HOC360.NET - TAI LIEU HQC TAP MIEN PHi

Vay minP =243 +2J5+2415-6 khi i:%:—

\/5 \/§>0'

Phdén trén ta dd si dung déu hiéu nhén biét dé déi bién. Tuy nhién con rét nhiéu bét
ddng thirc ma khi gép phdi, né doi héi ching ta kinh nghiém gidi todn va sv linh hoat trong
phdn dodn. Sau ddy téi trinh bay tiép cdc vi du ma cdch déi bién khéng tudn theo déu hiéu
ndo.

Vi du 16: Cho a, b, c 1a ba s6 dwong thda abc =1. Chirng minh rang

1 N 1 N 1 >

aZ(b+c) bz(c+a) cz(a+b)

N | W

Giai:

bat a:l, b:l, c:l thi ta cd xyz=1. Bat ddng thirc can chirng minh trd thanh
X y z

2 2 2 X

2 4% >3 (p3 ching minh)
y+z z+x x+y 2

N | W

Vidu 17: Cho x,y,z>0. Chirtng minh rang: (x+y-z)(y+z—x)(z+x—y)<xyz.

Giagi:
o a+c a+b b+c
Data=x+y-z,b=y+z—x,c=z+x—-y=>x= 5 Y= 5 ,Z= 5

B4t dang thirc can chirng minh tré thanh: abe < a+b.b;c.cza .
Ta th3y téng 2 s bat ky trong 3 sé a, b, c 13 1 s6 khdng 4m nén c¢d it nhat 2 trong 3 s6 d6
khoéng am. Trong trudng hop c6 1 s6 am thi BDT hién nhién ding. Do d6 phai xdy ra trudng

hop ca 3 s6 a, b, c khdng &m. Ap dung BDT Co-si cho 2 s6 ta cé:
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“;b.bzc.cza > Jab Jbe~ea = abe (DPCM).

Vi du 18: Cho ba sé a,b,ce(O;%):a+b+c:3. Chirng minh bat dang thirc:

S SRS 9 '
J3-2a ~3-2b ~3-2¢ ab+bc+ca

Giadi:

’

. Cxy,z>0
Dat V3-2a :x,\/3—2b=y,\/3—2c =z thi { 2y .,
X +y +z°=3

. 1
Ta co: ab+bc+ca =Z(x2y2 +y° 27 +2°%° +9).

Do d6 BDT can chirng minh trd thanh:

1,11 — 2326 — <:>(l+—+l)(x2y2+y222+22x2+9)236.
X Yy z Xy 4+yz4+zx+9 X y z

Ap dung BDT C6-si cho 3 s6 dwong va 12 s6 dwong ta duoc:

l+l+lz 3

X ¥y z Jxyz

>0 (1)

XY+ Y2+ +9=x"y 4y 2+ 2 1+ 12128 (02)t =123xz >0 (2)

9sol

Nhan vé theo vé cia (1) va (2) ta cd diéu phai chirng minh.

Vi duy 19: Cho x,y,z>0:x+y+z=1. Chirng minh rang: Lrx +1+y+ I*z <22+Z+2y (1)
y+z z+x x+y z y X

Gidi:
x+y+2)+x (x+y+2)+y (x+y+2z)+z X z 'y
e + + L2(—+—+2)
y+z Z+x X+y z y X
= il + Y z +§£f i+Z
y+z z+x x+y 2 z y x

3 3
<:>(£— al )+(£—L)+(l J )z - xy2+ = —+ yzzz_(z)
z y+z y x+y X z+x 2 vz+z xz+y Xxz+x 2
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Pat a=xy>0,b=yz>0,c=2zx>0.
Khi dé (2) tré thanh:

a c b 3 a’ b’ ¢’ 3
+ + > o + + >
b+b—c a+ﬂ ot %€ 2 ab+bc ab+ac bc+ac 2
a c b
z. 2 2 2 2 2
Taco: a N b c S (a+b+c) S (a+b+c)” 3

+ 2 P =
ab+bc ab+ac bc+ac 2(ab+bc+ca) (a+b+c) 2

3

2

Vi du 20: Cho ba s6 duong a, b, ¢ thod man abc = 1.Chirng minh:

a b c 4 1
+ + - <—
(@a+1)? (b+1)? (c+1)? (a+Db+1)(c+1) 4

Giai:

1-a 1-b 1-c¢
1+a 1+b 1+c

l—x_b_l—y_c_l—z

bat: «x ;b= ic= .
1+x I+y 1+z

= -1<x,y,z<1va a=

Thabc=1=(1-x)(1-y)(1-2)=(1+x)(1+y)(1+2)=x+y+z+xyz=0.

