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BAT PANG THU'C
GIA TRI LON NHAT-NHO NHAT

Bai viét nay dé cap dén mot s6 phuong phap co ban va théng dung nhat dé chirng minh
BDT hodc tim GTLN va GTNN clla mdt biéu thirc.

&1. BAT PANG THU'C cOSI

1. Kién thure co’ ban

Bdtt ddng thuc Cési cho hai s6 hodic ba s6

a/ Néu a, b 1a cac s6 khong am, ta ludn co: a;b >Vab (1)

Dau “=" trong (1) xdy ra < a=b.

b/ Néu a, b, c la cic s6 khéng am, ta luén cé: a+é’+c ><abe (2)

Dau “=" trong (2) xdy ra < a=b=c.
Mét s6 dang théng dung cla bét ddng thic cési
a/ Néu a, b la cac s6 dwong, thi ludn cé
2

2
(a+b)[l+lj24' [lJrl]Z 4 ’ abs(‘Hb] ,a2+b22(a+b)
b a+b 2 2

a a b

Dau “=" xayra <a=»b.

b/ Néu a, b la cac s6 duong, thiludn cé

3
(a+b+c) l+l+l >9, l+1+l > 4 ,abc < arbre
a b c a b c¢) a+b+c 3

“_n

D3u “=" xdyra < a=b=c.

Bdtt ddng thuc Cosi cho n s6 khéng Gm
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e A a ", a,ta, +..+a
Chonso thucay, ay, ..., a, khong am, talubn cé : —2 L>rla.a,...q,
n

“_n

DAau xay ra khiva chikhia;=a,=...=a.

2. Cdc dang todn

Khi str dung bdt ddng thirc cdsi ta phai chi y dén diéu kién bai toan va dic biét dau “="”
xay ra khi nao?

Loai 1: Tdng va tich
Vi du 1: Cho a, b, c 1a cac s6 khong &m. Chirng minh rang: (a+b)(b+c)(c+a)=8abe (1)

Giai

Do a,b,c>0nén ap dung bdt ddng thirc cdsi cho tirng cip 2 s0, ta duoc:
a+b>2Jab dau“=" xdyra e a=»h
bie>20be diu“=" xdyra o b=c
c+a22\/; dau “=" xéy rn <c=a
Nhan ba bat dang thirc cung chiéu theo tirng vé, ta dwoc (1)
D4au “=" trong (1) xdy ra < a=b=c.

Vi du 2: (Dé thi khéi B - 2005)

X X X
Ch&ng minh rang v&i moi xR, ta co: (1 ] +(£] +(?] >3% 4+ 4% 4+ 5%

5 4
Giai
.. 1215 15 20 20 12
Chiy: —=>=3 2°-=5 =2 -4,
5 4 4 3 3 5

Ap dung bat déng thirc cosi x+y>2xy, ta co:
12Y (15Y12) (1) L, (12 15) _, Je o5 ) mast
(2 (1] oo 2] [ o 225] -2y 25 -2

GGroup: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

X X
D4au “=" xay ra @(%} =(§j < x=0

Tuwong ty: 5 +@ >2.5%, 20 +2 >2.4"
4 3 3 5

Cong ba bat dang thirc trén ta dwoc: [%j +($j +(?j >3% 4 4% 457

Dau “=" xdyra < x=0
Vi du 3: Cho a, b 1a cac s6 thyc théa a+b=2.Ching minh rang: ab(a2 +b2)§2(1)

Nhén xét: Dau “=" trong (1) Xay ra < a=b=2ab=a’+b*

Giai:

2
Ap dung bat dang thirc cdsi dang xyS[x;y] Jta co:

2
2 2
ab(a2+b2):l.2ab(a2+b2)sl 2ab%a” +b7 ) 1
2 2 2 2l 2

a+b=2

Dau “=" xdyra < 5
2ab=a"+b

2¢>a=b=1

Vi du 4: Cho a, b 1a cc s8 thyc dwong thda a+5=2. Chirng minh rang: a3b3(a3 +b3)£2 (1)
Nhdén xét:

TP B :(a+b)(a2—ab+b2):2(a2—ab+b2)

* DAau “="trong (1) xdyra < a=b=d>—ab+b>=ab

a3b3(a3+b3)£2c>a3b3(a2 —ab+b2)£1

4
Ap dung bat dang thirc cdsi dang xyztS[HyTW] .Dau"="xdyra o x=y=z=1,ta co:
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4
4 2
ab+ab+ab+a2—ab+b2J {(a+b) ] 1
4

b’ (a2 —ab+ bz)z ab.ab.ab.(a2 —ab+ bz) S[
~Noow_n L2 (,1[9:(,12 —ab+b2
Dau “=" xay ra Sa=b=1
a+b=2
Vidu 5: Cho a, b, ¢, d 1a cac s6 thuc duong. Chirng minh rang:
(a+b)(a+b+c)(a+b+c+d) =64abed
Giai
Ap dung bat dang thirc cosi dang (x+y)2 > 4xy, ta co:

(a+b)’ =4ab (a+b+c) 24dc(a+b)
(a+b+c+d)224d(a+b+c)

Nhan ba bat dang thirc trén theo vé, ta duoc:
(a+b)2(a+b+c)2(a+b+c+d)2 264abcd(a+b)(a+b+c)

o (a+b)(a+brc)(atb+ctd) =64abed

d=a+b+c
Dau “=" xdyra < {c=a+b <<d=2c=4b=4a
a=b

Vi du 6: Cho a + b = 2. Chitng minh rang: a* +»*>2.
Ap dung bat dang thic 2(x2 +y2)2(x+y)2|ién tiép
Tacod:  2a*+b*)2(a+b)’ =4 =>a* +b*22.
va 2at +b*) > (@ +b*)? =22 =4

Suy ra: at+p* 22 (dpcm)

Dau “=" xay ra <:>{ t0=2 a-p=1

a
a=
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Bai tdp twong tv

Bai 1: Choa, b, cla cac s6 khdng &m. Chirng minh rang: a® +b*> +c> >ab+bc+ca.
Bai2: Cho a,b,c>0.Chirng minh rang: 2¢ +2°° +2¢° > 2% 4 pbe 4 pca,

Bai 3: ChOthc>Othéarn5ncwc=1.Changnﬂnhr5ng:f%+b%%ﬂ§a2ab+bc+ca.
Bai4: Cho ab,c>0.Ching minh rang: abe>(a+b-c)(b+c—a)(c+a-b)

Bai 5: ChO(Lhc>0.Ch&ngnﬂnhr5ng:(a+b+cﬂab+bc+aﬁS%(a+bﬂb+cﬂc+a)

Loai 2: Bién chira trong can

Vidu 1: Cho a,b,c>0 thda man a+b+c=1.Chirng minh rang: Va+b+yb+c+Jc+a<6.
Giai:

a=b=c

¢>a=b=c=l:>a+b=b+c=c+a=g.
a+b+c=1 3 3

Nhén xét: D3u “=” xay ra @{

B4t dang thirc can chirng minh twong dwong voi: J%(aﬂa) +\/§(b+c) +\/§(c+a) <2

xX+y

Ap dung bat dang thirc cosi dang /xy < , ta co:

2 2 2
5 §+a+b 5 <§+b+c 5 <—+c+a
E(a+b)s g(b+c)_ g(c+a)_

2

COng ba bat dang thirc trén theo vé, suy ra két qua.

at+b=b+c=c+a=

Now_n 2 — 1
Dau “=" xay ra @{ 3c>a=b=c=§.

at+b+c=1

Vi du 2: Cho ¢>0va a,b>c. Chimg minh rang: c(a—c)+,Jc(b-c) <ab

Giai:

Tuwong tu chirng minh trong vidu 1

Jc(a_c)+Jc(b_c)s@w:Jg(“;}ﬁb;]s1
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Ap dung bat dang thirc cdsi dang /xy < x;y, ta co:

a-c
I 1

4@ sSab=ac+bceo—=—+—
- c a b

o

S

Vi du 3: (Dé thi khéi D — 2005)
Cho céc s6 dwong x, y, z thda man xyz=1.Chi&ng minh rang:

3 3 3 3 3 3
\/1+x +y +\/1+y +z +\/1+z +x 23\/5
X

Xy vz
Giai:

Lwu y: Nhdn thidy diu “=” xdyra < x=y=z=1.

Ap dung BDT cbsi dang a+b+c>33abc . Ta co:

/ 3,.3
1+x3+y323\3/1.x3.y3 =3xy=> I+x +y > \/g
N

U 14y +2 B Ji+Z2 42 _ 3
ng tyu : >V >
yz \/y? X A ZX

T dosuyra vis3| ——+— 4L 53351 335l 33 (cmx
v A e (o

= :1, = :1’ = :1
Y y=e = Sx=y=z=1.

Dau “=" xayra <1
Joy=yz=vz, 2=l

Vi du 4: Cho a, b, c la cac s6 duong thoa a+b+c=%. Tim gia tri I&n nhat cha biéu thirc

P:3/a+3b+§/b+3c +%/c+3a
Giai:
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Nhén xét: Dau “=" xay ra @a=b=c=%2a+3b=b+3€=c+3a=l

Ap dung bat dang thirc 3xyz s%, ta co:

P:%/a+3b+§/b+3c +§/c+3a =%/1.1.(a+3b)+%/1.1.(b+3c)+%/1.1.(c+3a)

1+1+a+3b 1+1+b+3c 1+l+c+3a 6+4(a+b+c)
< 3 + 3 + 3 = 3 =3

” ) 1
Dau “=" xay ra @a:b:c:Z

Vay minP=3@a:b:c:i

Vi du 5: Cho ba s6 thuc duwong a, b, ¢ thod man: ab+bc+ca=1. Chirng minh rang:

N | W

a N b N c <
\/1+a2 \/1+b2 \/1+c2

Ap dung bt ding thirc cdsi dang |- sl(l+l]vé lwuy : 1=ab+bc+ca
AB 2\ A B

‘. a a a 1( a a j
Ta co: = = <= + )
\/1+a2 \/ab+bc+ca+a2 \/(a+b)(a+c) 2\a+b a+c

Twong tu: b sl( y . b j ¢ sl[ c . ¢ j
\/1+b2 2\a+b b+c \/1+c2 2\a+c b+c

Cong cac BDT trén, vé theo vé, ta duwoc dpem. Dang thirc xdy ra <> a=b=c=

-

Bai tap twong tw

Bail: ChOa,b,cZ—i thda man a+b+c=1.Chitng minh : V4a+1+v4b+1+/4c+1<5.

Bagi 2 : Cho a,b,c>0.ChL’rngminhr5ng:\/ a +\/ b +\/ € o,
b+c a+c a+b
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a+b=~/3. Tim gid tri I&n nhat cta biéu thirc:

Bai 3 :Cho ld <1, b <1,

A=+1-a> +J1-p> (D& thivao I&p 10 THPT Hai Duong)
Bdi 4: Cho a,b,c>0 thda a+b+c=1.Tim gia tri [&n nhat cla biéu thitc P =a+ab +abe .

Bdi 5: Cho -1<a<1. Chirng minh rang: Y1-a® +Y1-a+1+a<3

Loai 3: MAu chira bién

Loai nay rat da dang va khi gidi doi héi nhiéu thd thuit, bién d6i phirc tap. Sau day la
mot sé thu thudt don gian thuong gap.

Thém bt dé khir Mu: Chu y viéc bdo tén ddu “=” khi thuc hién.

Vidu1: Choa,b,cla cics6 duong. Chirng minh ring: — 4.2 . ¢ .3 (1)
b+c c+a a+b 2

Lwu y: Trong (1) ta nhén thdy ddu “=” xdy ra < a=b=c va VT(1) dang phédn sé, VP(1) la

mét s6 thurc. Ta nghi ngay téi bdt ddng thire cési dang %+§ >2, /%.g =2(*).Ddu “="trong (*)
XAy ra < A=B VJ&i A,B>0.

L&i gidi (1):
(1)@ 2a + 2b + 2¢ >3 2 +1 |+ 2b +1 |+ 2¢ +11(>6
b+c c+a a+b b+c c+a a+b

a+b a+c b+c b+a c+a c+b

= + + + + + 26
b+c b+c ct+a c+a at+b a+b

o a+b+c+b P b+c+a+c N c+a+b+a 26(2)
b+c a+b ct+a b+c a+b c+a

Do a, b, cla céc s6 duwong. Nén ap dung (*), ta duoc:

+b +b ~ >
472 %52 . Dau“="xdyra a=c
b+c a+b
b+ + 5 2
C+47% 5 . Dau“="xdyra b=a

c+a b+c
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“u_n

c+a b+a
+

>2.Dau “=" xdyra c=b

a+b c+a
Cong ba bat dang thirc cling chiéu theo tirng vé, ta duoc (2)
Dau “=" trong (2) xdy ra < a=b=c.

b c b+c c+a a+b_15
+ + + + + >—

a
b+c a+c a+b a b c 2

Gi

Vi du 2: Cho g, b, ¢ > 0. Chirng minh rang:

Qv

Lwu y: Co ban lam nhv sau:

a b c b+c c+a a+b
+ + + + +
b+c a+c a+b a

c
_[_a +b+c N b +c+a N c +a+b 59424226
b+c a a+c b a+b c

Nhung diu “=” khong thé xay ra. Vi sao? Cac ban tu tra |&i.

Loi gidi dung:

Ta co:

acbre cra avb [boa) fe alfe blsrinincg
a b c b b ¢

Dau “=" xayra < a=b=c

a b » c >§

B= + >
b+c c+a a+b 2

Dau “=" xdyra < a=b=c (vidu 1b.)

15

Suy ra: A+BZ6+§=? Dau"="xdyra<>a=b=c.

2

a’+b> b+ PF+a
+ +
2¢ 2a 2b

Vi du 3: Cho a, b, ¢ > 0. Chirng minh rang: >a+b+c
Lwu y: Nhan thdy VT 1a dang phan sé, VP 1a tong bac 1 va hai vé& déng bac. Hon nira dau
Xay ra < a=b=c. Nén ta nghi ngay tdi 13 triét tiéu mau s6 & VT va phai luén bao ton dau

“_n

“_n
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)
Q_)v

Ta co:

2
242 2,42 a+b
@AY ono [T D 22\/( f i
2c 2 4
b* +c? b* +c? (b‘*c)z
+az=2 =2 =b+c
2a 2 4
c* +ad? ¢ +a? (C4‘a)2
+b=>2 >2 =c+a
2b 2 4

Cong ba bat dang thirc trén theo tirng vé, suy ra:

a’?+b> b+ Frad
+ +
2c 2a

>a+b+c

Dau “=" xdyra <a=b=c.

Vi du 4: (Pé thi tuyén sinh Dai hoc Sai Gon khdi A-B 2007)

Cho a, b, cla ba s6 duong thoa o? + b* + ¢ =1. Tim gia tri nho nhat cla biéu thirc

P:92+é£+%?

C a
Lwu y: Diéu kién |a bac hai nhung biéu thirc P 1a bac nhat. Bai todn yéu cau tim gid tri
nho nhat, cé nghia la ta chirng minh P> k,(k =consr). Do d6 ta nght t&i viéc danh gid
Pzzkz(x2+y2+z2).

)
Q_)u

Do a, b ,cla cdc s6 duong nén pP>o0va

2 2,2 22 22
PZZ[a_b_,_E_,_%] _ab +bc &4 +2(a2+b2+c2)
c a b 2 a? b*

Ap dung bat dang thirc cosi dang A+ B>2yAB, ta c6:
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212 22 22 22 212 22
ab b c b c c“a ab c“a
5 + 22b2, 5 + 5 2202, > + >
c a a b c b

> 24>
Suy ra P223(a2+b2+c2):3:>P2x/§ (P>0)
. 1
Vay minP=\3oa=b=c=—.
NG

Vi du 5: Cho ba s6 thuc duwong a, b, ¢ thod man a+b+c=3. Chitng minh rang:

a b c 3
+ + >,
1+6% 1+¢% 1+a*> 2
Giai:
2y 2 2
Ta c6: a =a(1+b) ab _ _ab Za—%.
1+b° 1+b° 1+ b2 2
Twong tu: b, p_te. € > %
14—c2 2 1+a2 %

Do d6, ta chi can chirng minh: a+b+c—%(ab+bc+ca)2%.

