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&4. UNG DUNG DAO HAM

Day 1a mét trong nhitng phuwong phap co ban dé chirng minh bat dang thirc hodc tim gid tri
I&n nhat nho nhat clla mot biéu thirc nhiéu bién.

Pé sir dung phuong phép nay ngudi ta tién hanh nhu sau

e V&i mdi bat dang thirc hdy chon mdt ham thich hop
e Kh3o sat chiéu bién thién clia ham s vira tim duoc trén mién xac dinh cda nd ( mién xac
dinh nay dwoc tim thay dua vao vao diéu kién cta dé bai).
o T buwdc 2 s& cho ta |oi gidi clia phép chirng minh bat dang thirc, hodc gid tri l&n nhat,
nho nhat biéu thirc can tim.

I-PHU'O'NG PHAP VA BAI TAP CO' BAN

1-MOT BIEN SO

Chirng minh bat dang thirc P(x) > Q(x), Vx e (a,b)

e Xét ham sb f(x) = P(x) — Q(x) lién tuc trén [a,b). (lién tuc trén (a,b] )

e Tinh 7'(x).Chirng td f'(x)>0,Vxe[a,b) (f'(x)<0,vxe(a,b])

= Ham s6 déng bién trén [a,b) (Ham sé nghijch bién trén
(a,b])

= Vxe(ab): f(x)> f(a)=... (‘v’xe(a,b): f(x)> f(b))

Suy ra dpcm

2
Vi du 1: Chirng minh rang ¢* >1+x+x7 duing v&i moi x>0

Giai:

2
Xét f(x):ex—[x?+x+lJ lién tuc Vx>0 .

Taco f'(x)=e" —x—1, f'(x)=e" =120, Vx>0

Do d6 f'(x) dong bién trén [0;+0) = f'(x)= f'(0)=0, Vx>0
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= f(x) dong bién trén [0;+w) = f(x)> f(0)=0, Vx>0
x2 x2
=e' - 7+x+1 >0, Vx>0 hay ex>1+x+? v&i Vx>0.

3
Vi du 2: Chirng minh rang: x—%<sinx<x v&i x>0

Giai:

sinx < x (a)

BT & P v&i x>0
x—?< sinx (b)

a) Tachng minh sinx<x Vv3&i x>0
Xét ham s6 f(x)=x—sinx lién tuc trén [0;+ox)
Tacd: f'(x)=1—cosx >0, Vxe[0;4+0) = f(x)dong bién trén [0;+x).

= f(x)> f(0) V&I x>0= x—sinx>0 v&i x>0

3
b) Ta chi*rng minh x—%<sinx VOi x>0

3
Xét ham s6 f(x) :sinx—x+%|ién tuc trén [0:+o).

2
Tacod f'(x):cosx—1+x7:g(x)

= g'(x)=—sinx+x>0 V&i Vx>0 = g(x) dong bién trén [0;-+wo)
= g(x)=g(0)=0V&i x>0
hay f'(x)>0 v&i x>0 = f(x) dong bién trén [0;-+wo)

= £(x)> f(0)=0V&i x>0
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X x>
= sinx—x+?>0 hay x—?<sinx V@i x>0

3
\ \ X . 7.
Tra)vab) suyra x——<sinx<x v&i x>0.

Vi du 3: Cho 0<a£%. Chirng minh rang 2.a+i>3

a
Giagi:
Xét ham so f(x):2x+iz trén (0;2}’ f(g}zﬁ
X 4) 18

3_
Taco f'(x)=2—i:M<0 VOi Vxe(O;g}
x° x°

= f(x)nghich bién trén (O;ﬂ = f(x)szj, Vx6£0;ﬂ

:>f(05)2f(%} Vae(O;%}:>2a+%Z%>3, Vae(O;%}

(24

. V6 du 4. Chirng minh rang

) ;oo T
psinx  qtanx o oxtl v 0<x <=

Giai:

sinx+tanx sinx+tanx
4 ; ; +1
Ap dung BDT Co—si: 2810 4 21a0% > o ypsinx planx =55 2 -5 2

sinx+tan x |
P 2sinx +2tanx > 2 *

sin x+tanx
2

¢ 2 A : +1
Ma ddu “=" xay ra < x=0, nén 2°"* 4 2%4"¥ 59
Ta can chirng minh

sin x-+tan x

sin x +tan x
2 2 AR el

+1>x+1 < sinx+tanx>2x, VOl O<x<—
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Xét ham s& f(x)= sinx+tanx—2x lién tuc trén [0;%)

. 1 ) 1 Co=si ) 1
Taco: f (x)=cosx+ 5 —2>cos” x+ 5 -2 > 2.[cos”x. 3 -2=0
cos” x cos” x cos” x

. L V4
(vi cos x > cos> x VOi O£x<5)

= f’(x)zo,v)ce[o;%) — f(x)dong bién trén [o;g) = f(x)> f(0) V&i 0<x<§

= sinx+tanx—2x >0 = sinx + tanx > 2x VOi 0<x<5 =dpcm.