M3t khac: A P R
(a+1)* a+l

TU’O’ngtU‘. 4b :1—y2;i=1+y Vé 4c :1_Z2; 2 :1+Z
(b+1)? b+1 (c+1)* c+1

Nén bat dang thirc can ching minh twong duong véi

4a+4b+4c<2222

(a+1* (b+1)? (c+1)? @) (1) (e )

o 1-x2+1-y* +1-22 <1+20+x)(1+ y)(1 +2)

= x2+y2+z2+2(xy+yz+zx)+2(x+y+z+xyz)ZO = (x+y+z)2 >0.
DAy |3 bat dang thire ludn ddng nén bai toan dugc chirng minh.

4c da b >3

Vi du 21: Cho a,b,c>0. Chirng minh rang + >
2a+b b+2c c+a
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Gidi
Pat x=2a+b, y=b+2c, z=c+a, SuUyra
a:x—y+2z’ b:x+y—21’ C:y—x+21
4 2 4

BDT can chi*rng minh tré thanh: (1+£j+(%+ij+£5+ljz6. (CM dé dang)
Xy x 2z y 2z

a+2b 3¢ c+2a

Vi du 22: Cho a,b,c>0. Chirng minh rang + + >1.
5c+4a 4a+4b+c a+2b+6¢

Gidi:
D3t x=a+2b, y=3c, z=c+2a. B4t dang thirc can chirng minh tré thanh

S A S
y+2z z+2x x+2y

Ap dung bt d3ng thirc BCS va BDT co' ban (x+y+z)° 23(xy+yz+2x), ta cd

2 . 32 . 2 N (x+y+z)2 23(xy+yz+z)c)

xXy+2xz yz+2xy xz+2yz_3(xy+yz+zx) 3(xy+yz+zx)

Vi du 23: (BH_A, 2009). Chirng minh rang véi moi x,y,z>0thda man x(x+y+z)=3yz, ta c6 bét
dang thirc sau: (x+y)3 +(x+z)3 +3(x+y)(y+z)(z+x)$5(y+z)3.
Giagi:

Pat a=y+z, b=z+x, c=x+y, khidd a,b,c>0 va

b+c—a c+a-b at+b-c
X = . = . Z:
2 2 2
A , . 2 \ 3 3 3 C3 b3 b C
BDT can chirng minh trd thanh ¢’ +5° +3abc <5¢° & —+—+3.—.=<5 (1)
a a a a
.2 Y Y . \ 2 2 2 bz CZ b C
Gia thiét dwoc viét lai thanh > +c¢* —-be=a &+ -——=I (2)

a a a a
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Pt u=2, =S thi wy>ovatr (2)< u® +v? —uv =1. Ta phai chitng minh
a a
W+ +3uv <5 (3)
Taco: (u+v)2S(u+v)2+3(u—v)2=4(u2+v2—uv)=4:>u+v£2
(u+v)2
Do dé u3+v3=(u+v)(u2+v2—uv)=u+vs2 Va uv < =1

Suy ra (3) dung.

D3i v&i mot s6 bai toan chirng minh bat dang thirc chira ba bién a, b, c khong am, cé vai
tro nhu nhau ta cé thé st dung phwong phap déi bién nhu sau:

Pat x=a+b+c; y=ab+bc+ca; z=abc.
Ta c6 cac dang thire sau:
xy—z=(a+b)b+c)c+a) (1)
x> +y=(a+b)b+c)+(b+c)c+a)+(c+a)a+b) (2)
xZ—Zyzaz+b2+c2 (3)
x3—3xy+3z=a3+b3+c3 (4)

Cac bat dang thirc sau:

x% >3y (5)

x> 272 (6)
2

v 23xz (7)

xy =9z (8)

x> —4xy+9z20 (9)

(Ban doc ty chirng minh cac bat dang thirc trén).
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Vi du 24: Cho ba s6 duwong a, b, c thod man diéu kién abc = 1. Chirng minh
(a+b)b+c)c+a)=2(1+a+b+c)
Gidi:
bat x=a+b+c; y=ab+bc+ca; z=abc.
Theo (1) thi bat dang thirc can chirng minh twong duwong véi:
xy—z22(l+x) < xy—-122(1+x) < x(y—-2)=3.

