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1. Chii dé dao ham

Day la cong cu hitu hi¢u trong viéc tim cuc tri; tim gia tri 16n nhét, nho nhét
ciia ham sd. Thong qua viée day hoc kién thirc nay, ta c6 thé cho hoc sinh giai

nhiing bai toan thuc tién kha hip din va mang nhiéu y nghia.

Vi du 1: Mot man anh chir nhat cao 1,4m dwgc diat & do cao 1,8m so véi
tAm mat (tinh ddu mép dwéi ciia man anh). Pé nhin rd nhat phai xac dinh vi

tri dimg sao cho géc nhin 16n nhat. Hay xac dinh vi tri d6?
Loi gidi :
Vi bai todn ndy ta can xac dinh OA dé goc BOT 16n

nhat, diéu ndy xay ra khi va chi khi tgBOC 16n nhat.

DPit OA = x (m) véi x > 0, ta c6 tgBOT = tg(AOC - AOB)

AC AB 1,4
_ tgAOC-tgAOB ~ 0OA OA _ X . 14x
1 + tgAOC.tgAOB 1+ AC.AB 1+ 3,2.1,8 X +5,76
OA’ X’
Xétham s6 f(x) = f’L
X"+ 5,76

Bai toan tré thanh tim x > 0 dé f(x) dat gia tri 16n nhat.

—1,4x* + 1,4.5,76
(x> +5,76)°

Taco f'(x) = , fxX)=0 = x=124

Ta c6 bang bién thién
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X 2,4 +00

f(x) ////// ¥ 0 -

84

Vay vi tri ding cho géc nhin 16n nhit 1 cach man anh 2,4m.

f(x)

0

N
o

Vi du 2: Tir mét khiic g6 tron hinh tru, can xé thanh mét chiéc xa c6 tiét
dién ngang 13 hinh vudng va 4 miéng phu nhw hinh vé. Hay xac dinh kich
thwée ciia cac miéng phu dé dién tich sir dung theo tiét dién ngang la 16m

nhat?
Ta c6 101 giai bai todn nhu sau:
Goi x, y la chi€u rdng, chiéu dai cia miéng phu nhu Hinh v€. Goi d 1a duong

L S RV S , . . d
kinh cta khuc go, khi do ta co tiét dién ngang cia thanh xa cé canh la ﬁ

vao<x< ——~

d2 - v2) . < 1\
R

,0< <— v
2 A S ] B
é/ d.--""
o\

Theo bai ra ta dugc hinh chir nhat ABCD

nhu hinh vé, theo Pinh 1y Pitago ta c6

2
(2){ +%j +y' =d" oy =%\/d2—8x2—4\/§x
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, S 1a dién

SuyraS=S(x)=%de2—4\/§dx—8x2 voi 0<x<d(2+\5)

NG

tich mot miéng phy. Ung dung Pao ham ta co S 16n nhit khi va chi khi x =

J34-32
16

Vi du 3. Chi phi vé nhién liéu ciia mét tau dwoc chia 1am hai phan.
Trong dé6 phan thir nhit khong phu thudc vao vin téc va bing 480 ngan
dong/gio. Phan thir hai ty 1¢ thuin véi 1ap phwong cia van toc, khi v =
10km/h thi phin thir hai bang 30 ngan dong/gio. Hiy xac dinh vén toc cia

tau dé tong chi phi nguyén liéu trén 1 km dwong la nhé nhat?

Loi giai: Goi x (km/h) 14 van téc cua tau. Thoi gian tau chay quang

\ \ 1 N\ . 4 '/‘\ A A }\ 4 /( \ 1 480

duong 1km la —(gi®). Chi phi tién nhién li€u cho phan thtr nhat 1a —.480 = —
X X X

(ngan Pong). Tai v = 10 kmv/h chi phi cho quang dudng 1km & phan thir hai 1a

% .30 = 3 (ngan ddng). Xét tai van toc x(km/h): goi y (ngan Pdong) 1a chi phi cho

quang duong 1km tai van tdc x, ta c6 y = kx3, 3 = k103 (k 13 hé sb ti 1¢ giira chi

phi 1km dudong cua phan thd hai va lap phuong cua véan tc), suy ra

3
%z(%) & y=0,003x>. Vay tong chi phi tién nhién liéu cho 1km duong la

p=pKx)= . +0,003x*. Ap dung Pao ham ta c6 chi phi p nho nhat khi tau
X

chay véi van toc x = 20 (km/h).
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Vi du 4: Can phai xay dung mét ho ga, dang hinh hép chir nhét c6 thé tich
V(m®), hé sd k cho truéc (k- ti sé giira chiéu cao ciia hd va chiéu rong cia day).