2
Vi du 5: Chirng minh x—%<ln(1+x) v3i moi x>0

Gidi:
, )Cz . A ’ 1 x2
Xét f(x)=In(l+x)—x+—Iliéntuc vx>0, f (x)=———1+x=—-2>0, Vx>0
2 1+x 1+x
= f(x) doéngbién vdimoi x>0
2 2

:>f(x)>f(0):>ln(1+x)—x+x?>0, Vx>0 :x—%<ln(1+x) vOimoi x>0
2-HAI BIEN SO
Loai 1: Str dung tinh don diéu ham sé
Ta dua bdt ding thitc vé dang: f(a)<f(b). Xét tinh don diéu ciia ham sé f(x) trén doan
[a;b] hodic khodng (c:d)> | a:b ]
Vidu 6: Cho 0<a<b<§. Chitng minh rang a.sina—b.sinb > 2.(cosb — cosa)
Gidi:

YCBT < a.sina+2cosa > b.sinb+2.cosb
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Xét hamsd f(x) =x.sinx+2.cosx VOi O<x<§
Taco: f'(x)=sinx+x.cosx—2.sinx, f'(0)=0
f"(x)=cosx+cosx—x.sinx—2.cosx =—x.sinx <0 (Vi O<x<§th\| sinx >0).

Do d6 £'(x)< £'(0)=0 khi 0<x<§

= f(x) giam trén khoang (O;%J = f(a)> f(b) VOI O<a<b<%

= a.sina+2cosa>b.sinb+2.cosb < a.sina—b.sinb >2.(cosb—cosa)

al@’ +2b) (@+D|(a+17 +20]

Vi du 7: Chirng minh v&i 0<a<3Ib<a+1 thi
2a° +b 2a+1)° +b

Gigi:

3
Xét ham sé f(x) _ X7 +2D) jiap tuctrén [0;a+1]
3
2x°+b
2(x = b)?

Tacd f'(x)=
S x> +b)?

>0, Vxe[O;a+1:]

= f(x) dongbiéntrén [0:a+1] = f(@)<f(Ib)< fla+1) v8i 0<a<x<a+l

L al@+20) o @+ (@+1?+2.0]

(dpcm).
2.8 +b 2.(a+1)° +b

Loai 2: St dung DINH LY LAGRANGE
Pinh ly lagrange

NEu ham s8 y= f(x)lién tuc trén doan [a;b] va kha vi trén (a;b)thi ton tai mot sé

fb)~f(@)

ce(a;b) sao cho f'(c)=
b-a
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b_a<1n2<b_a vdio<a<b
a a

Vi du 8: Chirng minh rang
Gidi:

1

Xét ham s6 : f(x)=Inx lién tuctrén [a;b] va f’(x):l , fle)==
X C

Ham sé f(x)=1Inx thod man dinh ly Larange trén[a; 5]

f®)~f@ _ 1_Inb-Ina

=3dce(ab): f (c)= h—a c b—a

1 1 1 1 Inb—-Ilna 1 b—a b b-a
Do 0<a<c<bhb=—<—<—D—<—— <— & <ln=< )
c a b b—a a b a a

Vi du 9: Chirng minh rdng v&i moi x, y R ta co: [sin x —sin y| <|x—y|
Giai:
Xét ham s8 f(r)=sint, f'(t)=cost = f'(c)=cosc
Ham sd f(r)=sint thoa dinh ly Lagrange trén [x; y]

Nén E'CE()C;y) sao cho f'(C)= f(y)_f(x) & COSC = Siny—sinx
- X

y—x
:>|Cosc|= SInXY sy, £1c>|sinx—siny|£|x—y , Vx;yeR
xX=y
, , . Y b—a b—a . /4
Vi du 10: Chirng minh rang <tanb—tana< VOi O<a<b<—
cos“a cos“ b 2
Gidi:
Vé Y ~ LY Y ? . ~n Y 1 1 1 1
Xét ham s6 f(x)=tanx liéntucva khavitrén [a;b] vaf'(x)= — f©=—
COS X COS ¢

f(b)—-f(a) tanb-tana
b—a b—a

= Jce(a;b) saocho f'(c)=
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1 tanb—tana b—a
= = tanb—tana =

cos2 c b-a cos” ¢

=

Do a<c<bva y=cosx nghich bién trén (O;%J nén

b—a b—a b—a b—a b—a
5 < 5 < 5 = 5 <tanb-—tana< 5
cos“a cos“c cos“ b cos” a cos“ b

BAI TAP TUONG TU

vOi 0<a<b<%.