TW BDT 3(ab+bc+ca)<(a+b+c)* suyra ab+bc+ca<3.

Do dé: a+b+c—%(ab+bc+ca)2%. Pang thtrc xdyra < a=b=c=1.
Vi du 6: Cho ba s6 thyc duwong a, b, ¢ thod man a+b+c=3. Chéng minh rang:

a b’ c 1

Tt 2—+i(ab+bc+ca). (*)
b+8 +8 a+8 9 27
Giai:
, @  b+2 b -2b+4 _a a _9a+b-b*—6
Ta cé: + + 2— = 2 :
g 27 27 3 p+8 27
3 2 3 g2 _
Tuwong tu: b 29b+c c 6; c Z9c+a a 6.
¢ +8 27 a+8 27
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Cong cac BDT trén, vé theo Vvé, ta co:

10(a+b+c)—(a®> +b*+c>)-18 22,2
VT (*) > ( ) (27 ) _ 12 (a2+7b +c7) _

2
_ 3+(a+b+C) (a +b7+c ) _+i(ab+bC+C(1) (dpcm)

Pang thitcxayra < a=b=c=1.

Ddnh gid nghich ddo

Vi du 7: (Dé thi khéi B, 2014) Cho a.b.c>0thda (a+b)c>0.

Tim gid tri nho nhat cda biéu thic P 1/ ,/
b+c a-l—c a+b

Giai:
, 2a b 2b
Tacod a+b+e>2a(brc)= 2> . Tuongty -2 >
( ) b+c a+b+c gt a+c a+b+c

Suy ra PZZ(a+b)+ c :[2(a+b)+a+b+c] 1o, 1_

a+b+c 2(a+b) a+b+c 2(a+b) _E_ _5_5

W

Khi a=0,b=c>0 thi P:%.Véy minP:% khia=0,b=c>0

Vi du 8: Cho a, b, c 1a d6 dai ba canh cGa mot tam gidc. Chirng minh rang:

\/ a +\/ b +\/ ¢ >3.
b+c—a c+a->b at+tb-c

Ap dung bat dang thirc cosi dang xy <27, ta co:

2
b+c—a b+c—a b+c a 2a
2 < +1= = > .
a a a b+c—a b+c
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Twong tu: | b, 2b. J—c 5 2
c+a-b a+c a+b-c a+b

Ta chi can chirng minh: @ , b ,c¢ 23(*) la xong.
b+c c+a a+b 2

Chirng minh (*)xem vi du 1 loai 3
Vidu 9: Cho a, b, ¢, d la nhitng s6 thuc khéng dm thda man

(a+b+c)(b+c+d)(c+d+a)(d+a+b)>0

ChL’rngminhrf?\ng\/ a +\/ b +\/ ¢ +\/ d_ 5y
b+c+d c+d+a d+a+b a+b+c

Giai:

xX+y

Ap dung bat dang thirc cosi dang /xy < :

,taco

4h4b+c+d)£a+(b+c+d):>2ﬁdb+c+d)<1

2 a+b+c+d

a
b+c+d

a S 2a
\b+c+d a+b+c+d
Tuangtu:/ b > 2b ’ I c S 2c ’ / d S 2d
c+d+a a+b+c+d d+a+b a+b+c+d at+tb+c a+b+c+d

Cong theo vé bdn bat dang thirc trén, ta suy ra diéu phai chirng minh.

Nhan hai vé vdi bat dang thirc >0, ta duoc

Dau “=” xay ra < hai trong bon s bang nhau va hai s6 con lai bang 0. Vi sao?....

Panh gia miu

Vi du 10: Cho ba s& thuc duwong a, b, ¢ . Chirtng minh rang:

a’ b? c?

+ +
\/3(12 +8b% +14ab \/3172 +8¢% +14bc \/3c2 +8a° +14ca

Zl(a+b+c) (*)
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Giai:

Ta c6: \/3a® +8b + 14ab = Ja+4b)3a+2b) < %(4a+6b) =2a+3b.

Tuwong ty véi cdc mau sd con lai. T do:

2 2 2 2
VT(*)Z - b - > (@tbto) :l(a+b+c)
2a+3b 2b+3c 2c+3a 2a+3b+2b+3c+2c+3a 5

Pang thitc xdyra <> a=b=c.

Vi du 11: Cho ba s6 thyc dwong a, b, ¢ thod man abc =1. Chirng minh rang:

ab N bc N ca <1 (*)
@ +b>+ab b+ +bc & +a’ +ca
Giai:
Trudc hét ta chirtng minh BDT: x>+ 2x2y?(x+y) (1) véimoix>0,y>0.

Tacd: (1)< 22—y +y202 =D >0 < (* —y)(x? —y2)>0

S (x=y) (x+y)(x* +xy+y?) >0 (ludn ding véi moi x>0, y > 0).

. ab ab 1 1
Do dé: < = = )
@ +b+ab a*b*(a+b)+ab abla+b)+abc abla+b+c)
Tuong tu: be 1 . ca U
b’ +c>+be  bcla+b+c) A +ad+ca cala+b+c)
1 1 1 a+b+c

Suy ra: VT (*) < (dpcm)

+ + = =1.
abla+b+c) bcla+b+c) cala+b+c) abc(a+b+c)
Pangthircxayra< a=b=c=1.

Vidu 12: Cho x, v, z, t 1a cac s6 thuc duwong. Chirng minh rang :

3 3 3 3
X Z t
+—2 + + >1

X +3yzt y3 +3zx 2 + 3txy £ +3xyz

Giai :
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Ap dung bat dang thirc cosi dang 3abc<a® +b° +¢°.

(Cdc ban tw gidi tiép!)
St dung bét ddng thirc phu :

[Lrljz 4 (1) Dau “=" xayra <a=»b.
a b

\Y

1, 1.1, 9 (2) Dau “=" xdyra <a=b=c.
b a+b+c

Trong dé : a, b, c la cdc sé thuc duong.

Vi du 13: Cho ba s6 thyc dwong a, b, c thod m3n a + b + ¢ = 1. Chlng minh rang: i+i2 16

ac bc
Giai :
Ap dung (1) ta cé: i+i=l(l+1J2 4 > 4 =16.
ac bc c\a b) cla+b) (c+a+bj2
2
Nou_n 2 1 1
Dau “="xayra< c=—,a=b=—.
2 4
Vi du 14: Cho ba s6 thyc dwong a, b, c thod ma3n a + b + ¢ < 3. Chirng minh rang:
! + 2009 >670.
A +b*+c2 ab+bc+ca
Giai :
Ap dung (2), ta co:
I + ! + ! > 0 = 0 >1 (3)
A +b*+c* abtbctca ab+bctca @ 4?4+ +2ab+be+ca) (a+b+c)
Mat khac, ta co: 3(ab+bc+ca)<(a+b+c) = 2007 3.2007 >669 (4)

ab+bc+ca  (g+b+c)

T (3) va (4) suy ra dpcm. Dang thirc xdyra<> a=b=c=1.
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Vi du 15: Cho g, b, c 1a d6 dai 3 canh clia mdt tam gidc ( p 1a nlra chu vi). Chirng minh rang:

Ap dung (1), ta co:

> =
p—-a p-b 2p—-a-b

1+1 4 4 (a)
c

1 N 1 S 4 =i (b)
p—-b p—-c 2p-b-c a

p—c p—-a 2p—a—c b

Cong (a), (b), (c), vé& theo V&, ta duoc:

Dau"="xdyra<>a=b=c.

Vi du 16: (P2 thi kh&i A-2005)

1 1 1 1 1 <1

Choa, b, c > 0thdoa man LUy Chirng minh : + <
a b c 2a+b+c 2b+a+c 2c+a+b

Giai:

Tu (1) dang: s sl+l:> 1 SL+L
x+y x y x+y 4x 4y

1 1 1 1 1 1 1 1
Suyra —— <4 = 4~ <4 4
2a+(b+c) 8a 4(b+c) 8a 4b+4c 8a 16b 16¢

Twongty: — <L, L, 1. _r r r .t
2b+(a+c) 8b 16a 16¢ 2c+(a+b) 8c 16a 16b

Cong vé vdi vé 3 bdt trén, roi rat gon ta c6 dpem.

Vidu 17: Cho g, b, ¢ > 0. Chirng minh rang:
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+

2
3 L+L+L >4 ! ! + !
ab ac bc a+b a+c b+c

Giai
Ap dung (1) dang 1, 4 _, ta duoc: 1, 4 .
x (x+y) ab  (a+b)
1. 4 1. 4
Tuong ty: ;2( = EZ 5
a+c) (b+0¢)

Cong cac BDT trén, vé theo vé, ta duoc:

1 1 1 1 1 1
—+—+—24 + +
(a+b)? (b+¢)* (a+c)

2
=3 L+i+L 243 ! + ! + ! >4 ! + ! + !
ab ac bc (a+b)* (a+c)* (b+c) a+b a+c b+c

(Do 3(x* +y* +25) > (x+y+2)*, Vx,y.2.)

Vi du 18: Cho g, b, ¢ > 0. Chirng minh rang: L b atbc
1 1 1 1 1 1 2
a b b ¢ ¢ a
Giai:
Tr()taco: todisd o b Loip.
a b a+b 1 1 4
a b
1 1 1 1
Tuong tu: <—(b+c), <—(c+a).
gt bt syt
b ¢ c a

Cong cac BDT trén, vé theo vé, ta dugc dpcm.
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Dédt Mdu lg bién maoi

Vi du 19: Cho ba s8 thuc duwong x, y, z. Chirng minh rang: 25x + 4y + oz >12 (¥)
y+z z+x x+y

Giai:

Pata=y+z,b=z+x,c=x+y (vdia>0,b>0,c>0).

b+c—a c+a—>b at+tb-c
Suyra: «x= ,y= , 2= .
2 2 2

Ta c6: VT (*) = 25(b+c—a)+4(c+a—b)+9(a+b—c)

2a 2b 2c
- (@+4—“j+(@+%j+(ﬁ+9—bj—19 >10+15+6-19 = 12.
2a 2b 2a 2c 2b 2c

S5b=2a

Dang thirc xdy ra < {5c—3a = 5b+5c=5a = x=0 (vo li). Vay BDT (*) dung.

Vi du 20: Cho a, b, c 1a do dai 3 canh clla mot tam gidc. Chirng minh rang:

I O (*)
b+c—-a c+a-b a+b-c

Giai:

Pat x=b+c-a;y=c+a-b;z=a+b—c = x+y+z=a+b+c

Suy ra: a=y—+z; b=Z+x; =21y
2 2 2

Ta cc’). VT(*):Y+Z+Z+x+x+y:l(l+£+£+l+£+£J2%(24-2.4-2):3

2x 2y 2z 20x x y z z Yy
Diu “=" xdyra<>x =y =z<>a=b = c hay AABC déu.
Vi du 21: Cho ba s6 a,b,ce(O;%):a+b+c=3. Chirng minh bat dng thic

R B B 9 .
J3-2a ~3-2b ~3-2¢ ab+bc+ca
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Gidi:
x,y,z>0

Pat V3-2a =x,\/3-2b = y,4/3-2¢c =z thi { )

’
X +y +z2=3

. 1
Ta co: ab+bc+ca =Z(x2y2 +y° 27 +2°%° +9).

Do d6 BDT can chirng minh trd thanh:

1 1 1 36
—t—t—=2 2.2 2.2 2.2
X y z Xy +yz+zx+9

=N (l+l+l)(x2y2 +y° 27 +2°x7 +9) > 36.
X z

Ap dung BDT C6-si cho 3 s6 dwong va 12 s6 dwong ta duoc:

1 1 1_ 3
—t—+—2

xyz@

Y4V + 249 =2y + Y+ 2 1+ L 12129 (xy2)t = 1235z > 0(2)

9sol

>0 (1)

Nhan vé theo vé cla (1) va (2) ta cé diéu phai chirng minh.

Vai tro nhu nhau ctia cac bién

Vi du 22: Cho cac s6 thuc a, b, ¢ d6i mot khac nhau thudc doan [0; 2]. Chirng minh rang:

+

1 [ S *)
(a—b)* (b—c)* (c—a) 4

)
Ev

S&r dung BDT Co-si véi x>0, y > 0, ta co: (iz+i2j(x+y)2 >2 Axy=3.
x°y xy

Suy ra: LzJFLzZ 8 - (1). Pang thtcxdyra< x = y.
xT oyt (x+y)
Do vai trd cla a, b, ¢ la nhw nhau nén cé thé gidsra>b >c. Ap dung BDT (1) cho cdp

1 1 8 8
+ > = :
(a-b)*> (b-c)? (a—b+b-c)* (a-c)

s6 dwonga—bva b —c, ta co:
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Pang thitc xdyra<>a-b=b-c.

1 1 1 8 1 9
Suy ra: + + > + = .
(a-b)* (b—c)* (c—a)* (a—c) (c—a) (a—c)

Mt khac, doa, c € [0;2]vaa>cnén0<a—c <2.Dangthlrcxayra<>a=2vac=0.

, 1 1 1
Do do: + + > ? >

(a-b)* (b—c)* (c—a)’ (a—c)

-l>|\o

Dang thirc xay ra khi (a; b; ¢) = (2; 1; 0) va cac hodn vi.

Vi du 23: Cho 4,b,¢ >0 thoa man abc = 1. Chitng minh ! + ! + ! si.

\/1+a2 \/1+b2 \/1+c2 \/5

Giai:

Do vai trd cla a, b, ¢ 1a nhu nhau nén cé thé gid sita >b >c.

Viabc=1nénbc<lvaa=>1.Taco:

2 22 22
! + ! 32( ! +Lj=21+L S21+1 bc
Jiap? 1+c? 1+6% 1+¢? A+b>)1+c?) (14 be)?

4 4a
1+bc 1+a
Suy ra: ! + ! sz,/a (1)
J1+ 2 TR I+a
M3t khac ta co: 1L _\2 2)
1+a2 1+a

Ta sé chirng minh: ,/ —<— (3)
l+a 1+a

2
That vay, (3) < 1+3a—-22a(l+a) >0 < (V2a=1+a) >0 (ludn ding).

T (1), (2) va (3) suy ra dpcm. Bang thirc xdy ra<>a=b =c = 1.
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Vi du 24: Cho cac s6 thuc a, b, c khdng 4m. Chirng minh rang:
a(a—b)a—-c)+b(b—c)b-a)+c(c—a)c—b)>0 (*)
Giai:
Do vai trd cla a, b, ¢ |a nhu nhau nén co thé gid st a >b >c.
+ Né&u c6 hai trong ba s6 a, b, ¢ bang nhau thi BDT hién nhién dung.