Do z= abc=1néntheo (6) va (7)suyra: x > 3;y > 3suyra: x(y—2) > 31a BDT dung. Pang
thirc xay ra < x=y =3 haya=b =c=1. Suy ra bai toan dwgc chirng minh.

Vi du 25: Cho ba s6 duong a, b, c thod man: a + b + ¢ = 3. Chirng minh:

abc+L25
ab+bc+ca

Gidi:
Pat x=a+b+c; y=ab+bc+ca; z=abc.

Khi d6 bat dang thirc can chirng minh twong duong véi bat dang thire sau:

z+725 (*)

Theo (9) két hop véi x=a+b +c=3 tacd: 27-12y+9z>0.

4y-9 4y-9 12

Suy ra: 72 = z+£2 it (**)
3 y
oz 4y—=9 12 5 5 , e
Mat khac: +—2>5<4y" -9y+362=15y < (y-3)° =0 (dung véi moiy).

y
Tw (*) va (**) suy ra bai toan duwgc chirng minh.

Dang thirc xay ra khi va chi khi:a=b=c=1.
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Bai tdp twong tu:

1. Gidslra, b, cla dd dai 3 canh cila mot tam giac o chu vi la 3.
1 1 9
+ + > .
Ja+b-c b+c—a ~e+a-b ab+bc+ca

Chirng minh rang:

1 1 1 3
+ + e
a(l+b) b(l+c) c(l+a) 2
3. Chox, vy, z 1a d6 dai 3 canh cla mdt tam giac. Chirng minh rang:
(x+y+z)xyz2(xy+yz+zx)%/(y+z—x)(z+x—y)(x+y—z).

2. Cho a,b,c:abc=1. CMR:

4. Choa, b, cla d6 dai 3 canh clla mdt tam gidc. Chirng minh rang:

\/ a +\/ b +\/ ¢ >3.
b+c—a cta-b a+b—c

Vb Nea . ab
a+3Jbe b+3Jea c+3\/ﬁ'
6. Cho cdc s6 thucx, y, zthoa man: 4°+4" +4° =3, CMR: 2" 427 +27 24" 44 147,
1 2007 c+1
+ < .
a+2 2008+H 2007 +c
Tim GTNN cta P = (a+1)(b+1)(c+1).

5. Choa, b, c>0. Tim GTLN cla: P=

7. Cho 3 s6 thuc dwong a, b, ¢ thda man

8. Xéta, b, c>0tlyy. Tim GTLN clia: T = abe _
(I+a)l+a+b)(1+a+b+c)
9. Choa, b, c>0. Chitng minh ring; —“1 b6+l erl

b+2c+3 c+2a+3 a+2b+3
10.Cho ba s6 khdng 4m a, b, ¢, thod man: ab+bc+ca+abc=4.

Chirng minh: 3(a® + b +c?)+abc > 10

11.Cho ba s6 duong a, b, c thod man diéu kién ab + bc + ca = 3.

Chirng minh: ! + ! + ! 2a+b+c+ 3
a+b b+c c+a 6 a+b+c

12.Cho ba sb a, b, c thudc (0; 1) thod man abec =(1-a)(1-b)1-c).
Chirng minh: @® +5° + ¢ +5abc > 1
1 1
+ +
a+l b+1 c+1
14.Cho ba s6 duong a, b, ¢ thod man abc = 1. Ching minh:

13.Cho a, b, cla cdc s6 duwong va =2. Ch&rng minh: 8abc < 1.
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(@+b)(b+c)(c+a)=5(a+b+c)-7

15.Cho cac s6 dwong a, b, ¢ sao cho abc = 1. Chirng minh: at3 + bt3 + ct3 >3

(@+1)? (Bb+1)? (c+1)?