1. Chting minh cédc bat ding thic sau:
tana

a) <%,va’i0<a<b<% b) a—sina<b—sinb, véi 0<a<b<’

tanb
2. Chitng minh c4c bat ding thic sau:

3 3 .5
x’ . X’ x .. : . r
a) x—?<s1nx<x——+—, vdi x>0 b) xsinx+cosx >1, vdi O<x<§

3. Ching minh cic bat ding thic sau:

a)e* >1+x, véi x>0 b) In(1+x) < x, vdix >0

4. Chtng minh cic bat ding thic sau:

,viix >0 b) 1+x1n(x+\/l+x2)2\/l+x2

a) In(d+x)—Inx> !
1+x

5. Cho x>1vaa>1.Chirng minhrang: x“-1>a(x-1)
6. Chirng minh rang: In(x+1)<x moi x>0.

1+x

1+x X
7. Chox>0. Chitng minh rang: (1+L) >(1+—]
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II-0'NG DUNG

Trong phan nay chung ta van dung linh hoat cdc ki thuat va phuong phap da trinh bay
phan trwdc va lvu y dén cadc méi lién hé vai x,y,z>0, ta cd

2

X +y2 xX+y 2 x3+y3+z3 X+y+z ’
> >xy,; > - | =2xyz ,
2 2 3 3

22(x+y+z)2

x2+y2+z Zxy+yz+zx

Phuong phap chung la d3t an phu (cé thé nhiéu hon mét [an) dya vao théng tin tir dé
bai.
Lvuy:
e Hams6 £(¢)lién tuc va dong bién trén 4] thi [%?g]f(t)zf(a), fg?b"]f(f):f(b)
e Hamso £(r)lién tuc va dong bién trén [a;b) thi [milr)l)f(t) = f(a)
a;
e Ham so £()lién tuc va doéng bién trén (a;b) thi {nagi]f(t)=f(b)
a;
Néu f(:)lién tuc va nghjch bién thi ta c6 diéu ngworc lgi.

Vi du 1: (Dé thi khdéi B, 2009) Tim gid tri nhd nhat cta biéu thirc
A:3(x4 +y4 +x2y2)—2(x2 +y2)+1,

vdi x, y 1a cac so thuc thda man diéu kién (x+y)3 +4xy>2,
Gidi:
Nhén xét: Théng tin tir dé bai go'i y d6i bién t=(x2 +y2); r=x+y hodc r=xy.
Tl gia thi€t va chu y dén bat déng thirc (x+y)’ > 4xy, vx,ye R, ta c6

(x+y)3+4xy22:>(x+y>3+(x+y>22(x+y)3+4xy22
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@()H_y_l){(x-py)z +(x+y)+2}20 (V‘I (x+y)2+(x+y)+2>0,Vx,yeR)

=>x+y=>1, Vx,yeR

2

2 2
. LNy 42 . XT+y .
Khi do6 két hop vdi bat dang thirc x* +y* z( ) ,Vx,yeR,ta co

(xes)

M3t khac x2 12 > L
2 2

N | =

Xét ham sé f(t)=%t2—2t+1 VOi 1>—.

, 9 9 1 1 1 " v a1
Taco 7/ (t)zEt—225.5—2=Z>0,Vle[5;+oo) :>f(t) dong bién trén [E;+oo)
Suy ra f(t)Zf(lj Vie[tito) = min f(t)=f(lj=i

2) 2’ 1 2) 16

2,2 1
T ddésuyra minA=i khi ¥ V=5 ox=y=
16 x+y=1, x

Vi du 2 (Dé thi khéi B, 2011) : Cho 4,5>0thda man 2(a2 +b2)+ab:(a+b)(ab+2).
N . . ? ~ ? - ’ 613 b3 az b2
Tim gia tri nho nhat cda biéu thic p=4 e B R (1)
b> a
Gidi :