+ Néu a > b > ¢, chia hai vé cha (*) cho (a-b)(b-c)a—c) ta dwgc BDT twong duwong:

a b5
b—-c a-c a-b

(1) ludn ding do 14> >0 - 4 b oy o,
O<b-c<a-c b-c a-c a-b
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Bai tap twong tw

Bail: Cho 0<b<a.Chiltng minh rang: a+

Bai2: Cho 0<b<a.Chitng minh rang: a+—23
b+1

Bai 3: Cho a,b,c>0.Ching minh rang : \/ \/ \/
b+c a+c a+b
Bai4: (D@ thituyén sinh cao dang khéi A,B —2005) Chox>2, y>3, z>4.

xy\/z—4+yz\/x—2 +Zx\/y—3
xyz

Tim gid tri I&n nhat cda biéu thirc P =

Bai5: Ching minh rang vdi a,b,c>0thda man a+b+c=3, ta ludn céd
2 2 2
a b c

+ + >1
a+2b> b+2c? c+2d’

3 3 3
Bai 6 : Cho ba sé thuc duwong a, b, ¢. Chirng minh 62a + 62b e ca b
& +bc VP+ca S+ab bc ca ab

Bai 7: Cho ba s6 thuc duong x, y, zthdo m3n x+2y+3z=18. Chirng minh rang:

2y+3z+5+3z+x+5+x+2y+5>ﬂ
1+x 142y 143; 7

a+b

Bai 8: Cho hai sé a, b duwong. Tim gia tri nhé nhat cda biéu thirc: P =
Ja(4a+5b) ++/b(4b+5a)

Bdi 9: Cho ba s6 thyc dwong a, b, c thod man a+b+c=2.Chirng minh rang:

ab bc ca

+ + <I.
\/2c+ab \/2a+bc \/2b+ca

Bdi 10: Cho ba s6 thuc duong a, b, ¢ . Chirng minh rang: 1+ 3 > 6 .
ab+bc+ca a+b+c

Bai 11: Cho ba s& thuc dwong a, b, c thod man o + 5% +¢* =3. Tim gia tri nho nhat cda

5 5 5

2 , a b c

biéu thirc: M = 5t 5t 2+a4+b4+c4.
b>+c” ¢ +a” a +b
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Bai 12: Cho ba s6 thuc dwong a, b, c thod m3n ab+bc+ca=3. Chirng minh rang:

1 N 1 N 1 < 1

1+a*(b+c) 1+b*(c+a) 1+c>(a+b) abc

Bdi 13: Cho ba s6 thyc dwong a, b, c thod man a® +b* +¢? =1. Chirng minh rang:
@ +b N b +c° N c+a’
ab(a+b) bce(b+c) calc+a)

>3(ab+bc+ca)-2.

Bdi 14: Cho ba s6 thyc duong a, b, c thod man abc >1. Chirng minh rang:

) o) o) o
a+ b+ c+— |2 —.
a+1 b+1 c+1 8

2 2 2
Bdi 15: Cho ba s6 thuc duwong a, b, ¢ . Chirng minh £ *he brrca cTab, ibte

b+c c+a a+b

Bai 16: Cho a, b, c 1a céc s6 thye thudc doan [1; 2]. Chirng minh (a+b+c)(l+%+ljﬁ 10
a C
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&2. MOT SO KY THUAT SU’ DUNG BAT DANG THU'C COSI

I-KY THUAT CHON DIEM ROl

“_n

Y tuwdng chinh 13 viéc xac dinh dwoc dau xay ra khi ndo, dé ta cé nhirng dadnh gia hop
li. Ly do I3 trong “Bat ddng thirc” bat ky ddnh gid nao clia ching ma khong bao toan duoc dau
“=" thi diéu tr& nén v6 nghia. Hay xét nhirng vi du minh hoa sau day.

Vidu 1: Cho x>1. Hay tim gid tri nh6 nhat cda biéu thic A::«zx+2L
X

L&i gii sai thwerng gdip: Ap dung bat dang thirc Cosi dang 222 >2./xy, ta cé

A=3x+ 152 e =6 o minA=+6 o x=

2x 2x \/g
Nguyén nhan:

= - khong thda didu kién x>1.

NG
. A>[

L&i gidi diung: Dy doan dau

ll ”

xay ra < x=1. D& bdo toan dau bang khi str dung bat dang

thirc Cési, ta chon sé « thoa ax:izmz— Khi dé

5x

A=3xs =25, ~ 1, 1.5 1>— =1 (dox=1)
2x 2 2

1.

2 x 2 2x
) 7

Suy ra m1nA=E<:>x=1.

Bai tdp twong tv

a) Cho x>2. Hay tim gia tri nhd nhat cda biéu thirc A=x+t
X

b) Cho x>10. Hay tim gia tri nhd nhat cta biéu thirc A=yt
X

¢) Cho x>100. H3y tim gid tri nhd nhat cha biéu thirc A=yt
X
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Vi du 2: Cho cac s6 thuc a,b thda man 0<a<3,3<b<8va a+b=11. Tim gid tri I&n nhat cta biéu
thic P=ab.

2
Loii gidi sai thwong gdip: Ap dung bat dang thirc Cosi dang xyﬁ[x;yj ,tacod

2 2
P=ab< at+b = 2 =£:>maxP=£c:>a=b=11
2 4 4

2 2
Nguyén nhan:

. a:l—;khéng thoa diéu kién 0<a<3

u P<£
4

a=3

b 8:>8a=3b

Loi gidi dung: Dy doan maxP khi {

Ap dung bat ddng thirc Cosi, ta cd

2
1 1(8a+3b) 1 2 1
P=ab=52@aXMﬁ_——[“+ j =§gkxa+M+54]s§g@11+5ﬂ=z4

24 2
_ a=3
Suy ra maxP—24©{b:8
] a,b,c>0 . L 3 3 3
Vi du 3: Cho b 3.Chu‘ngmlnhrang:\/a+2b+\/b+2c+\/c+2a33\/5.
a+b+c=

Sai ldm thwong gdp:

Ta cé: J1.1(a+2b) < 1+1+(3a+2b) = 2+a3+ 2b, twong tu ta co:

2+a+2b+2+b+2c+2+c+2a _
3 3 3

5

Ja+2b+3b+2c +3c+2a<

ma 5>333 = dérasai..?...?

A . - a+2b=b+2c=c+2a=1
Nguyén nhédn sai lam: P=VT <5. MaxP=5 < (vn)
a+b+c=3
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Vay P<5

Loii gidi dung: Ta du dodn dau “=” trong bat dang thirc xay ra khi

a=b=c=1=a+2b=b+2c=c+2a=>3.Nén ap dung bat ddng thirc Cosi dang

+y+ .
3 xyz S%, ta co:

1 1 3+3+(a+2b) 6+a+2b
Ja+2b=—=333(a+2b) < =
39

Jo 3 3309
_, pg0Fat2b 6+b+2c 6+ct2a ~333, ddu bing xay rakhi a=bh=c=1

339 339 339

Bai tdp twong tv

a) Cho a>0,6>0,c>3thda man a+b+c=6.Chirng minh rang: achZTZ.

b) Cho x,y,z>0thoa l+l+l=4.T‘|mGTLN cla P= ! + ! + !
X y z 2x+y+z x+2y+z x+y+2z

ab\Jc—4 +be/a—2 +cax/b—3

abc
X N y
Vi-x (Jl-y

Vi du 4: Cho a,b >0thda m3n a+b<1.Tim GTNN cla biéu thirc P =

¢) Choa>2,b>3,c>4,timGTLN: P=

d) Cho x,y,z>0va x+y=1.Tim GTNN clla P = (DHNT 2001-2002)

1
+—+4ab.
a*+b* ab

L&i gidgi ding: Do P 13 biéu thirc d6i xirng véi a.b, ta dy dodn MinP dattai a=»b :%, ta co:

P= 21 2+L+(4ab+ ! j+ ! > 4 2+2,/4ab. ! + ! 227
a - +b- 2ab 4ab) 4ab (a+b) 2ab 4(a+bj
2

a’ +b* =2ab
D4u bang xdy ra < 1 ca=b=rt,
azbZIE, a+b=1 2
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Vay minP=7©a=b=%

Bai tdp twong tv

1 N 1 N 1
@ +b> d*b ab*’
b) Cho a,b,c>0va a+b+c<1.Tim GTNN cla cac biéu thirc sau:

a) Cho a,b>0thda min a+b<1.Tim GTNN cla biéu thirc S =

SR R
a+b2+c* ab be ca
S = d + ! + d +L+L+L
a?+b> b*+c* cP+a’ ab be ca
0= ! + ! + ! +i+i+i

a’>+bc b*>+ca c*+ab ab bc ca

2 2 2

Vidu 5: Cho x,y,z>0va xyz =1.Chirng minh rang: r Y E
I+y 1+z 1+x

>3
2

Y twéng la triét tiéu mau.
Sai ldm thwéong gdp:
2 2 2

Y +y)22x, Lt (1+2)322py, 4 (l+x)22
+y +z I+x

Ta co:
1

= P22(x+y+z)—(x+y+z)-3=x+y+2z-3

Mat khac x+ y+z>33/xyz=3=>P>0

“u_n

Nguyén nhén sai ldm: Dau “=” xay ra << 2 32 72 (vn)
=1+y, =1+z, =1+x
I+y I+z I+x

“u_n

Loi giGi ding: Ta dy doadn dau “=" xay ra khi x =y =z =1. Vi vdy dé bo toan diu bang khi

2
2 ~ < ’ A e ~ 2 1+ 1
su dung bat dang thirc Cosi, ta chon s6 o thoa AN P AP
I+y a 2

_2 o a—4.Khido
(04
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2 2
1+ 1+z z 1+x
R G N >

I+y 4 I+z 4 I+x 4

Ta co:

1 3 3 3.3
=P>x+y+z)——(x+y+z)——=—(x+y+z)——=>—
(x+y+2) 4(x y+z) 1 4(x y+z) 1

Dau “=" xayrakhi x=y=z=1.

Bai tdp tuvong tw

a) Cho x,y,z la3sdthda x+y+z=0.Ching minh: \/3+4" +\/3+4y +\/3+4Z >6

b) Cho x,y,z la cac s6 thuc duong théa xyz=1. Chirng minh:

3 3 3
X y z >§

(1) (i+2) (1+2)(1+x) (1+x)(1+y) 4

¢) Cho x,y,z 1a cac s6 thyc duong thoa 1i203 0 Tim gia tri I&n nhat cda biéu thic
Xy z

P=x+y+z
Vi du 6: Cho cac s thyc x, y, z thda man xy + yz+zx=1. Tim gia tri nhd nhat cda bié€u thirc

P:)c2+yz+2z2

Lwu y: Bai nay viéc dy dodn dau “=” xay ra 1a khéng thé. P& tim minP, ta mong mudn cé
mot bat dang thirc dang »* +y2 +222 > k(xy+yz+zx) Vibdc cla P va gia thiét bang nhau, hon nira
lai c6 dang t6ng tich. Nén ta nghi dén viéc ¢ thé dung bat dang thirc Cosi dang

X*+Y? 22Xy (*)?
Nhung muén dp dung y tudng (*)vao bai nay, ta can biét duoc dau “=" xay ra khi nao.

Tuy nhién viéc xem xét bai todn chi cho ta mét di¥ liéu duy nhat, d6 1a ta cé thé du dodn dugc
khi P dat min thi dau “=” sé xay ra khi x=y (x, y d6i x(rng). Cé nghia la ta van chua biét dugc
gia tri cu thé cla x, y, z la bao nhiéu, nhung ta thdy khi thay (x:y:2) b&i (—xiyiz), (-xi-y:z2),
(~x:-y:-2) ... thi bai todn van khéng thay d6i. Do d6 ta chi can xét x, y, z |a cac s thyc duong.

Gia st rang khi P dat gid tri nhd nhat thi {x =Z>=g>0 = a*+2ab=xy+yz+zx =1
Z:

va bx=by=az
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Ap dung x? +y? >2Xv(*), ta co:

ab(x2 + y2 ) > 2abxy

b>x* +a’7* > 2abxz = 2ab(xy +yz+ zx) < (ab +b? )(x2 + y2 ) +2a%7*
b2y2 +a’? > 2abyz

2
~ a v L? s ) a” +2ab=1 2 _ _
Dén day thi chican tim a, b thoa: 5 , =1 +2§’b i<:>a=i,b:\/g !
2(ab+b )=2a ab+b*=a % 2(‘/5

by

Loi gidi:

_ > _
Détazibz\g 1_ a +2;zb—£
ab+b” =a

G 2ds
Ap dung x? +y? >2Xv(*), ta co:

ab(x2 + y2 ) > 2abxy

b>x* +a’7* > 2abxz = 2ab(xy +yz+ zx) < (ab +b? )(x2 + y2 ) +2a°7 =d®P
b2y2 +a’ > 2abyz

AY 7 2 2 n “_n ? = = = = =
Tirdésuyra px2ab_2b_5_y, Dau “=" xay ra @{x Y, bx =az, by “ZQ{X y=4a
a> a xy+yz+zx=1 z=b

Bai tdp twong tv

Cho x, y, z |a cac s6 thyc thda xy+yz+zx=8. Tim gid tri nhd nhat cla biéu thirc :

a) P=)62+y2—|—222 |C))P=xz+3yz-1—2z2 C)P=5)cz-|-3yz-|—222
Vi du 7: Cho céc s6 thuc duong x, vy, z thda x+y+z=3. Tim gid tri nhd nhat cha biéu thirc
szcz-l-yz-l—z3
Nhén xét : Bai nay cling nhuw vi du 6, viéc dy dodn dau “=” xay ra rat khé. Hon nira, biéu

thirc P 13 bac hai nhung gia thiét lai 1a bac nhat, nén ta nghi ngay dén viéc si dung bat dang
thirc Cosi dang x*+y? >2xy(¥)? VGi Y |a hdng s6 d€ gidm bac cla P.

Dy doan duoc khi P dat min thi dau “=" sé& xdy ra khi x=y (x, y d6i xi&rng), nén ta cd y tudng
la tim hai sé a, b twong tw vi du 6.
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Ap dung (¥),taco:

2, 2
x“+a” 22ax
y2+612 >2ay = P+2a* +2b° 22a(x+y)+3b2zC>P22a(x+y)+3bzz—(2a2+2b3)
2 +b b’ 23b°;

2a=3b> 19-37
. d’ x_y_a x:y:a:—lz
Twdosuyra: {*=Y= =
LR P e
x+y+z=3 i=0= 6
Loi gidi :
Déta:w—\/ﬁ’ b:ﬁq N 2a+b=21
12 6 2a=3b

Ap dung bat dang thirc Cosi, ta o :

x* +a® > 2ax
y2+a2 >2ay = P+2d° +2b? 22a(x+y)+3bzz<:>P22a(x+y)+3bzz—(2a2+2b3)

f+f+ﬁ2%%

541-3737
108

19-/37 . B7-1
12

:b:
6

:P22a(x+y+z)—(2a2+2b3)=

Diu “="xdyra o x=y=a=

Vi du 8: Cho x,y,z>0Vva 4x+3y+4z=22. Tim gia tri nhd nhat cda biéu thic

1 2 3
P=x+y+z+—+—+—
3x 'y z

“u_n

xay ra khi nao la
“=" xay ra tai

Nhén xét: Bai nay ciling 1a mot bai todn kho, viéc du doan dau
khong thé. Tuy nhién véi y tudng nhu hai bai todn trén, ta gia dinh rang dau
I _1_x 2.2 23 3 3

x=a,y=b,z=c.Khidod 4a+3b+4c=22va —=—=—"- Z=2=-22 = = va ta cd danh gia
3x 3a 352y b p2 oz ¢ 2

1, x .2 2,24 336

L. > =z

3x 342 3ay p2 b oz 2 ¢
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Suyra P>x+y+z+ 2_x + L + 6 32
3a 342 b p? c 2

= I_L x+ 1_1 v+ l_i 7+ i_f_i_}_é (*
3a? b? c? 3a b ¢

Van dé con lai la chon a, b, c thich hop dé st dung gia thiét 4x+3y+4z=22. Vay thi cic hé

4a+3b+4c=22

a
s6 cla x,y,z trong (*)phaithéa {1-—- 1-2 1-3 &5
y g1*p
C

3a _ b _ ?