16.Cho cac s6 dwong a, b, ¢ sao cho abc = 1. Chirng minh: %+é+£2%(a+b+c—l)
c da

17.Cho a,b,c>0 thod a + b+ c = 1. Chitng minh: 0<27(ab+ bc+ca)—54abc <7

18.Choa,b,c >0. Chirng minh: \/2(1+a2)(1—|—b2)(1—|—c2) > (1+a)(1+b)(1+c)—2(1+ abc)

19.Cho x, y, z la cic sd thuwc khdng dm, db6i mét khdc nhau va théa man diéu kién
(x+2)(y+z)=1. Chirng minh ring — —+ 1 —+ ! >4,
(x=y)" (x+2) (v+2)
20.Cho a,b,c>-1thda o +b* +c* =6. Tim gia tri nhd nhat cda biu thitc A=a+b+c.
21.Cho x,y,ze[O;ZJ va x+y+z=3. ChL'rng minh 3Sx2+y2+z2£5.
22.Cho x,y,ze[0:2] va x+y+z=3. Tim GTNN va GTLN cla biéu thirc

Poxt iyt +Z4_12(x_1)(y—1)(z—1)
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&3. BAT DPANG THU'C BUNHIACOPSKI
(Cauchy-Schwarz - Bét ddng thirc BCS)
Bdit dang thirc BCS

Cho 2n s6 duong (neZ,n>2): a,,a,,....,a va b,b,,...b taco:

(ab, +aby +---+a,b ) <(ai +a; +--+a> )bl +b; +---+b})

X wy a, a a .
Du “="xdyra < -L=—-2=...=—2(quy u6c n€u b, =0 = a, = 0)
bl bZ bn

Hé quaé (dang thuong ding)

Cho hai day s0 a,a,,...,a, va b;,b,,....b, v6i b, >0 Vi=1,n taludn cé:

2 2 2 2
a_1+a_2+...+a_”2 (al+a2+“'+a”)
~ > a a a
Diu“="xdyra & Lt="2=...= 1
bl b2 bn

Vi du 1: Cho hai sé thyc x, y thda man 3x* +4y% =5. Chirng minh 2x+yﬁ\/%
Giai:

St dung BCS cho 2 day s6 +A3x, 2yva —, L tacé

Y32
2 2 1 3 2\ 4 1 19 95
2x+y) = Br e+ 2y~ S(3x +4 ) RATIL Y )
(26+3) [\/_ﬁyzj y[34] 12 12
V3x _ 2y 8 (15
TAN 7N X=—,|—
Dau “=’ xdy ra [\2[} (;jc 31576. Vay bat dang thirc duoc chirng.
3 = —
3x% +4y* =5 76
a b c

Vi du 2: Cho a,b,c>0. Chirng minh rang + + >1.
b+2c c+2a a+2b
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Gidi:
Ap dung hé qua bat dang thirc BCS voi hai day a.b.c va a(b+2c).b(c+2a).c(a+20),ta c6

a b c a2 b2 c2 (a+b+c)2
+ + = + + >
b+2c c+2a a+2b a(b+2c) b(c+2a) c(a+2b) a(b+2c)+b(c+2a)+c(a+2b)

Do dé, ta con chirng minh
(a+b+c)2 >3(ab+bc+ca) (ban doc tw chirng minh)

&ow_r L2 a _ b _ C .
Dau "= xayra <:>a(b+2c)_b(c+2a)_c(a+2b)(i)a_b_c

Vi du 3: Chirng minh rang véia, b c duwong , ta déu cé 12+ L . 1

(a+b)’ (axc) o b

Giai:

Ap dung bat dang thirc BCS, ta ¢

(a+b)’ {a.l +@.J§J2 S(a2 +bc)[1 +€]:> (a:b)z > (b+c)((;2 +bc) (1)

. . = P 1 b
Hoan toan tuong ty, ta clng cé = 2
& & (a+c)2 (b+c)(a2 +bc) ( )

Tl (1)va (2) suy ra diéu phai chirng minh.
Diu “=' xayra o a=b=c.