Nhén xét : Théng tin tir (1)c6 thé dgt ==+ "
a

Tl gia thiét, ta cé
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a a a a

2(a2+b2)+ab:(a+b)(ab+2)<:>2 E+é +1= l+l (ab+2)<:>2 ﬁ+é +1:a+2+b+2
b b b b
Ap dung bat dang thirc Cosi, ta cd
a+% + b+% 221fa.%+2,/b.g=2\/5 \/EJr\/E =22 E+é +2
b a b a b a b a
Dau “=" xdy ra < ab=2
S a b a b
uyra 2|4+ 2v12242 [ 442 |42 (2)
b a b a
Dt t:%—ké,tl‘f (2):>2t+122\/5\/t+2:>4t2—4t—1520:>t2§.
a

3 3 2 2
Khi dé P=4{“—3+b—}9{“—+b—}:4(ﬁ —3t)—9(t2 —2):4r3 —92 ~121+18

b a b

Xét ham sé f(z):4t3 92 —12¢+18 lién tuc trén |:§;+ooj, tacéd

192 _18¢_19 — _ S
f(e)=12¢ —18t—12=(121+6)(1-2) > 0, viz

Suy ra ham sé f() dong bién trén E;mj :>f(t)2f@]=—243,VteB;Jroo]:nﬂnf(t)z

ab=2
Vay minP:—% @{%Jréé@{zzlzv{l‘;:lz.

Vi du 3 (Dé thi khdi D, 2009)Cho céc s6 thuc khdng 4m x, y thay d6i va thod man x+y=1.
Tim gia tri [&n nhat va gia tri nhd nhat cda biéu thic S=(4x2 +3y)(4y2 +3x)+25xy.
Gidi :

Cdch 1 : Khéng déi bién

TU¥ x+y=1=y=1-x, 0<x<1,Vva
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s =(4x2 +3y)(4y2 +3x)+25xy —16x%y? —2xy +12=16x7 (1-x) = 2x(1-x) +12

=16x" -32x° +18x —2x +12 = f(x)

Ham s6 f(x) lién tuc trén doan [0;1].

2-43 2443
4 vV X=

£/ (x)=64x" ~96x% +36x—-2Vva f/(x)=0c>x=%vx= ==,

f(0)=12, f(ljzé’ j{ﬂ}f{uﬁj_ﬂ

2) 2 4 4 | 16
23 | 2443
Vay minSzminf(x) khixzyzl; maszmaxf(x)zE khi T v 4
xe[ 0:1] 2 xe 011 16 y= 2+43 y= 2-43
4 4

Cdch 2 : Ddi bién

Do x+y=1, nén S=(4x2 +3y)(4y2 +3x)+25xy=16xzy2 —2xy+12

(x+2)

Déttzxyzne[o;i} (Vi 0<xy< i

Xét ham sé'f(t)=16z2 —2t+12lién tuc trén doan [O;ﬂ

1 1) 191 1) 25
f(1)=32t-2, f’(t):Ocn:E, £(0)=12, f[—}zﬁ, f[_j:_

1 x+y=1 |
Suy ra: minSzminf(t) khit=—= 1 ©x=y=—
. 4 Xy =— 2
l€|:0;*:| 4
4
2-43 2443
maszmaxf(t)z— khi t=—= 1 & v
a7 16 Xy =— 2443 2-43
te| 0;— 16 = =
4 4 4
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Vidu 4 : (Dé khéi A, 2014) Cho x, v, z |a céc s6 thuc khéng am va théa man diéu kién

2
R s Ny a i , I+yz
x> +y*+2z° =2.Tim gid tri I&n nhat cua biéu thirc P= X yrz %

+
X*+yz+x+1 x+y+z+1 9

Giai:

Ap dung bat dang thirc Cosi, ta cé

2X(Y+2) S X2+ (y+2)?=2+2yzoyz+ 12Xy + 2) = 2 +x+yz+12 02 +x+x(y+2)

2 2
X X X

= < =
X +yz+x+1 X’ +x+x(y+z) x+y+z+1

Dau “="xdyra o x=y+z

Dodé P< X N ytz  l+yz . 1 +1+yz
x+y+z+1l x+y+z+1 9 Xx+y+z+1 9

Theo BDTBCSta €6 : x+(y+z)<+2(x*+(y+z)’ =2[1+yz
Dau “="xdyra o x=y+z
1 1

<

x+y+z+l 142 1+yz

Do d6 P<i- L byz)y L Dhyz
x+y+z+1 9 1+2/l1+yz 9

=>x+y+z+1<1+2{l+yz = -

2
+%J lién tuc trén [1;+w)