S—~—"

1
2
3

4 3 4
Loi gidi : ( Cac ban ty trinh bay lai loi giai. )

Bai tdp tuwong tw

a) Chirng minh rang néu x, y |a cac s6 dwong thda man x> +y2 =5, thi x> +y°>9.
[ SN B
\/1+x2 \/1+y2 \/1+22 2

c) Cho x,y,z>0Va x+y+z=3. Chitng minh rang x +/y +yz > xy+yz+2x

b) Cho x,y,z>0Va x+y+z=xyz. Chitng minh rang

d) Choux,y,z>0Vva 4x+3y+4z=22. Tim gia tri nho nhat cta biéu thirc P=x—|r2y+z+3i+g+z
X vy z

I+x 1+y 1+z
+ +

e) Cho ba s6 khéng am x, y, z théa man xyz=1.Chirng minh rang x+y+z>
1+y 14z 1+x
f) Cho ba s khéng am x, y, z thdéa x+y+z=3.Chéng minh—— 2, ¢ -1
v+16 2+16 x*+16 6

g) Cho x,y,z>0.Ch&ng minh —* 7 3
2x+y+z 2y+z+x 2z+x+y 4

h) Cho x,y,z>0 va x*+y* +z2=1. Chitng minh rdng —>—+ 2 % 23\6
g g 2 2 2 2

y +z I +x X +Yy 2
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II-THAM SO HOA

Dw doan dwoc dau “=” xay ra

Viéc dy dodn duoc dau “=" xay ra khi nao 1a rat quan trong, khi d6 ta s& dinh hudng duoc
cach danh gid hop li va luén bao toan duoc dau “=".

Vidul:Cho a+b=2.Chi*tng minhrang: B=da’+5">2.
Nhdén xét: Dy doan dau “=" xay rakhia=b =1.
Gidi:
Dat: a=1+x.Trgid thi€tsuyra: b=1-x,(x € R).
Tacd: B=a’+b =(1+x)°+(1-x)° =10x* +20x> +2>2
Diu “=" xdyra <x=0,haya=b=1.V4ayB > 2.
Vidu 2: Cho a+b=3, a<1.Chitng minh rang: C=b-a’-6b*-a*+9b>0.
Nhén xét: Dy doan dau “=” xayrakhia=1;b=2.
Gidi:
Dat a=1-x,vdix > 0.Twrgid thi€tsuyra b=2+x.
Tacé: C=b-a’-6b"~a*+9b = 2+x)° —(1-x)° =62 +x)> —~(1-x)* +9(2+x)
= x> =2x>+x = x(x-1)>>0 (vix=0).
Diu “=" xdyra <x=0hodcx=1trca=1,b=2hodca=0,b=3.VayC > 0.
Vidu3:Cho a+b+c=3.Chirng minhrang: A= &*+b*+c?+ab+bc+ca>6.
Nhén xét: Dy dodn dau “=” thirc xdy ra khia=b=c=1.
Gidi:
Dat: a=1+x,b=1+y,(x,y € R). Trgid thi€tsuyra: c=1-x-y.

Tacd: A= a*+b>+c?+ab+bc+ca
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A+ +(1+y) +A=x=y) > +(1+0)A+ )+ + )1 —x—y)+(1—x — )1 + x)

2
x2+xy+y2+6 = (x+lyj +§y2+626
2 4
Dau “="xdyra < y=0va x+%y=0<:> x=y=0 haya=b=c=1.VayA > 6.

Vidu4: Cho a+b=c+d.Chitng minhrang: D= a*+b*+ab>3cd.
Nhén xét: Dy dodn diu “=” xay rakhia=b=c=d.
Gidi:
Dat: a=c+x,Vvl0ix e R.Tlrgid thiétsuyra b=d—x.

Tacd: D= (c+x)+(d—x)+(c+x)d-x) = > +d* + x> +cd +cx—dx
1 4 1Y 3
= (cz+d2+Zx2—2cd+cx—dx]+3cd+zx2 = (c—d+5xj +Zx2+3cd23cd.

Dau “=" xdyra < x=0va c—d+%x=0 ox=0vac=dhaya=b=c=d.

Vay D > 3cd.
Vi du 5: Cho ab > 1. Chirtng minh rang: a’+b*>>a+b.
Nhén xét: Dy dodn dau “=” xadyrakhia=b =1.
Gigi:
Data=1+x; b=1+y.
Tacd: ab>1 < (+x)(1+y)21< x+y+xy>20va x> +y? >2xy, Vx,yeR

Do d6 a® +b —(a+b)=(1+x)’ +(1+y)* =(1+x)=(1+y) =x" +y” +x+y
Z%(x2+y2)+xy+x+y20 (PUng vi xy +x+vy > 0)

Dau “=” xdyra <> x =y =0hay a = b = 1. Vay BDT dwgc chirng minh.
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Vidu6: Choa < 1;a+b > 3. Chétng minh rang: F = 3a2+b2+3ab—27r720

Nhén xét: Dy doan dau “=" xay ra khi « =—%, b=

N | o

Gidi:
Dita=1-xvaa+b=3+y. Tirgidthiétsuyrax,y >0néntacéd:b=2+x+y.

Twdd:F=31-x)%+ Q+x+y)°+ 3(1—x)(2+x+y)—% = x2+y2—5x+7y—xy+?

Dau “=” xay ra <:>x=§vé1y=0haya=—i véb=%.

Vay bat dang thic F > 0 dwoc chirng minh.

Bai tdp twong tv
1) Cho a, b > 0thoa man a + b = 1. Chirng minh: i+ 3 >14.
ab 4?4+ p?

2)Choa+b+c+d=1.Ching minh: (a+c)(b+d)+2(ac+bd)£%.

3)Choa+b+c > 3.Chitng minh: a* +b* +c* >a® +b° + 3.
4) Cho a + b > 8va b > 3. Chitng minh: 274 +106° > 945.
5) Cho a+b>2.Chitng minh rang: o +b° <a* +b*.

6) Cho a < 4. Chirng minh rang: a*>(2—a)+32>0.

Vai tro nhu nhau giira cac bién
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Y twdng chinh cta k§ thuat nay 1a dwa vao cac mai lién hé gitra cac bién trong bai toan dé
c6 thé thém bién phu. Luu y ta c6 tinh chat: “ vdii moi sé thwe a,b thi luén tén tai sé thuce k
saocho a=b+k”.

K{ thuat nay thuong ap dung cho nhitng bat dang thirc dong bac, ddi xirng, hodn vi, c6
chira tri tuyét déi...

Vi du 7: Chirng ming rang v&i moi a,b,c>0, ta c6 bat dang thirc o’ + 5> + ¢ > 3abe.
Giai
Do vai tro cla a, b, c la nhu nhau, nén gia s&* a=min{a,b.c}.
Dit b=a+x, c=a+y = x,y2=0. Thay vao bat dang thirc can chirtng minh, ta cé
ag+(a+x)3+(a+y)3 Z3a(a+x)(a+y)
< 3ax? +3ay2 +x° +y3 —3axy =0 <:>3a(x—y)2 +3axy+x3 +y3 >0 (ludn dung)
Dau “=” xéy rnox=y=0=a=b=c
Vi du 8: Cho cac s8 thuc khong m a, b, c. Chitng minh rang
9
a+b +c 23abc+z‘(a—b)(b—c)(c—a)‘
Giai:
Khéng mat tinh tdng quat, gid s&t a<b<c. Khi dé ton tai x,y>0 sao cho
b=a+x,c=a+y,y>x

Thay vao bat dang thirc can chirng minh, ta dwoc
a +(a+x)3 —|r(a—|ry)3 —3a(a+x)(a+y)—%xy(y—x)2 0

= (?)ay2 —3axy)+3ax2 +x° +y3 —%)cy2 +%x2y >0
3.3 3
< 3ay(y—x)+3ax’* +(y—x) +Zxy(y—x)+2x> >0
s{y=s) 3+ (3 + L3

“_n

B4t dang thirc cudi cung ludn ddng vi x,y>0. Dau Xayra o x=y=0=a=b=c.
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Vi dU 9: Cho a,b,c>0 thda a+b+c=1. ChL'rng minh (a—b)(b—c)(c—a)S

| %

Nhan xét: Hai vi du 1 va vi du 2 |3 bat dang thirc d6i xirng, nhung vi du nay thi khong doi
xng. Tuy nhién lwu y rang A<|A|,VA<R, ta c6 thé chuyén VT thanh dang ddi x(rng.

Giai:

Ta s& chirng minh bat dang thirc manh hon ‘(a—b)(b—c)(c—a)‘é

|

Vi day la bat dang thirc ddi xirng, nén ta cé thé gid sta<b<c.

Khi d6 tén tai x,y>0 sao cho b=a+x, c=a+y, y>x

Thay vao bat dang thirc can chirng minh, ta duoc : xy(y-x)<

x|

(1)
Do a+b+c=1nén 3a+x+y=1=x+y<l.Ma x,yZO:OSxS%, x<y<l-x
Suy ra VT(l)=xy(y—x)Sx(l—x)(l—Zx)=2x3 —3x% +x (2)

Xét ham s6 f(x)=2x"-3x"+x, xe[&%}. Tacod f'(x)=6x"—6x+1

f/(x)=0c>6x2—6x+1=0c>x=3_6\/§ doxe{o;%}

Suy ra f(x)smax{f(O),f{%}f(%]}:f{%]:ﬁ (3)

18
Két hop (1).(2).(3) ta suy ra diéu can chirng minh.

3—@ 3+\E
6 >y

Dau “=" xayra < x= -— ,tcla a=0, b=

3-43 ) 3443
6 9

- Vi a<b<c).
2 (Vi asbsc)

Vay (a—b)(b—c)(c—a) S‘(a—b)(b—c)(c—a)‘ Sﬁ .

8

Diu “=" xdy ra < a=0, b=3_6\@, c= 3+6‘@ va cac hoan vi cia né.
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Vi du 10: Cho a, b, c 1a ba canh cla mét tam giac. Chirtng minh rang
(a+b+c)min{a,b,c}§2ab+2bc+2ca—a2 —b*-c?
Giai:
Do tinh d6i xttng nén ta c6 thé gid st a=min{a,b,c}. Bat ddng thitc can chirng minh tré
thanh

(a+b+c)a£2ab+2bc+26a—a2—b2—02 & 2a% +b> +c? <ab+ac+2bc

Pat b=a+x, c=a+y Vi x,y>0. Thay vao trén, ta dugc

2a2+(a+x) (a+y) <a (cH)—x)+a(a+y) 2(a+x)(a+y)

(1)

o x? +y <x(a+y)+y(
Via+b>c=a+x>y, a+c>b=a+y>x

“ II

Do d6 (1)ludn ding. Dau “=" xdy ra - x=y=0a=b=c.

Vi du 11: Cho céc s6 thuc a, b, ¢ théa man max{a.b,c}-min{a,b.c}<1. Chirng minh
1+a’ +b> +¢ +6abc 23a’b+3b°c +3c%a. (1)
Gidi:
Khéng mét tinh tong quat, gid sit a={a.b.c}. Dat b=a+x,c=a+y v&i x,y>0.Ta cé:

1+a> +b° +¢ +6abe>3a’b+3b%c+3c’a = 1+a +b° +¢° —3abcZ3(a2b+bzc+cza—3abc)

" a3+b3+c3—3abc=3a(x2—xy+y2)+x3+y3
d
a2b+bzc+02a—3abc=a(x2 —xy+y2)+x2y

Do do (1)<::>1+x3 +y3 >3x%y
Mat khac tir gia thiét, ta céd 0<x,y<l=1+x" +y° 23\3/1.x3.y3 =3xy >3x°y.

“_n

Vay bai toan duwoc chirng minh xong va ddu “=” xdyra < x=y=l<b=c=a+l.
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2
Vi du 12: Cho cac s thuc a, b vdia + b = 0. Chirtng minh: a2+b2+(%j >2.
a—+

Giagi:

1+ab
a+b

Pat c=- .Ta cé: ab + bc + ca =—1 va lic nay BDT can chirng minh tré thanh:

a?+b*+c? 220 a? +b* +c? 2 -2(ab+bc +ca) < (a+b+c)* 20 (ludn dang).
Vay bat dang thirc dwgc chirng minh.
Vidu13:Choa, b, c e[1;3]vaa+b+c=6.Ching minh rang: a*+5> +c*<14
Gidi:
Pata=x+1;b=y+1;c=z+1.Khidox,y,ze [0;2]va x+y+z=3
Gidslr x=max{x;y; z}, suyra:x+y+z=3<3x=1<x<2 = (x-1)(x-2) <0
Nén: x>+ y?>+ 22<x?>+(y+2)° =x>+(B-x)>=5+2(x - D(x-2) <5
Suyra x>+ y*+ 2<5

Tacod: > +b°+c2=(x+1D)>+(+1) + @+ = X+ y? + 22 +2(x+y+2)+3<14

x=1
Diu “="xayra < {y=¢ ox=y=z=l=a=b=c=2
xX+y+z=3
Lo |x=2 x=2 a=3
hoac {y=z <y 1= b 3
x+y+z=3 y_Z_E _C_E

Bai tdp twong tv

1. Choa, b, cla céac s8 thuc khdng am. Chirng minh rang
a(a—iﬁ(a—c)+b(b—c)@r—a)+c(c—a)@%—b)Z0

2. Choa, b, ¢, r 1a cac s6 thyc khdng am. Chirng minh rang
ar(a—b)(a—c)err(b—c)(b—a)+cr(c—a)(c—b)20

3. Cho¢Lac20th6aa+b+c=1.Ch&ngnﬂnhr§ng(a—bXb—cXc—a)z—%g
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1 1 1

4. Cho céac sé thyec phan biét a, b, c. Chirng minh (a2 +b° +c2) + +

(a=0) (b-¢) (e=a)
Y s . . A I 2
5. Ching minh rang v&i moi a,b,¢>0, ta déu cd (a2+b2 +c2) 23(a3b+b3c+c3 )

6. Choa,b,ce[l;3]vaa+b+c=6.Ching minhrang: *+b*+c><36.
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I-PHUONG PHAP DOI BIEN PAI SO

Y tudng chinh clia phuong phép 1a 1am cho bai todn trd nén don giadn hon, ha bac, mat
can thc hodc triét tiéu mau.

Sau day la mét sé tinh chat (ddu hiéu nhan biét) can biét khi st dung phuong phap nay.
Ban doc quan tam cé thé chirng minh dé dang. Nhitng tinh chat nay ap dung cho trwong hop
ba bién va cé thé dp dung tuong tu cho n bién.

Tinh chat 1: Néu ba s6 duong a, b, c thoéa abc =1, thi

i) Tontaicacso duongx,y,zsaocho a=2,b=2c=% hodca=2,p==,c=2.
y < X X y Z
sy T . m? n’ p2 " np mp mn
ii) Ton tai cac s6 dwong m, n, p sao cho a=— b=—,c=£— hodc a=—— b="F c=—.
np mp mn m? n? p2

Tinh chat 2: Néu ba s6 duong a, b, c théa a+b+c=kthitdn tai cic s6 dwong x, y, z sao cho

kx ky kz
a= , b= , =
X+y+2z X+y+z X+y+z

Tinh chdt 3: Néu x,y,z>0 thda diéu kién xyz=x+y+z+2 thitdn tai a,b,c>0 sao cho

b+c ct+a a+b
X = . y: . Z:
a b c

Tinh chdt 4: Néu x,y,z>0 thda diéu kién xy+ yz+ zx +2xyz=1thi ton tai a,b,c >0 sao cho

a b c
X = . y: .
b+c c+a a+b

Tinh chat 5: (Phép thé Ravi) Cac s6 thuc a, b, ¢ 1a ba canh cdlia mdt tam gidc khi va chi khi tén
tai cdc so duongx,y,zsaocho a=y+z, b=z+x,c=x+y.