. ) . , a . b . e 1
Vi du 4: Cho ab,c>0. Chirng minh (202+b2)(202+c2) .(2b2+€2)(2b2+02) .(262+02)(2C2+b2)sa+b+c

Giai:

Ap dung bat dang thirc BCS, ta ¢
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2

(a2+b2+a2)(a2+a2+cz) (a +ba+ac) =a2(a+b+c)
2 3
o a PRSP a < ¢

(2612 +b2)(2a2 +cz) a+b+c (Za2 —|rl)2)(2a2 +cz) (a+b+c)2

Tuwong ty

b’ - b c
(2b2+c2)(2b2+a2) (a+b+c (2c +a2)(20 +b ) a+b+c)2

C

Cong theo vé ba bat dang thirc cung chiéu, ta dwoc (1)

ll n”

Dau Xayra <a=b=c.
Vidu 5: Cho x, y, z la cdc thuc thda xy+yz+zx=4. Tim gid tri nh6 nhat cha biéu thirc
P=x4+y4+z4
Gigi:
Ap dung bat dang thirc BCS hai lan lién tiép, ta cd
(x2.1+y2.1+zz.1)2S(x4+y4+z4)(12+12+12):3(x4+y4+z4)2(x2+y2+z2)2 (1)

2 2
(x2 +y2 +zz) =(x2 +y2 +zz)(y2 +7* +x2)2(xy+yz+zx> =16 (2)

T (1)va (2) suyra P=x4+y4+z42?.

Vay minP=—o{x*=y’=7? o 3.
3 23

X_Y_Z2 Xx=y=z=——"—

y 7 X 3

Lwu y: Van dé bdo tén dau “=” ludn xay ra trong qua trinh bién déi bai toan cling quan
trong nhu bat dang thirc Cosi.
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Vi du 6: Cho x,y,z 1a basd duong va x+ y+z<1, chitng minh rang

\/x2+i2+ yz+L2+\/Zz+i2 > /82
x % z

2
(x2+i2j(12+12)2 (Hlj VN x2+%ziﬂx+1]
X X X ¥ 2 X

Tuong ty ta co:

P>— (x+y+z)+ l+l+l zi (x+y+z) l+l+l =32
2 X y z 2 X y z

Vay P>32....2

Sai lém

>4y @l
Nguyén nhén sai lém: P=3V2 <11 x'1 3y'1 z(vn)
x+y+z=1

Loi giGi ding: Ta dy doan dau dang thirc xay ra khi x=y=z=%; va biéu thirc trong cin

2
goi cho tam s&r dung BCS: (xz ! J(a + ) [ax+’3] V3i a, B la nhitng s6 thda man
Yy

X
a

2
Taco (x2+%)(12+92)2(x+2J = /x2+i2 ZL()ng
x x 82

1 1
Tuwongtytacd: P> 9x+y+z)+9 —+ +—

Do x+y+z=1, l+l+l:9 nén ta tach:
xX y z
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(x+y+z)+l l+l+l +@ 1+l+1 >2 (x+y+2) 1+1+1 80 9 oo
Ny z) 9y )3 Xy z) 9xty+z

Vay P>+/82, ddu “=” xay ra khi x=y=z=%.

x,,2.0 | | |
Vidu7:Cho<1 1 1 _,.TimGTLNcla P= + +
;+;+—Sl V2x+y+z x+2y+z x+y++2z
z
Gidi:
) a? 1 (a+1+1) ,
Ap dung BCS ta co: +— —> ta chon « thoa
\/5 \/—x+y+z
X = =7z = ‘L:l:lji —:—:}a \/7

PRI Ty T T s 33
(*/5)2 ror (\5+1+1)

\/—x \/_x+y+z

N | (\5)2 (1+J§+1) (*f”) L1l 1
Vay ta co: \/’y z . x+fy+z (2+\/§) { }

ﬁ+ﬁ+(\/—) (1+1+42)>
\/—Z x+y+\/_Z

D3u bang xay rakhi x=y=z=3= MaxP=———+ khix=y=2z=3
2+\/_

Vi du 8: Cho hai s6 thyc x, y théa ma3n 2x—y=2. Tim gid tri nhé nhat cla biéu thirc
Pz\/x2+(y+l)2 +\/x2+(y—3)2

Giai:
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Nhén xét: Y tuvong la dung bat dang thire BCS, nhuwng ta khong biét dwoc dau “=” xay ra tai
dau. Ta gid dinh dau “=" la cé nhu sau