Pat r=1+yz,r>1. Xét ham sO f(t)ZI_(Z[ "
+

Fl)=—t 2l 2 oo i (1) 2921

1
e 9990 EACES

Suy ra ham s6 £(t) nghich bi€n trén [1;+00) = f(¢)< f(1)=>Va f(t)== khit=1

5 x2+y2+z2=2 x=1
Vay maxPzg khi \x=y+z <y=0v

JI+yx =1
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Vi du 5: (Pé khdi D, 2014) Cho hai sé thuc x, y thoa diéu kién 1<x,y<2. Tim gid tri nho nhat
xX+2y N y+2x N 1

cla biéu thirc P=
X +3y+5 y +3x+5 4(x+y—1)

Giai:
Do 1<x<2=(x-1)(x-2)<0=x*+2<3x. Twong tw y* +2<3y

x+2y N y+2x N 1 Xty N 1

Suyra P> -
3x+3y+3 3y+3x+3 4(x+y—1) x+y+1 4(x+y—1)

t

Dit r=x+y,2<r<4.Xét ham sd f(1)= +— 1 lien tuc trén doan [2;4]

t+1 4(1-1)
()= 1 1 . f(1)=0e1=3
(t+ 1)2 4(t—1)2 ,
11 7 53 . 7
f(z):E; f(3):§; f(4):% Suy ra mmf(t):g khi t=3.
Do dé PZ%. Vay miang khi {i:;v{;:f

Vi du 6: (DPé thi khdi B, 2012) Cho cac s6 thuc x, vy, z thda cac diéu kién x+y+z=0 va
x2+y% +z2 =1. Tim gid tri nhé nhat cha biéu thirc P=x" +y° +7°.

Giai:
TY x+y+2=0=z=—(x+y) thé vao gi thiét th( hai, ta c6

1=)€2+yz+z2 =x2+y2+(x+y)2 =2(x+y)2—2xy22(x+y)2 —%(}H—y)z =%(x+y>2

:>(x+y)2S§:>—T6S(x+y)£§
2
Va tu x2+y2+z2=1<:>(x+y)2—2xy+(x+y)2=1:>xy=2(x+2y) !

Matkhdc P=x’+y>+22 =x>+y° —(x+y)5 =(x3+y3)(x2+y2)—x2y2(x+y)—(x+y)5
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:((x+y)3 —3xy(x+y))((x+y)2 —2xy)—x2y2(x+y)—(x+y)5 =5x2y2(x+y) —5xy(x+y)3

2_
Pat r=x+y,suyra —@srs@vé xy=2t !

2 2 2
Khi doé P:S{zt _IJ t—S[ujﬂ:—é(Zﬁ—f)
2 2 4
e e
3

Xét ham f(t):—%(2t3 —t) lién tuc trén doan {—;

£ (t)z—%(@‘z —1); f’(t)=0©t=i§

3 6 3 6 36 36 6 3
Suyra minP:—% khi x:y:%,z:—gvx=y=—§,z=¥ va cac hodn vi.

Vi du 7: (Pé thi khdi A, 2012) Cho cdc s6 thwc x, y, zthdéa man x+y+z=0. Tim gia tri nhd nhat
clia bidu thire P31 3 4 4 —,l6(x2 +y? +zz)
Gidi:
Ta chirng bat dang thirc 3'>1+7, vr>0(1)(xét ham s6 f(r)=3"-1-1)

Ap dung (1), ta c6

P A B O —,/6(x2+y2+zz)23+|x—y|+|y—z|+|z—x|— [ (x2+y2 +z2)

Ap dung bat dang thirc |o| +[p|>|a+ 5], ta co

(e s =) = of o= e af sl 4]

oly=al(le= e e afx =3l =) 22 Jr=f +ly=of +feof |

Suy ra
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|x—y|+|y—z|+|z—x|2\/2(|x—y|2 +|y—z|2 +|z—x|2) =\/6(x2 +y2 +z2)—2()c+y+z)2 = 6()c2 +y2 +zz)

Do d6 p =3l 43P sl /6(x2+y2+z2)z3vé P=3khix-y=2z=0

Vay minP=3khi x=y=z.
Vi du 8: Cho x,y,z>0thda man x+y+z£§. Tim gid tri nhé nhét cla biéu thic