Nhédn xét : Phép thé Ravi giup ta chuyén mét bai todn BET vdi ba sé duwong vé mét BDT
trong tam gidc va nguorc lai.
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Vi du 1: Cho a, b, c |3 cac s8 thuc dwong thod man abc = 1. Chirng minh rang:

1 1 1 3
+ + >=
a(b+1) b(c+1) c(a+1) 2

Giai:
v X y 7 s N
bat a==;b==;c==,Vv0dix y, z lacacso thyc duwong.
y Z x

, 1 1 1 3
Ta co: + + >=
a(b+1) b(c+1) cla+1) 2

1 1 1 3
N + + 25
X(ij y(zﬂj HE
y\z z\x xy
o yz n X n Xy Zé (*)

Xy+zx yz+xy zx+yz 2
T&i day ta ching minh (*)dé dang (xem nhu bai tap)

Vi du 2: (Olimpic quéc t& 2000) Cho a, b, c 1a cac s6 thue duwong thod man abc = 1. Chirng minh

r‘éng: (a—1+lj(b—l+lj(c—l+ljgl_
b C a

Giai:
< X y Z o \ o
Ddt a==;b==;c==,Vdix y, z la cac s6 thuc duong.
y oz o«
Ta co: (a_1+lj(b_1+lj(c_l+ljél®(x—y+Z)(y—z+x)(z—x+y)S1
b C a xyz
S (x—y+2)(y—z+x)(z-x+y) < xyz (*)

Do vai trd x, y, z c6 vai trd nhu nhau, khdng mat tinh téng quat nén gid st : x >y >z > 0.
Nhuwvayx—y+z>0vay—z+x>0.

+Néu z—x+y < 0 thi () hién nhién ding.
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+NEu z—x+y>0, ap dung BDT Co-si cho hai sé duong ta co:

Ja=y+2(-z+0) x5 J-z+0)@-x+y) <y; J@-x+y)(x-y+z) <z
Nhan vé theo vé cac bat dang thirc trén, suy ra (*).
Vay (*) ding cho moi x, y, z la cac s thuyc duwong, suy ra bai todn duoc chirng minh.
Vidu 3: Cho x,y,z>0:xyz=1.

1 1 1

Tim GTLN cla biéu thirc: P=— — St
X +2y°+3 y 4+2z°+3 z'+2x° 43

Nhdn xét: Vi P |a biéu thire d6i xirng vdi x, y, z nén maxP tai x=y=z= 1.
Gigi:

Ap dung BDT C6-si, ta co:

x>+ >2xy ) 5 1
Sx 2y +322xp+2y+2 = — —< .
Y122y X +2y°+3 2xy+2y+2
Tuong ty: — 12 < : A = 12 < : :
Vy +2z°+3 2yz+2z42 z +2x"+3  2zx+2x+2
Do dé: Pgl( ! + ! + ! ).
2 xy+y+1l yz+z+1 zx+x+1
Vi x,y,z>0:xyz=1 nén tén tai cdc s6 duong a, b, c sao ChO:x=%,y=2,z=£.
C a
1 1 1 1 1 1 1 1

Suy ra: Psl( + + =—
2 xy+y+l yz4+z+1l z+x+1 2

( + + )
g+é+1 é+£+1 g 2
c c a a

Vay: MaxPz%@xzyZZZI.
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Nguworc lai, d6i véi mot sd bai toan chirng minh bat dang thirc ma cac biéu thire ( hodc
cnt 4. 2 N s , e , , b - o aen aw
bién doi cua nd) cé chira cac biéu thirc c6 dang: %; 2.5, Vi a,b,c#0. Lic nay viéc dat
c a

b

X :%; y==;z=—, V@i xyz = 1 la mot phwong phap hiru hiéu.
C

Q|0

b c a

Vi du 4: Cho cac s6 thyc dwong a, b, c. Chirng minh rang: + + <1
a+2b b+2c c+2a
Gidi:
BOT < ! +b1 RELEPYY
Ci2 242 S4o
b c a
bat xz%; yzé; =< . Taco X, Y, z la cac s6 thuc dwong cé tich xyz = 1.
C a
Suy ra: 1+b1+1$1<:>1+1+131
A5 b 5 € 5 x+2 y+2 z+2
b c a

S (x+2)y+2)+(y+2)(z+2)+(z+2)(x+2) < (x+2)(y+2)(z+2)
& (xy+yz+zx)+Ax+y+2)+12 < xyz+ 2(xy+yz+zx)+4(x+y +2) +8
S A< Xyz+XY+YZ+2X & 3 < XY + Yz + 2ZX.

Day la bat dang thirc dung vi 4p dung bat dang thirc Co—si cho ba s6 dwong ta cé:
Xy +yz+2x 233 (xyz)? =3. Suy ra diéu phai chirng minh.

Bai tdp twong tw: Cho céc sé thuc dwong a, b, c. Chirng minh - b +—C .

a+2b b+2c c+2a

Vi du 5: Cho cac s6 dwong a, b, c théa abc<1. Chirng minh %+2+£2a+b+c.
C a

Giai:

a

o L. . 4 b c
Pat abc=1-kVvdi 0<k<1.Khido ) )
Y-k -k -k

=1. Do vay tén tai x,y,z>0 sao

GGroup: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

cho a=1-k%, bp=31-k2 c=d-k=
y Z X

Bat ddng thirc can chirng minh tré thanh: 2=+ 22 253 x| 2424 2 (1)
yz z2 xz y 7 x

Do 1-k<1,nén (1)< P L RS
22 2y oz«
e y3x3 + z3y3 > xyz(xzz + yzx + zzy) (2)
Ap dung bat dang thirc Cosi, Ta co
LR+ 2332, VPP 312y 23 A2y 88 2307

Cong ba bat dang thirc trén theo tirng vé, ta dugc (2).

Vidu 6: Cho x,y,z>1 thda man 1, Chirng minh rang

X y z
\/x—l+\/y—1+\/z—1£\/x+y+z (1)
Gidi:
Taco Lelilone (L L s mosa -t o[- ]4 1=
Xy oz X .y z x y z
P3t: 1_l= a . a+b+c 1_l= b :>y_a+b+c 1_1= c :>Z:a+b+c
X a+b+c y a+b+c c+a z a+b+c a+b

Khldo \/ \f \/ \/a+b+c)£ ! + ! j
b+c +a a+b b+c c+a a+b

Ap dung bat dang thirc BCS, ta cé

{ a { b c 1 1 1
b+c+ c+a+\/a+b_\/;.\/ +\/_ m_“/_\/ \/(a+b+c)(b+c+c+a+a+bJ

Vidu 7: Cho a.b.c>0 thoa didu kien -1 1 1 _
l+a* 1+b* 1+¢* 1+4*

Chirng minh rang abed >3.
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Giai:

'Dét 1 _ X 1 _ y 1 _ Z 1 _ t
TUgat XxHyHzHr 14pt XYz 14t xXHyHzHt [4gb x+y+zHt

Suyra 4’y+Z+l‘ /z+t+x 4,t+x+y’ d:4/x+y+z
Z t

B4t dang thirc tré thanh \/y”“\/””x f+x+y4X+y+z>3

(y+z+t)(z+t+x)(t+x+y)(x+y+z)>81xyzt

Bat ddng thirc ndy chirng minh dé dang !

Vi du 8: Cho a,b,c>0 thoa a* + b +c? =3. Chitng minh ab be ca. s,
C a

Giai:

Bat ddng thirc can chirng minh twong duong véi: a2® + b2c2 +c*a® > 3abe (1)

Pat o> = 3x b2 = 3y 2= 3z
. X+y+2z X+y+z X+y+z
Khid6 (1) 20, 92, 92 4 | 27w
(x+y+z)2 (x+y+z)2 (x+y+z)2 (x+y+z)2

= (xy +yz+ zx)2 > 3xyz(x +y+ z)

Chirng minh BDT nay danh cho ban doc.
Vi du 9: Cho x,y,z>0thda xy+yz+zx+2xyz=1. Chirng minh %/QJF%ESW.
V8i a,b,c>0. Bat dang thirc can chirng minh trd

thanh
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C:’i/ b ‘ c +§/2. a+b ‘ a+c S%
at+tb+c a+b+c a+b+c a+b+c

Ap dung BDT C6si cho ba s6, ta co:

# b c 1 _1( b ¢ 1
) —<— + +—
at+tb+c a+b+c 3 3la+b+c a+b+c 3

i/a+b a+c %<l a+b N a+c +2
a+b+c a+b+c 3 3la+b+c a+b+c 3

Suyra i/ b < 1+§/ atb _avc 2 _(chng minh xong)

a+b+c a+b+c’3 Va+b+c atb+c'3
Vi du 10: Cho x,y,z>0thda xz=x+y+z+2. Chirng minh rang 2(@+ yz+\/;)3x+y+z+6
Gigi:
Tacd 2(\/5+\/;+\/z_x)=(x/;+\/;+\/Z)2—(x+y+z).
Do d6 BDT can chi*rng minh trd thanh : \/;J“\/;J”/ZSW

Tl gia thiét, dat (S 3 y=cza, ,=ath
a C

Nhu vay ta phai chirng minh

\/b+c+\/c+a+\/a+bs 2(a+b+c) l+1+l
a b c a b c

Ap dung bat dang thirc BCS, ta cé diéu phai chirng minh

\/b+c+\/c+a+\/a+b:\/I.\/b+c+\/z.\/c+a+\/z.\/a+bs 2(a+b+c) l+1+l .
a b c a b c a b c

Vi du 11: Chitng minh rdng a, b, ¢ la d¢ dai cia mot tam gidc thi a(b+c-a)<2bc.

Giai:
Theo tinh chat 5, ddt a=y+z, b=z+x, c=x+y VOi x,y,2>0.

BDT trd thanh x(y+z)<(x+y)(z+x)
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Ap dung bat dang thirc BCS, ta cé

(x+y)(z+x)2(&+&)2=xy+xz+2x\/;>xy+xz=x(y+z)
Vi dy 12: Cho x,y.z>0thoa diéu kién xyz(x+y+z)=1. Tim gia tri nho nhat cla biéu thirc
P=(x+y)(x+z)
Giagi:
Dat a=y+z, b=z+x, c=x+y, khidd a, b, cla ba canh cia mot tam giac ABC nao do.

Vataco

x_b+c—a_ 4 Z_a+b—c_ _e VO _a+b+c
> p—a, 'y > , > p p >

Diéu kién bai todn tré thanh (p—a)(p—b)(p—c)pzlejABC =5 =85=1

Do do ta co P =bc > bceSinA =25 =2

Arp M= 2 SinA =1 b2+02:a2 x(y+z)=yz
Dau Xay ra Q{bczz Q{bc=2 <:>{(x+y)(x+z):2

Vay minP=2.

Vi du 13: Cho a, b, ¢ 1a d6 dai ba canh clia mot tam giac cé dién tich S. Chirng minh rang
a*+b*+c? Z4\/§S+(a—b)2 +(b—c)2 +(c—a)2
Giagi:
Pat a=y+z b=z+x, c=x+y VOi x,y,z>0. Khidd ta céd

p=x+y+z, x=p—-a, y=p-b, z=p-c, S=nyz(x+y+z)

B4t ddng thirc can chirng minh tré thanh

(y+z)2+(z+x)2+(x+y)2 Z4J3xyz(x+y+z)+(y—x)2+(z—y)2+(x—z)2
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@xy+yz+zx2413xyz(x+y+z)

& (xy+yz+zx)2 > 3(xy.yz+yz.zx+zx.xy)
= (xy)z +(yz)2 + (zx)z > Xy.yZ+ yz7.2Xx + Zx.Xy
Bat ddng thirc cudi clng 1a mot két qua quen thudc.
Vi du 14: Cho a, b, ¢ 1a dd dai ba canh cla mot tam giac. Chirng minh rang
azb(a—b)+bzc(b—c)+c2a(c—a)20
Giai:
DAt a=y+z b=z+x, c=x+y VOi x,y,z>0. Bat dang thirc can ching minh tréd thanh

x%+@ﬁx+£y2x%z+xﬁz+xm2

x2 y2 2
S—+—+—2x+y+z
y z X

Ap dung bat dang thirc Cosi, ta co
2 2 2
x—+y22x, y—+Z22y, ix22z
y z X
Cong ba bat dang thirc trén theo vé, suy ra diéu phai chirng minh.

Vi du 15: Cho a,b,c >0. Tim gia tri nhd nhat clda biéu thirc P = a_, 4b | Sc
b+c c+a a+b

Giai:

Dat x=b+c, y=c+a, z=a+b, khido x, y, z |a d6 dai ba canh cia mot tam giac va

a:y—irz—x’ b:z—irx—y’ C:x+y—z
2 2 2
Khi do
3(y+z—x) 2(z+x—y) 5(x+y—z)
= + +
2x y 27

= 2_x+3_y + 5_y+% + £+5_x —6>2\3+245+215-6

y  2x 2z y 2x 2z
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Vay minP =243 +2J5+2415-6 khi i:%:—

\/5 \/§>0'

Phdén trén ta dd si dung déu hiéu nhén biét dé déi bién. Tuy nhién con rét nhiéu bét
ddng thirc ma khi gép phdi, né doi héi ching ta kinh nghiém gidi todn va sv linh hoat trong
phdn dodn. Sau ddy téi trinh bay tiép cdc vi du ma cdch déi bién khéng tudn theo ddu hiéu
ndo.

Vi du 16: Cho a, b, c 1a ba s6 dwong thda abc =1. Chirng minh rang

1 N 1 N 1 >

aZ(b+c) bz(c+a) cz(a+b)

N | W

Giai:

bat a:l, b:l, c:l thi ta ¢ xyz=1. Bat ddng thirc can chirng minh trd thanh
X y z

2 2 2 X

2 4% >3 (p3 ching minh)
y+z z+x x+y 2

N | W

Vidu 17: Cho x,y,z>0. Chirtng minh rang: (x+y-z)(y+z—x)(z+x—y)<xyz.

Giagi:
o a+c a+b b+c
Data=x+y-z,b=y+z—x,c=z+x—-y=>x= 5 Y= 5 ,Z= 5

B4t dang thirc can chirng minh tré thanh: abe < a+b.b;c.cza .
Ta th3y téng 2 s bat ky trong 3 sé a, b, c 13 1 s6 khdng 4m nén c¢d it nhat 2 trong 3 s6 d6
khoéng am. Trong trudng hop c6 1 s6 am thi BDT hién nhién ding. Do d6 phai xdy ra trudng

hop ca 3 s6 a, b, c khdng &m. Ap dung BDT Co-si cho 2 s6 ta cé:
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“;b.bzc.cza > Jab Jbe~ea = abe (DPCM).

Vi du 18: Cho ba sé a,b,ce(O;%):a+b+c:3. Chirng minh bat dang thirc:

S SRS 9 '
J3-2a ~3-2b ~3-2¢ ab+bc+ca

Giadi:

’

. Cxy,z>0
Dat V3-2a :x,\/3—2b=y,\/3—2c =z thi { 2y .,
X +y +z°=3

. 1
Ta co: ab+bc+ca =Z(x2y2 +y° 27 +2°%° +9).

Do d6 BDT can chirng minh trd thanh:

1,11 — 2326 — <:>(l+—+l)(x2y2+y222+22x2+9)236.
X Yy z Xy 4+yz4+zx+9 X y z

Ap dung BDT C6-si cho 3 s6 dwong va 12 s6 dwong ta duoc:

l+l+lz 3

X ¥y z Jxyz

>0 (1)

XY+ Y2+ +9=x"y 4y 2+ 2 1+ 12128 (02)t =123xz >0 (2)

9sol

Nhan vé theo vé cia (1) va (2) ta cd diéu phai chirng minh.

