB’
2(1 —cosgp) 2(1+ cos@)

¢’ + AB’ A ¢’ + AB’
2(1 —coso) 2(1+ cos@)

Hwéng dan giai

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/
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> AB* +2AM .BN.(1 - cosp) = AM.BN.<

Vay biéu thre AM.BN dat gia tri I&n nhat bang

= AM? + AB* + BN* —2AM BN == AM* + AB*> + BN* —2AM .BN.cosg
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