Gia st P dat min tai {sz v&i 2a-bh=2

Ap dung BCS, ta ¢

mzax+(b+l)(y+21)7 /7x2+(y_3)22ax+(b—3)(y—23)
\/a2+(b+1) \/a2+(b—3)

Suy ra
2 2 ) 2 ax+(b+1)(y+1) ax+(b—3)(y_3)
P=4|x +(y+1) +4/x +(y_3) > .
\/ \/ a2+(b+1)2 a2+(b_3)2
= 2 + a ot b+1 N b4l ,
L/a2+(b+l)2 \/a2+(b—3)2] {\/a2+(b+1)2 \/a2+(b—3)2]

b+1 ~ 3(b+1)
\/a2+(b+1)2 \/a2+(b—3)2

Ta sé chon a, b thoa

+

2a—b=2

2
a a _ b+l b+l 92:32
N e S W B PR S T B s

T&idaysuyra P>

122\5/§x_6\/gy+38\/§_6\/g(zx_y)+38\/§:2\/g

25 25 25 25

Cdc ban tw viét lai bai gigi hoan chinh.

Vidu 9: Cho a,b,c>0théa a+b+c=6 va o> +b* +c* =14. Tim gid tri I&n nhat cta biéu thirc

_4a+b
c

P
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Giai:

Day [a mot bai todn kho, dau “=” khong biét xay ra tai dau. Y tuéng nhw vi du 8, nhung
da+b
C

khé dp dung dwoc BCS. Vi vay ta cd thé gid st maxP<m < <meda+b-me<0 VOi m>0.

Két hop vai gid thiét n(a+b+c)=6n v8i n>0, ta cd
(4+n)a+(1+n)b+(n—m)c<én (1)
Tl day ta cd gdng danh gia theo bat dang thirc BCS sao cho V& trai xuat hién o> + b* +c2.
Ap dung BCS, ta c6
[(wn)as (ten)o(n-mle] <l (4ns(1en)” +nm)” [0+ Jo1d] (' (1) (- |2
Vi can chirng minh (1), nén ta chon m.» sao cho binh phuong cta vé phai cla (1)va vé
phai clia (2) bang nhau. Tirc la

14[(4+n)2 +(1+n)2 +(n—m)2} =36n°

“u_n

Ngoai ra ddu “=" trong (2) xdy ra & - b c _athte 6

4+n:1+n:n—m_5+3n—m_5+3n—m

Hay L 6(4+n) ) 6(1+n) o 6(n—m)

C543n-m’ 543n-m S5+3n-m

Khi d6 maxP dat dwgc thda yéu cau bai toadn

n>m>0
a+b+c=6 (hin) n>m>0 . ) ) i
ol 2l 1 o 36{(4”) +(1+n) +(n-m) }:14(5+3n_m)

14[(4+n)2+(1+n)2+(n-m)2}=36n2 14[(4+n)2+(1+n)2+(n_m)1:36n2

m=—
7 19 176
& =>a=—, b=—, c=—
49 7 7 7
n—=—
2

Trinh bay lai bai giai hoan chinh (danh cho ban doc).
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Bai tdp twong tv

1. Cho a,b,c>0thda abc=1.Chirng minh rang — +— L ; I .3
a’(b+c) b’(c+a) c(a+b) 2
3 3 3
2. Cho a.b.c>0théa abe=1.TimGTINNclla p=— &, O, ¢
A+b)1+c) (A+o)(d+a) (A+a)1+b)
3. Cho a.b.e.d>0.TimGINNchap=— % 40 ¢ .  d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c
4. Cho a,b,c>0.Chirng minh rang a + b + 5 >1
\/a2 +8bc \/b2 +8ca \/02 +8ab
, . Y at bt c* AS+b
5. Cho a,b,c > 0. Chi&ng minh rang + >
b+4c c+4a a+4b 4
6. Cho a,b,c >0thda a+b+c=3.Chirng minhring —4 4> ¢

a+2bc b+2ca c+2ab
b+c c+a a+b <1

1
a’>+bc b*+ca 02+ab_a b

8. Cho a,b,c>0thda a+b+c=6.Chlrng minh rang

\/a2+L+\/b2+L +\/C2 +L>3\/ﬁ
a+b

7. Cho a,b,c>0. Chitng minh rang

1
+—
C

b+c c+a 2
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