Vi duy 19: Cho x,y,z>0:x+y+z=1. Chirng minh rang: Lrx +1+y+ I*z <22+Z+2y (1)
y+z z+x x+y z y X

Gidi:
x+y+2)+x (x+y+2)+y (x+y+2z)+z X z 'y
e + + L2(—+—+2)
y+z Z+x X+y z y X
= il + Y z +§£f i+Z
y+z z+x x+y 2 z y x

3 3
<:>(£— al )+(£—L)+(l J )z - xy2+ = —+ yzzz_(z)
z y+z y x+y X z+x 2 vz+z xz+y Xxz+x 2
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Pat a=xy>0,b=yz>0,c=2zx>0.
Khi dé (2) tré thanh:

a c b 3 a’ b’ ¢’ 3
+ + > o + + >
b+b—c a+ﬂ ot %€ 2 ab+bc ab+ac bc+ac 2
a c b
z. 2 2 2 2 2
Taco: a N b c S (a+b+c) S (a+b+c)” 3

+ 2 P =
ab+bc ab+ac bc+ac 2(ab+bc+ca) (a+b+c) 2

3

2

Vi du 20: Cho ba s6 duong a, b, ¢ thod man abc = 1.Chirng minh:

a b c 4 1
+ + - <—
(@a+1)? (b+1)? (c+1)? (a+Db+1)(c+1) 4

Giai:

1-a 1-b 1-c¢
1+a 1+b 1+c

l—x_b_l—y_c_l—z

bat: «x ;b= ic= .
1+x I+y 1+z

= -1<x,y,z<1va a=

Thabc=1=(1-x)(1-y)(1-2)=(1+x)(1+y)(1+2)=x+y+z+xyz=0.

M3t khac: A P R
(a+1)* a+l

TU’O’ngtU‘. 4b :1—y2;i=1+y Vé 4c :1_Z2; 2 :1+Z
(b+1)? b+1 (c+1)* c+1

Nén bat dang thirc can ching minh twong duong véi

4a+4b+4c<2222

(a+1* (b+1)? (c+1)? @) (1) (e )

o 1-x2+1-y* +1-22 <1+20+x)(1+ y)(1 +2)

= x2+y2+z2+2(xy+yz+zx)+2(x+y+z+xyz)ZO = (x+y+z)2 >0.
DAy |3 bat dang thire ludn ddng nén bai toan dugc chirng minh.

4c da b >3

Vi du 21: Cho a,b,c>0. Chirng minh rang + >
2a+b b+2c c+a
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Gidi
Pat x=2a+b, y=b+2c, z=c+a, SuUyra
a:x—y+2z’ b:x+y—21’ C:y—x+21
4 2 4

BDT can chi*rng minh tré thanh: (1+£j+(%+ij+£5+ljz6. (CM dé dang)
Xy x 2z y 2z

a+2b 3¢ c+2a

Vi du 22: Cho a,b,c>0. Chirng minh rang + + >1.
5c+4a 4a+4b+c a+2b+6¢

Gidi:
D3t x=a+2b, y=3c, z=c+2a. B4t dang thirc can chirng minh tré thanh

S A S
y+2z z+2x x+2y

Ap dung bt d3ng thirc BCS va BDT co' ban (x+y+z)° 23(xy+yz+2x), ta cd

2 . 32 . 2 N (x+y+z)2 23(xy+yz+z)c)

xXy+2xz yz+2xy xz+2yz_3(xy+yz+zx) 3(xy+yz+zx)

Vi du 23: (BH_A, 2009). Chirng minh rang véi moi x,y,z>0thda man x(x+y+z)=3yz, ta c6 bét
dang thirc sau: (x+y)3 +(x+z)3 +3(x+y)(y+z)(z+x)$5(y+z)3.
Giagi:

Pat a=y+z, b=z+x, c=x+y, khidd a,b,c>0 va

b+c—a c+a-b at+b-c
X = . = . Z:
2 2 2
A , . 2 \ 3 3 3 C3 b3 b C
BDT can chirng minh trd thanh ¢’ +5° +3abc <5¢° & —+—+3.—.=<5 (1)
a a a a
.2 Y Y . \ 2 2 2 bz CZ b C
Gia thiét dwoc viét lai thanh > +c¢* —-be=a &+ -——=I (2)

a a a a
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Pt u=2, =S thi wy>ovatr (2)< u® +v? —uv =1. Ta phai chitng minh
a a
W+ +3uv <5 (3)
Taco: (u+v)2S(u+v)2+3(u—v)2=4(u2+v2—uv)=4:>u+v£2
(u+v)2
Do dé u3+v3=(u+v)(u2+v2—uv)=u+vs2 Va uv < =1

Suy ra (3) dung.

D3i v&i mot s6 bai toan chirng minh bat dang thirc chira ba bién a, b, c khong am, cé vai
tro nhu nhau ta cé thé st dung phwong phap déi bién nhu sau:

Pat x=a+b+c; y=ab+bc+ca; z=abc.
Ta c6 cac dang thire sau:
xy—z=(a+b)b+c)c+a) (1)
x> +y=(a+b)b+c)+(b+c)c+a)+(c+a)a+b) (2)
xZ—Zyzaz+b2+c2 (3)
x3—3xy+3z=a3+b3+c3 (4)

Cac bat dang thirc sau:

x% >3y (5)

x> 272 (6)
2

v 23xz (7)

xy =9z (8)

x> —4xy+9z20 (9)

(Ban doc ty chirng minh cac bat dang thirc trén).
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Vi du 24: Cho ba s6 duwong a, b, c thod man diéu kién abc = 1. Chirng minh
(a+b)b+c)c+a)=2(1+a+b+c)
Gidi:
bat x=a+b+c; y=ab+bc+ca; z=abc.
Theo (1) thi bat dang thirc can chirng minh twong duwong véi:
xy—z22(l+x) < xy—-122(1+x) < x(y—-2)=3.

Do z= abc=1néntheo (6) va (7)suyra: x > 3;y > 3suyra: x(y—2) > 31a BDT dung. Pang
thirc xay ra < x=y =3 haya=b =c=1. Suy ra bai toan dwgc chirng minh.

Vi du 25: Cho ba s6 duong a, b, c thod man: a + b + ¢ = 3. Chirng minh:

abc+L25
ab +bc+ca

Gidi:
Pat x=a+b+c; y=ab+bc+ca; z=abc.

Khi d6 bat dang thirc can chirng minh twong duong véi bat dang thire sau:

z+725 (*)

Theo (9) két hop véi x=a+b +c=3 tacd: 27-12y+9z>0.

4y-9 4y-9 12

Suy ra: 28 = z+£2 it (**)
3 y
oz 4y—=9 12 5 5 , e
Mat khac: +—2>5<4y" -9y+362=15y < (y-3)° =0 (dung véi moiy).

y
Tw (*) va (**) suy ra bai toan duwgc chirng minh.

Dang thirc xay ra khi va chi khi:a=b=c=1.
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Bai tdp twong tu:

1. Gidslra, b, cla dd dai 3 canh cila mot tam giac o chu vi la 3.
1 1 9
+ + > .
Ja+b-c b+c—a ~e+a-b ab+bc+ca

Chirng minh rang:

1 1 1 3
+ + e
a(l+b) b(l+c) c(l+a) 2
3. Chox, vy, z 1a d6 dai 3 canh cla mdt tam giac. Chirng minh rang:
(x+y+z)xyz2(xy+yz+zx)%/(y+z—x)(z+x—y)(x+y—z).

2. Cho a,b,c:abc=1. CMR:

4. Choa, b, cla d6 dai 3 canh clla mdt tam gidc. Chirng minh rang:

\/ a +\/ b +\/ ¢ >3.
b+c—a cta-b a+b—c

Vb Nea . ab
a+3Jbe b+3Jea c+3\/ﬁ'
6. Cho cdc s6 thucx, y, zthoa man: 4°+4" +4° =3, CMR: 2" 427 +27 24" 44 147,
1 2007 c+1
+ < .
a+2 2008+H 2007 +c
Tim GTNN cta P = (a+1)(b+1)(c+1).

5. Choa, b, c>0. Tim GTLN cla: P=

7. Cho 3 s6 thuc dwong a, b, ¢ thda man

8. Xéta, b, c>0tlyy. Tim GTLN clia: T = abe _
(I+a)l+a+b)(1+a+b+c)
9. Choa, b, c>0. Chitng minh ring; —“1 b6+l erl

b+2c+3 c+2a+3 a+2b+3
10.Cho ba s6 khdng 4m a, b, ¢, thod man: ab+bc+ca+abc=4.

Chirng minh: 3(a® + b +c?)+abc > 10

11.Cho ba s6 duong a, b, c thod man diéu kién ab + bc + ca = 3.

Chirng minh: ! + ! + ! 2a+b+c+ 3
a+b b+c c+a 6 a+b+c

12.Cho ba sb a, b, c thudc (0; 1) thod man abec =(1-a)(1-b)1-c).
Chirng minh: @® +5° + ¢ +5abc > 1
1 1
+ +
a+l b+1 c+1
14.Cho ba s6 duong a, b, ¢ thod man abc = 1. Ching minh:

13.Cho a, b, cla cdc s6 duwong va =2. Ch&rng minh: 8abc < 1.
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(@+b)(b+c)(c+a)=5(a+b+c)-7

15.Cho cac s6 dwong a, b, ¢ sao cho abc = 1. Chirng minh: at3 + bt3 + ct3 >3

(@+1)? (Bb+1)? (c+1)?

16.Cho cac s6 dwong a, b, ¢ sao cho abc = 1. Chirng minh: %+é+£2%(a+b+c—l)
c da

17.Cho a,b,c>0 thod a + b+ c = 1. Chitng minh: 0<27(ab+ bc+ca)—54abc <7

18.Choa,b,c >0. Chirng minh: \/2(1+a2)(1—|—b2)(1—|—c2) > (1+a)(1+b)(1+c)—2(1+ abc)

19.Cho x, y, z la cic sd thuwc khdng dm, db6i mét khdc nhau va théa man diéu kién
(x+2)(y+z)=1. Chirng minh ring — —+ 1 —+ ! >4,
(x=y)" (x+2) (v+2)
20.Cho a,b,c>-1thda o +b* +c* =6. Tim gia tri nhd nhat cda biu thitc A=a+b+c.
21.Cho x,y,ze[O;ZJ va x+y+z=3. ChL'rng minh 3Sx2+y2+z2£5.
22.Cho x,y,ze[0:2] va x+y+z=3. Tim GTNN va GTLN cla biéu thirc

Poxt iyt +Z4_12(x_1)(y—1)(z—1)
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&3. BAT DPANG THU'C BUNHIACOPSKI
(Cauchy-Schwarz - Bét ddng thirc BCS)
Bdit dang thirc BCS

Cho 2n s6 duong (neZ,n>2): a,,a,,....,a va b,b,,...b taco:

(ab, +aby +---+a,b ) <(ai +a; +--+a> )bl +b; +---+b})

X wy a, a a .
Du “="xdyra < -L=—-2=...=—2(quy u6c n€u b, =0 = a, = 0)
bl bZ bn

Hé quaé (dang thuong ding)

Cho hai day s0 a,,a,,...,a, va b;,b,,....b, v6i b, >0 Vi=1,n taludn cé:

2 2 2 2
a_1+a_2+...+a_”2 (al+a2+“'+a”)
~ > a a a
Diu“="xdyra & Lt="2=...= 1
bl b2 bn

Vi du 1: Cho hai sé thyc x, y thda man 3x* +4y% =5. Chirng minh 2x+yﬁ\/%
Giai:

St dung BCS cho 2 day s6 +A3x, 2yva —, L tacé

Y32
2 ] 1 3 2\ 4 1 19 95
2x+y) = Br et 2y~ S(3x +4 ) RATIL Y )
(26+3) [\/_ﬁyzj y[34] 12 12
V3x _ 2y 8 (15
TAN 7N X=—,|—
Dau “=’ xdy ra [\2[} (;jc 31576. Vay bat dang thirc duoc chirng.
3 = —
3x% +4y* =5 76
a b c

Vi du 2: Cho a,b,c>0. Chirng minh rang + + >1.
b+2c c+2a a+2b
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Gidi:
Ap dung hé qua bat dang thirc BCS voi hai day a.b.c va a(b+2c).b(c+2a).c(a+20),ta c6

a b c a2 b2 c2 (a+b+c)2
+ + = + + >
b+2c c+2a a+2b a(b+2c) b(c+2a) c(a+2b) a(b+2c)+b(c+2a)+c(a+2b)

Do dé, ta con chirng minh
(a+b+c)2 >3(ab+bc+ca) (ban doc tw chirng minh)

&ow_r L2 a _ b _ C .
Dau "= xayra <:>a(b+2c)_b(c+2a)_c(a+2b)(i)a_b_c

Vi du 3: Chirng minh rang véia, b c duwong , ta déu cé 12+ L . 1

(a+b)’ (axc) o b

Giai:

Ap dung bat dang thirc BCS, ta ¢

(a+b)’ {a.l +@.J§J2 S(a2 +bc)[1 +€]:> (a:b)z > (b+c)((;2 +bc) (1)

. . = P 1 b
Hoan toan tuong ty, ta clng cé = 2
& & (a+c)2 (b+c)(a2 +bc) ( )

Tl (1)va (2) suy ra diéu phai chirng minh.
Diu “=' xayra o a=b=c.

. ) . , a . b . e 1
Vi du 4: Cho ab,c>0. Chirng minh (202+b2)(202+c2) .(2b2+€2)(2b2+02) .(262+02)(2C2+b2)sa+b+c

Giai:

Ap dung bat dang thirc BCS, ta ¢
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2

(a2+b2+a2)(a2+a2+cz) (a +ba+ac) =a2(a+b+c)
2 3
o a PRSP a < ¢

(2612 +b2)(2a2 +cz) a+b+c (Za2 —|rl)2)(2a2 +cz) (a+b+c)2

Tuwong ty

b’ - b c
(2b2+c2)(2b2+a2) (a+b+c (2c +a2)(20 +b ) a+b+c)2

C

Cong theo vé ba bat dang thirc cung chiéu, ta dwoc (1)

ll n”

Dau Xayra <a=b=c.
Vidu 5: Cho x, y, z la cdc thuc thda xy+yz+zx=4. Tim gid tri nh6 nhat cha biéu thirc
P=x4+y4+z4
Gigi:
Ap dung bat dang thirc BCS hai lan lién tiép, ta cd
(x2.1+y2.1+zz.1)2S(x4+y4+z4)(12+12+12):3(x4+y4+z4)2(x2+y2+z2)2 (1)

2 2
(x2 +y2 +zz) =(x2 +y2 +zz)(y2 +7* +x2)2(xy+yz+zx> =16 (2)

T (1)va (2) suyra P=x4+y4+z42?.