1 1 1
P=x’ +y +Z2+_+_+T
X7y y'z Tx

Giai:
Ap dung bat ddng thirc Cosi, ta cd

1 1 1
P:X2+y2+ZZ+T+T+TZ33 (xyZ) T
X7y yz Tx Xy<

" ) 1
Dau “=" xay ra Sx=y=i=o

X+y+z l
3 2

Va 0<3lxyz <

Dat r=3[xyz, te( 2} Xét ham s6 f(r)= 3t2+%:>(DPCM)
t

2 2
Vidu 9: Cho x>y>z>0.Chirng minh: ryyL X >x2+y2 472

Z by y
Gidi:
3.2,.2.3,.23
Yooy +xC.
BOT & X TL YV FX L 5 2,02, 2
xX.y.z
3.2,2.3,.23 32 3 2 2 2
YVo+zTy Xt
s, i AL > xz(x? +y +z )<:>—+Z—2+Z—3 x_zﬁ_i[x_z+z_2+1}
i yooyroy oy Y Yyt oy
o X Z ,
Pat u==,v==.Tacd u=1>v>0.
y

Nén BDT cé dang u® +v? +u? v > uv(?® +v> +1)
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sud-v)+u? v —uvl+v?)+v? 20 (1)

+ NE&u v=1thi (1) c6 dang u?>-2.u+1>0, ticla (1) ding
+Néu 0<v<l.
Xétham sé f(u)=u’(1-v)+u’ v —uvd+vH)+v?*  v&iux1
Tacod f'(u)=3u*A=v)+2.urv> —v(1+v?)

F"w)=6u1-v)+20° >0 (do 0<v<1va u>1)

= f'(u) d6ng bién trén [L+x), nén f ()= (1), we[l;+oo)
Ma f'()=v'-4v+3=(-D0*+v-3)>0, nén f '(u) 20 = f (u) dong bién trén [1;+x)
Técla vux1tacd fw=f)=v>-2v+1=(v-1%>0

2 2.3

Vay: W A=) +u*v? —u®v — w1 +v)+12 >0 V& Vu>1>v>0

2y Yz x
v, Yy
Z X y

Hay >x2 4y 4722 Vi x2y22>0.

Lwu y: Cdc ban cé thé Idp bdang bién thién, tir d6 rut ra két luén bai todn.
Bai tdp twong tw
1. Cho x,y>0 thda m3n x+y=4.Tim GTNN va GTLN clia P=(x3—1)(y3—1).
HD: Dat r=xy, 0<r<4
2. Cho x,y>0 théaman x*+y?>=2. TIM GTNN va GTLN clla P=x+y—xy.

HD: D&t r=x+y, V2<r<2

3. Cho x,y=0 thda min x*+y*>=8. Tim GTNN va GTLN cua P:Ll+ yl.
y+1 x+

HD: Dat r=x+y, 22 <r<4

2 2
4. Cho x,y>0 thda man x+y+xy=3. Tim GTNN va GTLN clia p=—~ 4+ 1
y+1 x+1 x+y+3

HD: Pat r=x+y, 2<r<3
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. (P& thi khéi A, 2013) Cho a.b,c>0thda man (a+c)(b+c)=4c>. Tim gia tri nho nhat cla
3 3 [ .2 2
biéu thirc P= 32a T+ 32b T a t+b .
(b+3c) (a+3c) ¢

HD: Dat x=<, y:B. Saudédat r=x+y,r>2.
c c

. (Pé thi khéi D, 2012) Cho céc s6 thuc x, y thda man (x—4)2 +(y—4)2 +2xy<32. Tim gid tri
nho nhat cla biéu thirc P=x° +y3 +3(xy—1)(x+y—2)
HD: Dat r=x+y, 0<r<8.

. (D@ thi khéi B, 2013) Cho a, b, c |a céc s6 thwec dwong . Tim gia trj I&n nhat cha biéu thirc
4 9

Va2 +b%+c2 +4 (a+b) (a+20)(b+2c)

HD: Pat r=va®> +b> +c> +4, t>2.

(D& thi khéi B, 2010) Cho a,b,c >0théa man a+b+c=1. Tim gia tri nhd nhat cda biéu
thurce P=3(a2b2+b202+62a2)+3(ab+bc+ca)+2\]a2+b2+62.

HD: D3t r=ab+be+ca, 0<r<.

P:

98]

. Cho x,y,z>0thoa man x+y+z£%.T\lm gia tri nhé nhat cla biéu thirc
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