Vay minP=—o{x*=y’=7? o 3.
3 23

X_Y_Z2 Xx=y=z=——"—

y 7 X 3

Lwu y: Van dé bdo tén dau “=” ludn xay ra trong qua trinh bién déi bai toan cling quan
trong nhu bat dang thirc Cosi.
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Vi du 6: Cho x,y,z 1a basd duong va x+ y+z<1, chitng minh rang

\/x2+i2+ yz+L2+\/Zz+i2 > /82
x % z

2
(x2+i2j(12+12)2 (Hlj VN x2+%ziﬂx+1]
X X X ¥ 2 X

Tuong ty ta co:

P>— (x+y+z)+ l+l+l zi (x+y+z) l+l+l =32
2 X y z 2 X y z

Vay P>32....2

Sai lém

>4y @l
Nguyén nhén sai lém: P=3V2 <11 x'1 3yl z(vn)
x+y+z=1

Loi giGi ding: Ta dy doan dau dang thirc xay ra khi x=y=z=%; va biéu thirc trong cin

2
goi cho tam s&r dung BCS: (xz ! J(a + ) [ax+’3] V3i a, B la nhitng s6 thda man
Yy

X
a

2
Taco (x2+%)(12+92)2(x+2J = /x2+i2 ZL()ng
x x 82

1 1
Tuwongtytacd: P> 9x+y+z)+9 —+ +—

Do x+y+z=1, l+l+l:9 nén ta tach:
xX y z
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(x+y+z)+l l+l+l +@ 1+l+1 >2 (x+y+2) 1+1+1 80 9 oo
Ny z) 9y )3 Xy z) 9xty+z

Vay P>+/82, ddu “=” xay ra khi x=y=z=%.

x,,2.0 | | |
Vidu7:Cho<1 1 1 _,.TimGTLNcla P= + +
;+;+—Sl V2x+y+z x+2y+z x+y++2z
z
Gidi:
) a? 1 (a+1+1) ,
Ap dung BCS ta co: +— —> ta chon « thoa
\/5 \/—x+y+z
X = =7z = ‘L:l:lji —:—:}a \/7

PRI Ty T T s 33
(*/5)2 ror (\5+1+1)

\/—x \/_x+y+z

N | (\5)2 (1+J§+1) (*f”) L1l 1
Vay ta co: \/’y z . x+fy+z (2+\/§) { }

ﬁ+ﬁ+(\/—) (1+1+42)>
\/—Z x+y+\/_Z

D3u bang xay rakhi x=y=z=3= MaxP=———+ khix=y=2z=3
2+\/_

Vi du 8: Cho hai s6 thyc x, y théa ma3n 2x—y=2. Tim gid tri nhé nhat cla biéu thirc
Pz\/x2+(y+l)2 +\/x2+(y—3)2

Giai:
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Nhén xét: Y tuvong la dung bat dang thire BCS, nhuwng ta khong biét dwoc dau “=” xay ra tai
dau. Ta gid dinh dau “=" la cé nhu sau

Gia st P dat min tai {sz v&i 2a-bh=2

Ap dung BCS, ta ¢

mzax+(b+l)(y+21)7 /7x2+(y_3)22ax+(b—3)(y—23)
\/a2+(b+1) \/a2+(b—3)

Suy ra
2 2 ) 2 ax+(b+1)(y+1) ax+(b—3)(y_3)
P=4|x +(y+1) +4/x +(y_3) > .
\/ \/ a2+(b+1)2 a2+(b_3)2
= 2 + a ot b+1 N b4l ,
L/a2+(b+l)2 \/a2+(b—3)2] {\/a2+(b+1)2 \/a2+(b—3)2]

b+1 ~ 3(b+1)
\/a2+(b+1)2 \/a2+(b—3)2

Ta sé chon a, b thoa

+

2a—b=2

2
a a _ b+l b+l 92:32
N e S W T PR S T B Ly

T&idaysuyra P>

122\5/§x_6\/gy+38\/§_6\/g(zx_y)+38\/§:2\/g

25 25 25 25

Cdc ban tw viét lai bai gigi hoan chinh.

Vidu 9: Cho a,b,c>0théa a+b+c=6 va o> +b* +c* =14. Tim gid tri I&n nhat cta biéu thirc

_4a+b
c

P
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Giai:

Day [a mot bai todn kho, dau “=” khong biét xay ra tai dau. Y tuéng nhw vi du 8, nhung
da+b
C

khé dp dung dwoc BCS. Vi vay ta cd thé gid st maxP<m < <meda+b-me<0 VOi m>0.

Két hop vai gid thiét n(a+b+c)=6n v8i n>0, ta cd
(4+n)a+(1+n)b+(n—m)c<én (1)
Tl day ta cd gdng danh gia theo bat dang thirc BCS sao cho V& trai xuat hién o> + b* +c2.
Ap dung BCS, ta c6
[(wen)as (ten)o(n-mle] <l (4ns(1en)” +nm)” [0+ o1d] () (1] (- |2
Vi can chirng minh (1), nén ta chon m.» sao cho binh phuong cta vé phai cla (1)va vé
phai clia (2) bang nhau. Tirc la

14[(4+n)2 +(1+n)2 +(n—m)2} =36n°

“u_n

Ngoai ra ddu “=" trong (2) xdy ra & - b c _athte 6

4+n:1+n:n—m_5+3n—m_5+3n—m

Hay L 6(4+n) ) 6(1+n) o 6(n—m)

C543n-m’ 543n-m S5+3n-m

Khi d6 maxP dat dwgc thda yéu cau bai toadn

n>m>0
a+b+c=6 (hin) n>m>0 . ) ) i
ol 2l 1 o 36{(4”) +(1+n) +(n-m) }:14(5+3n_m)

14[(4+n)2+(1+n)2+(n-m)2}=36n2 14[(4+n)2+(1+n)2+(n_m)1:36n2

m=—
7 19 176
& =>a=—, b=—, c=—
49 7 7 7
n—=—
2

Trinh bay lai bai giai hoan chinh (danh cho ban doc).
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Bai tdp twong tv

1. Cho a,b,c>0thda abc=1.Chirng minh rang — +— L ; I .3
a’(b+c) b’(c+a) c(a+b) 2
3 3 3
2. Cho a.b.c>0théa abe=1.TimGTINNclla p=— &, O, ¢
A+b)1+c) (A+o)(d+a) (A+a)1+b)
3. Cho a.b.e.d>0.TimGINNchap=— % 40 ¢ .  d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c
4. Cho a,b,c>0.Chirng minh rang a + b + 5 >1
\/a2 +8bc \/b2 +8ca \/02 +8ab
, . Y at bt c* AS+b
5. Cho a,b,c > 0. Chi&ng minh rang + >
b+4c c+4a a+4b 4
6. Cho a,b,c >0thda a+b+c=3.Chirng minhring —4 4> ¢

a+2bc b+2ca c+2ab
b+c c+a a+b <1

1
a’>+bc b*+ca 02+ab_a b

8. Cho a,b,c>0thda a+b+c=6.Chlrng minh rang

\/a2+L+\/b2+L +\/C2 +L>3\/ﬁ
a+b

7. Cho a,b,c>0. Chitng minh rang

1
+—
C

b+c c+a 2

GGroup: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

&4. UNG DUNG DAO HAM

Day 1a mét trong nhitng phuwong phap co ban dé chirng minh bat dang thirc hodc tim gid tri
I&n nhat nho nhat clla mot biéu thirc nhiéu bién.

Pé sir dung phuong phép nay ngudi ta tién hanh nhu sau

e V&i mdi bat dang thirc hdy chon mdt ham thich hop
e Kh3o sat chiéu bién thién clia ham s vira tim duoc trén mién xac dinh cda nd ( mién xac
dinh nay dwoc tim thay dua vao vao diéu kién cta dé bai).
o T buwdc 2 s& cho ta |oi gidi clia phép chirng minh bat dang thirc, hodc gid tri l&n nhat,
nho nhat biéu thirc can tim.

I-PHU'O'NG PHAP VA BAI TAP CO' BAN

1-MOT BIEN SO

Chirng minh bat dang thirc P(x) > Q(x), Vx e (a,b)

e Xét ham sb f(x) = P(x) — Q(x) lién tuc trén [a,b). (lién tuc trén (a,b] )

e Tinh 7'(x).Chirng td f'(x)>0,Vxe[a,b) (f'(x)<0,vxe(a,b])

= Ham s6 déng bién trén [a,b) (Ham sé nghijch bién trén
(a,b])

= Vxe(ab): f(x)> f(a)=... (‘v’xe(a,b): f(x)> f(b))

Suy ra dpcm

2
Vi du 1: Chirng minh rang ¢* >1+x+x7 duing v&i moi x>0

Giai:

2
Xét f(x):ex—[x?+x+lJ lién tuc Vx>0 .

Taco f'(x)=e" —x—1, f'(x)=e" =120, Vx>0

Do d6 f'(x) dong bién trén [0;+0) = f'(x)= f'(0)=0, Vx>0
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= f(x) dong bién trén [0;+w) = f(x)> f(0)=0, Vx>0
x2 x2
=e' - 7+x+1 >0, Vx>0 hay ex>1+x+? v&i Vx>0.

3
Vi du 2: Chirng minh rang: x—%<sinx<x v&i x>0

Giai:

sinx < x (a)

BT & P v&i x>0
x—?< sinx (b)

a) Tachng minh sinx<x Vv3&i x>0
Xét ham s6 f(x)=x—sinx lién tuc trén [0;+ox)
Tacd: f'(x)=1—cosx >0, Vxe[0;4+0) = f(x)dong bién trén [0;+x).

= f(x)> f(0) V&I x>0= x—sinx>0 v&i x>0

3
b) Ta chi*rng minh x—%<sinx VOi x>0

3
Xét ham s6 f(x) :sinx—x+%|ién tuc trén [0:+o).

2
Tacod f'(x):cosx—1+x7:g(x)

= g'(x)=—sinx+x>0 V&i Vx>0 = g(x) dong bién trén [0;-+wo)
= g(x)=g(0)=0V&i x>0
hay f'(x)>0 v&i x>0 = f(x) dong bién trén [0;-+wo)

= £(x)> f(0)=0V&i x>0
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X x>
= sinx—x+?>0 hay x—?<sinx V@i x>0

3
\ \ X . 7.
Tra)vab) suyra x——<sinx<x v&i x>0.

Vi du 3: Cho 0<a£%. Chirng minh rang 2.a+i>3

a
Giagi:
Xét ham so f(x):2x+iz trén (0;2}’ f(g}zﬁ
X 4) 18

3_
Taco f'(x)=2—i:M<0 VOi Vxe(O;g}
x° x°

= f(x)nghich bién trén (O;ﬂ = f(x)szj, Vx6£0;ﬂ

:>f(05)2f(%} Vae(O;%}:>2a+%Z%>3, Vae(O;%}

(24

. V6 du 4. Chirng minh rang

) ;oo T
psinx  qtanx o oxtl v 0<x <=

Giai:

sinx+tanx sinx+tanx
4 ; ; +1
Ap dung BDT Co—si: 2810 42104 > o ypsinx planx =55 2 -5 2

sinx+tan x |
P 2sinx +2tanx > 2 *

sin x+tanx
2

¢ 2 A : +1
Ma ddu “=" xay ra < x=0, nén 2°"* 4 2%4"¥ 59
Ta can chirng minh

sin x-+tan x

sin x +tan x
2 2 AR el

+1>x+1 < sinx+tanx>2x, VOl O<x<—
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Xét ham s& f(x)= sinx+tanx—2x lién tuc trén [0;%)

. 1 ) 1 Co=si ) 1
Taco: f (x)=cosx+ 5 —2>cos” x+ 5 -2 > 2.[cos”x. 3 -2=0
cos” x cos” x cos” x

. L V4
(vi cos x > cos> x VOi O£x<5)

= f’(x)zo,v)ce[o;%) — f(x)dong bién trén [o;g) = f(x)> f(0) V&i 0<x<§

= sinx+tanx—2x >0 = sinx + tanx > 2x VOi 0<x<5 =dpcm.

2
Vi du 5: Chirng minh x—%<ln(1+x) v3i moi x>0

Gidi:
, )Cz . A ’ 1 x2
Xét f(x)=In(l+x)—x+—Iliéntuc vx>0, f (x)=———1+x=—-2>0, Vx>0
2 1+x 1+x
= f(x) doéngbién vdimoi x>0
2 2

:>f(x)>f(0):>ln(1+x)—x+x?>0, Vx>0 :x—%<ln(1+x) vOimoi x>0
2-HAI BIEN SO
Loai 1: Str dung tinh don diéu ham sé
Ta dua bdt ding thitc vé dang: f(a)<f(b). Xét tinh don diéu ciia ham sé f(x) trén doan
[a;b] hodic khodng (c:d)> | a:b ]
Vidu 6: Cho 0<a<b<§. Chitng minh rang a.sina—b.sinb > 2.(cosb — cosa)
Gidi:

YCBT < a.sina+2cosa > b.sinb+2.cosb
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Xét hamsd f(x) =x.sinx+2.cosx VOi O<x<§
Taco: f'(x)=sinx+x.cosx—2.sinx, f'(0)=0
f"(x)=cosx+cosx—x.sinx—2.cosx =—x.sinx <0 (Vi O<x<§th\| sinx >0).

Do d6 £'(x)< £'(0)=0 khi 0<x<§

= f(x) giam trén khoang (O;%J = f(a)> f(b) VOI O<a<b<%

= a.sina+2cosa>b.sinb+2.cosb < a.sina—b.sinb >2.(cosb—cosa)

al@’ +2b) (@+D|(a+17 +20]

Vi du 7: Chirng minh v&i 0<a<3Ib<a+1 thi
2a° +b 2a+1)° +b

Gigi:

3
Xét ham sé f(x) _ X7 +2D) jiap tuctrén [0;a+1]
3
2x°+b
2(x = b)?

Tacd f'(x)=
S x> +b)?

>0, Vxe[O;a+1:]

= f(x) dongbiéntrén [0:a+1] = f(@)<f(Ib)< fla+1) v8i 0<a<x<a+l

L al@+20) o @+ (@+1?+2.0]

(dpcm).
2.8 +b 2.(a+1)° +b

Loai 2: St dung DINH LY LAGRANGE
Pinh ly lagrange

NEu ham s8 y= f(x)lién tuc trén doan [a;b] va kha vi trén (a;b)thi ton tai mot sé

fb)~f(@)

ce(a;b) sao cho f'(c)=
b-a
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b_a<1n2<b_a vdio<a<b
a a

Vi du 8: Chirng minh rang
Gidi:

1

Xét ham s6 : f(x)=Inx lién tuctrén [a;b] va f’(x):l , fle)==
X C

Ham sé f(x)=1Inx thod man dinh ly Larange trén[a; 5]

f®)~f@ _ 1_Inb-Ina

=3dce(ab): f (c)= h—a c b—a

1 1 1 1 Inb—-Ilna 1 b—a b b-a
Do 0<a<c<bhb=—<—<—D—<—— <— & <ln=< )
c a b b—a a b a a

Vi du 9: Chirng minh rdng v&i moi x, y R ta co: |sin x —sin y| <|x—y|
Giai:
Xét ham s8 f(r)=sint, f'(t)=cost = f'(c)=cosc
Ham sd f(r)=sint thoa dinh ly Lagrange trén [x; y]

Nén E'CE()C;y) sao cho f'(C)= f(y)_f(x) & COSC = Siny—sinx
- X

y—x
:>|Cosc|= SInXY sy, £1c>|sinx—siny|£|x—y , Vx;yeR
xX=y
, , . Y b—a b—a . /4
Vi du 10: Chirng minh rang <tanb—tana< VOi O<a<b<—
cos“a cos“ b 2
Gidi:
Vé Y ~ LY Y ? . ~n Y 1 1 1 1
Xét ham s6 f(x)=tanx liéntucva khavitrén [a;b] vaf'(x)= — f©=—
COS X COS ¢

f(b)—-f(a) tanb-tana
b—a b—a

= Jce(a;b) saocho f'(c)=
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1 tanb—tana b—a
= = tanb—tana =

cos2 c b-a cos” ¢

=

Do a<c<bva y=cosx nghich bién trén (O;%J nén

b—a b—a b—a b—a b—a
5 < 5 < 5 = 5 <tanb-—tana< 5
cos“a cos“c cos“ b cos” a cos“ b

BAI TAP TUONG TU

vOi 0<a<b<%.

1. Chting minh cédc bat ding thic sau:
tana

a) <%,va’i0<a<b<% b) a—sina<b—sinb, véi 0<a<b<’

tanb
2. Chitng minh c4c bat ding thic sau:

3 3 .5
x’ . X’ x .. : . r
a) x—?<s1nx<x——+—, vdi x>0 b) xsinx+cosx >1, vdi O<x<§

3. Ching minh cic bat ding thic sau:

a)e* >1+x, véi x>0 b) In(1+x) < x, vdix >0

4. Chtng minh cic bat ding thic sau:

,viix >0 b) 1+x1n(x+\/l+x2)2\/l+x2

a) In(d+x)—Inx> !
1+x

5. Cho x>1vaa>1.Chirng minhrang: x“-1>a(x-1)
6. Chirng minh rang: In(x+1)<x moi x>0.

1+x

1+x X
7. Chox>0. Chitng minh rang: (1+L) >(1+—]
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II-0'NG DUNG

Trong phan nay chung ta van dung linh hoat cdc ki thuat va phuong phap da trinh bay
phan trwdc va lvu y dén cadc méi lién hé vai x,y,z>0, ta cd

2

X +y2 xX+y 2 x3+y3+z3 X+y+z ’
> >xy,; > - | =2xyz ,
2 2 3 3

22(x+y+z)2

x2+y2+z Zxy+yz+zx

Phuong phap chung la d3t an phu (cé thé nhiéu hon mét [an) dya vao théng tin tir dé
bai.
Lvuy:
e Hams6 £(¢)lién tuc va dong bién trén 4] thi [%?g]f(t)zf(a), fg?b"]f(f):f(b)
e Hamso £(r)lién tuc va dong bién trén [a;b) thi [milr)l)f(t) = f(a)
a;
e Ham so £()lién tuc va doéng bién trén (a;b) thi {nagi]f(t)=f(b)
a;
Néu f(:)lién tuc va nghjch bién thi ta c6 diéu ngworc lgi.

Vi du 1: (Dé thi khdéi B, 2009) Tim gid tri nhd nhat cta biéu thirc
A:3(x4 +y4 +x2y2)—2(x2 +y2)+1,

vdi x, y 1a cac so thuc thda man diéu kién (x+y)3 +4xy>2,
Gidi:
Nhén xét: Théng tin tir dé bai go'i y d6i bién t=(x2 +y2); r=x+y hodc r=xy.
Tl gia thi€t va chu y dén bat déng thirc (x+y)’ > 4xy, vx,ye R, ta c6

(x+y)3+4xy22:>(x+y>3+(x+y>22(x+y)3+4xy22
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@()H_y_l){(x-py)z +(x+y)+2}20 (V‘I (x+y)2+(x+y)+2>0,Vx,yeR)

=>x+y=>1, Vx,yeR

2

2 2
. LNy 42 . XT+y .
Khi do6 két hop vdi bat dang thirc x* +y* z( ) ,Vx,yeR,ta co

(xes)

M3t khac x2 12 > L
2 2

N | =

Xét ham sé f(t)=%t2—2t+1 VOi 1>—.

, 9 9 1 1 1 " v a1
Taco 7/ (t)zEt—225.5—2=Z>0,Vle[5;+oo) :>f(t) dong bién trén [E;+oo)
Suy ra f(t)Zf(lj Vie[tito) = min f(t)=f(lj=i

2) 2’ 1 2) 16

2,2 1
T ddésuyra minA=i khi ¥ V=5 ox=y=
16 x+y=1, x

Vi du 2 (Dé thi khéi B, 2011) : Cho 4,5>0thda man 2(a2 +b2)+ab:(a+b)(ab+2).
N . . ? ~ 2 - ’ 613 b3 az b2
Tim gia tri nho nhat cda biéu thic p=4 e B R (1)
b> a
Gidi :

Nhén xét : Théng tin tir (1)c6 thé dgt ==+ "
a

Tl gia thiét, ta cé
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a a a a

2(a2+b2)+ab:(a+b)(ab+2)<:>2 E+é +1= l+l (ab+2)<:>2 ﬁ+é +1:a+2+b+2
b b b b
Ap dung bat dang thirc Cosi, ta cd
a+% + b+% 221fa.%+2,/b.g=2\/5 \/EJr\/E =22 E+é +2
b a b a b a b a
Dau “=" xdy ra < ab=2
S a b a b
uyra 2|4+ 2v12242 [ 442 |42 (2)
b a b a
Dt t:%—ké,tl‘f (2):>2t+122\/5\/t+2:>4t2—4t—1520:>t2§.
a

3 3 2 2
Khi dé P=4{“—3+b—}9{“—+b—}:4(ﬁ —3t)—9(t2 —2):4r3 —92 ~121+18

b a b

Xét ham sé f(z):4t3 92 —12¢+18 lién tuc trén |:§;+ooj, tacéd

192 _18¢_19 — _ S
f(e)=12¢ —18t—12=(121+6)(1-2) > 0, viz

Suy ra ham sé f() dong bién trén E;mj :>f(t)2f@]=—243,VteB;Jroo]:nﬂnf(t)z

ab=2
Vay minP:—% @{%Jréé@{zzlzv{l‘;:lz.

Vi du 3 (Dé thi khdi D, 2009)Cho céc s6 thuc khdng 4m x, y thay d6i va thod man x+y=1.
Tim gia tri [&n nhat va gia tri nhd nhat cda biéu thic S=(4x2 +3y)(4y2 +3x)+25xy.
Gidi :

Cdch 1 : Khéng déi bién

TU¥ x+y=1=y=1-x, 0<x<1,Vva
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s =(4x2 +3y)(4y2 +3x)+25xy —16x%y? —2xy +12=16x7 (1-x) = 2x(1-x) +12

=16x" -32x° +18x —2x +12 = f(x)

Ham s6 f(x) lién tuc trén doan [0;1].

2-43 2443
4 vV X=

£/ (x)=64x" ~96x% +36x—-2Vva f/(x)=0c>x=%vx= ==,

f(0)=12, f(ljzé’ j{ﬂ}f{uﬁj_ﬂ

2) 2 4 4 | 16
23 | 2443
Vay minSzminf(x) khixzyzl; maszmaxf(x)zE khi T v 4
xe[ 0:1] 2 xe 0:1] 16 y= 2+43 y= 2-43
4 4

Cdch 2 : Ddi bién

Do x+y=1, nén S=(4x2 +3y)(4y2 +3x)+25xy=16xzy2 —2xy+12

(x+2)

Déttzxyzne[o;i} (Vi 0<xy< i

Xét ham sé'f(t)=16z2 —2t+12lién tuc trén doan [O;ﬂ

1 1) 191 1) 25
f(1)=32t-2, f’(t):Ocn:E, £(0)=12, f[—}zﬁ, f[_j:_

1 x+y=1 |
Suy ra: minSzminf(t) khit=—= 1 ©x=y=—
. 4 Xy =— 2
l€|:0;*:| 4
4
2-43 2443
maszmaxf(t)z— khi t=—= 1 & v
a7 16 Xy =— 2443 2-43
te| 0;— 16 = =
4 4 4
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Vidu 4 : (Dé khéi A, 2014) Cho x, v, z |a céc s6 thuc khéng am va théa man diéu kién

2
R s Ny a i , I+yz
x> +y*+2z° =2.Tim gid tri I&n nhat cua biéu thirc P= X yrz %

+
X*+yz+x+1 x+y+z+1 9

Giai:

Ap dung bat dang thirc Cosi, ta cé

2X(Y+2) S X2+ (y+2)?=2+2yzoyz+ 12Xy + 2) = 2 +x+yz+12 02 +x+x(y+2)

2 2
X X X

= < =
X +yz+x+1 X’ +x+x(y+z) x+y+z+1

Dau “="xdyra o x=y+z

Dodé P< X N ytz  l+yz . 1 +1+yz
x+y+z+1l x+y+z+1 9 Xx+y+z+1 9

Theo BDTBCSta €6 : x+(y+z)<+2(x* +(y+z)’ =2[1+yz
Dau “="xdyra o x=y+z
1 1

<

x+y+z+l 142 1+yz

Do d6 P<i- L byz)y L Dhyz
x+y+z+1 9 1+2/l1+yz 9

=>x+y+z+1<1+2{l+yz = -

2
+%J lién tuc trén [1;+w)

Pat r=1+yz,r>1. Xét ham sO f(t)ZI_(Z[ "
+

Fl)=—t 2l 2 oo i (1) 2921

1
e 9990 EACES

Suy ra ham s6 £(t) nghich bi€n trén [1;+00) = f(¢)< f(1)=>Va f(t)== khit=1

5 x2+y2+z2=2 x=1
Vay maxPzg khi \x=y+z <y=0v

JI+yx =1

GGroup: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

Vi du 5: (Pé khdi D, 2014) Cho hai sé thuc x, y thoa diéu kién 1<x,y<2. Tim gid tri nho nhat
xX+2y N y+2x N 1

cla biéu thirc P=
X +3y+5 y +3x+5 4(x+y—1)

Giai:
Do 1<x<2=(x-1)(x-2)<0=x*+2<3x. Twong tw y* +2<3y

x+2y N y+2x N 1 Xty N 1

Suyra P> -
3x+3y+3 3y+3x+3 4(x+y—1) x+y+1 4(x+y—1)

t

Dit r=x+y,2<r<4.Xét ham sd f(1)= +— 1 lien tuc trén doan [2;4]

t+1 4(1-1)
()= 1 1 . f(1)=0e1=3
(t+ 1)2 4(t—1)2 ,
11 7 53 . 7
f(z):E; f(3):§; f(4):% Suy ra mmf(t):g khi t=3.
Do dé PZ%. Vay miang khi {i:;v{;:f

Vi du 6: (DPé thi khdi B, 2012) Cho cac s6 thuc x, vy, z thda cac diéu kién x+y+z=0 va
x2+y% +z2 =1. Tim gid tri nhé nhat cha biéu thirc P=x" +y° +7°.

Giai:
TY x+y+2:=0=z=—(x+y) thé vao gi thiét th(r hai, ta c6

1=)€2+yz+z2 =x2+y2+(x+y)2 =2(x+y)2—2xy22(x+y)2 —%(}H—y)z =%(x+y>2

:>(x+y)2S§:>—T6S(x+y)£§
2
Va tu x2+y2+z2=1<:>(x+y)2—2xy+(x+y)2=1:>xy=2(x+2y) !

Matkhdc P=x’+y>+22 =x>+y° —(x+y)5 =(x3+y3)(x2+y2)—x2y2(x+y)—(x+y)5
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:((x+y)3 —3xy(x+y))((x+y)2 —2xy)—x2y2(x+y)—(x+y)5 =5x2y2(x+y) —5xy(x+y)3

2_
Pat r=x+y,suyra —@srs@vé xy=2t !

2 2 2
Khi doé P:S{zt _IJ t—S[ujﬂ:—é(Zﬁ—f)
2 2 4
e e
3

Xét ham f(t):—%(2t3 —t) lién tuc trén doan {—;

£ (t)z—%(@‘z —1); f’(t)=0©t=i§

3 6 3 6 36 36 6 3
Suyra minP:—% khi x:y:%,z:—gvx=y=—§,z=¥ va cac hodn vi.

Vi du 7: (Pé thi khdi A, 2012) Cho cdc s6 thwc x, y, zthdéa man x+y+z=0. Tim gia tri nhd nhat
clia bidu thire P31 3 4 4 —,l6(x2 +y? +zz)
Gidi:
Ta chirng bat dang thirc 3'>1+7, vr>0(1)(xét ham s6 f(r)=3"-1-1)

Ap dung (1), ta c6

P A B O —,/6(x2+y2+zz)23+|x—y|+|y—z|+|z—x|— [ (x2+y2 +z2)

Ap dung bat dang thirc |o| +[p|>|a+ 5], ta co

(e s =) = of o= e af sl 4]

oly=al(le= e e afx =3l =) 22 Jr=f +ly=of +feof |

Suy ra
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|x—y|+|y—z|+|z—x|2\/2(|x—y|2 +|y—z|2 +|z—x|2) =\/6(x2 +y2 +z2)—2()c+y+z)2 = 6()c2 +y2 +zz)

Do d6 p =3l 43P sl /6(x2+y2+z2)z3vé P=3khix-y=2z=0

Vay minP=3khi x=y=z.
Vi du 8: Cho x,y,z>0thda man x+y+z£§. Tim gid tri nhé nhét cla biéu thic

1 1 1
P=x’ +y +Z2+_+_+T
X7y y'z Tx

Giai:
Ap dung bat ddng thirc Cosi, ta cd

1 1 1
P:X2+y2+ZZ+T+T+TZ33 (xyZ) T
X7y yz Tx Xy<

" ) 1
Dau “=" xay ra Sx=y=i=o

X+y+z l
3 2

Va 0<3lxyz <

Dat r=3[xyz, te( 2} Xét ham s6 f(r)= 3t2+%:>(DPCM)
t

2 2
Vidu 9: Cho x>y>z>0.Chirng minh: ryyL X >x2+y2 472

Z by y
Gidi:
3.2,.2.3,.23
Yooy +xC.
BOT & X TL YV FX L 5 2,02, 2
xX.y.z
3.2,2.3,.23 32 3 2 2 2
YVo+zTy Xt
s, i AL > xz(x? +y +z )<:>—+Z—2+Z—3 x_zﬁ_i[x_z+z_2+1}
i yooyroy oy Y Yyt oy
o X Z ,
Pat u==,v==.Tacd u=1>v>0.
y

Nén BDT cé dang u® +v? +u? v > uv(?® +v> +1)
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sud-v)+u? v —uvl+v?)+v? 20 (1)

+ NE&u v=1thi (1) c6 dang u?>-2.u+1>0, ticla (1) ding
+Néu 0<v<l.
Xétham sé f(u)=u’(1-v)+u’ v —uvd+vH)+v?*  v&iux1
Tacod f'(u)=3u*A=v)+2.urv> —v(1+v?)

F"w)=6u1-v)+20° >0 (do 0<v<1va u>1)

= f'(u) d6ng bién trén [L+x), nén f ()= (1), we[l;+oo)
Ma f'()=v'-4v+3=(-D0*+v-3)>0, nén f '(u) 20 = f (u) dong bién trén [1;+x)
Técla vux1tacd fw=f)=v>-2v+1=(v-1%>0

2 2.3

Vay: W A=) +u*v? —u®v — w1 +v)+12 >0 V& Vu>1>v>0

2y Yz x
v, Yy
Z X y

Hay >x2 4y 4722 Vi x2y22>0.

Lwu y: Cdc ban cé thé Idp bdang bién thién, tir d6 rut ra két luén bai todn.
Bai tdp twong tw
1. Cho x,y>0 thda m3n x+y=4.Tim GTNN va GTLN clia P=(x3—1)(y3—1).
HD: Dat r=xy, 0<r<4
2. Cho x,y>0 théaman x*+y?>=2. TIM GTNN va GTLN cla P=x+y—xy.

HD: D&t r=x+y, V2<r<2

3. Cho x,y=0 thda min x*+y*>=8. Tim GTNN va GTLN cua P:Ll+ yl.
y+1 x+

HD: Dat r=x+y, 22 <r<4

2 2
4. Cho x,y>0 thda man x+y+xy=3. Tim GTNN va GTLN clia p=—~ 4+ 1
y+1 x+1 x+y+3

HD: Pat r=x+y, 2<r<3
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. (P& thi khéi A, 2013) Cho a.b,c>0thda man (a+c)(b+c)=4c>. Tim gia tri nho nhat cla
3 3 [ .2 2
biéu thirc P= 32a T+ 32b T a t+b .
(b+3c) (a+3c) ¢

HD: Dat x=<, y:B. Saudédat r=x+y,r>2.
c c

. (Pé thi khéi D, 2012) Cho céc s6 thuc x, y thda man (x—4)2 +(y—4)2 +2xy<32. Tim gid tri
nho nhat cla biéu thirc P=x° +y3 +3(xy—1)(x+y—2)
HD: Dat r=x+y, 0<r<8.

. (D@ thi khéi B, 2013) Cho a, b, c |a céc s6 thwec dwong . Tim gia trj I&n nhat cha biéu thirc
4 9

Va2 +b%+c2 +4 (a+b) (a+20)(b+2c)

HD: Pat r=va®> +b> +c> +4, t>2.

(D& thi khéi B, 2010) Cho a,b,c >0théa man a+b+c=1. Tim gia tri nhd nhat cda biéu
thurce P=3(a2b2+b202+62a2)+3(ab+bc+ca)+2\]a2+b2+62.

HD: D3t r=ab+be+ca, 0<r<.

P:

98]

. Cho x,y,z>0thoa man x+y+z£%.T\lm gia tri nhé nhat cla biéu thirc
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