Hay xac dinh cac kich thwéc ciia day dé khi xay tiét kiém nguyén vt liéu nhat?

Loi gidi : Goi X, y, h (x,y, h>0) lan luot 1a chiéu rong, chiéu dai va chiéu

cao cua ho ga.

Ta co: k =E<:> h=kx

x s
h
vV V l
vaV=xyhoy=—=— |
Y Y xh kx? LT B
r"K
Nén di¢n tich toan phan cta ho ga la: Hink 2.18
S=xy+ 2yh +2xh :M+2kx2.
kx

. . 2k+1)V
Ap dung Pao ham ta ¢6 S nhé nhat khi x = 3} % . Khi dé

o, 2KV h_3/k(2k+1)V
Y 2k +1)*’ 4 '

Vi du 5: Tir cang A doc theo dwdng sit AB cin phai xdc dinh mdt tram
trung chuyén hang héa C va xiy dung modt con dudong tir C dén D. Biét rang vin
toc trén duwong sit 1a vi va trén duwdng bd 1a v2 (vi < v2). Hay xac dinh phwong an
chon dia diém C dé thoi gian van chuyén hang tir caing A dén cang D la ngin

nhat?
Loi gidi : Goi t 1 thoi gian van chuyén hang héa tir cang A dén cang D.

Ta co:
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AC CD AE-CE CD
t= + = + =

V1 V2 Vl V2
0 h h
v, v, v, v,sina
Xét ham sb: e ID
= b
¢ —h.cota h A7 cA®t | B
t(a) = - i E
v, v,sina e T Sl
¢ \ ) £ . Hinh 2.20
Ung dung Dao ham ta dugc t(o) nho nhat khi 4
A4 A 2R ) £ \'%
cosa = —=. Vay dé t nhd nhat ta chon C sao cho cosa = —=.
' \

1

Vi du 6: Trong linh vyc thuy lgi, cin phai xy dung nhiéu mwong din
nuéce dang "Thuy dong hoc" (Ky hiéu dién tich tiét dién ngang ciia muong la
S,/ la do dai dwong bién giéi han caa tiét dién nay, /- dic trung cho kha
ning thim nwéc ciia mwong; mwong dwoc goi 1a cé6 dang thuy dong hoc néu
v6i S xac dinh, ¢ 1a nhé nhat). Can xac dinh cac kich thwéc ciia mwong din
nuéc nhw thé nao dé cé dang thuy dong hoc? (néu mwong din nuwée co tiét

dién ngang la hinh chir nhat)

Loi gidi : Go1 x, y lan luogt 1a chi€u rong, chiéu cao cua muong. Theo bai ra ta

co:

S=xy;€:2y+X:§+x.
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Xét ham sb /(x) = §+x.
X

— 2_
Taco ((x)= 2 +1= X =2
X X
- 2 y S S
((xX)=0=x -2S=0<=x=+2S,khidoy=— = >
X

D@ thdy vé6i x, y nhu trén thi muong c6 dang thuy dong hoc, vy cac kich

thudc cua muong la x =+/2S,y= \/g thi muong c6 dang thuy dong hoc.

Vi du 7: Cin phai dit mot ngon dién & phia trén va chinh giira mét cai
ban hinh tron cé ban kinh a. Héi phai treo ¢ dd cao bao nhi¢u dé mép ban
dwoc nhiéu anh sing nhat. Biét ring cwong dd sang C dwoc bicu thi béi

sin o

cong thiec C=k (ala goc nghiéng giira

I_2
tia sang va mép ban, k - hiang sé ty 1é chi phu
thudc vao ngudn sang).

Loi gidi: Goi h 1a d6 cao ctua dén so vdi mat
ban (h > 0). Cac ky hiéu r, M, N, D, I nhu Hinh
2.22.

y . h N \ N
Ta c6 sina. =— va h*=r’ —a’, suy ra cuong Hinh 2.22
r

do sang la:
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Ung dung Pao ham ta c¢6 C 16n nhat khi va chi khi r = a.\/g , khi do

a2
w2

h

Vi du 8: Mot vat duwoc ném lén
troi xuyén géc o so v6i phwong nim
ngang, vin toc ban dau vo =9 m/s.

a) Tinh d6 cao nhat ciia vat trén
quy dao va xac dinh thoi diém ma né

dat duwgce dd cao do (g = 10m/s?)

b) Xac dinh géc o dé tam ném cuwe dai.

Loi gidi:

a) Véc to v, duoc phén tich thanh tong ctia hai véc to theo hai phuong vudng goc

v6i nhau (phuong ngang va phuong thang dung) (Hinh 2.23). Vat cao nhat khi

Hinh 2.23

MN = —MBP, trong dé ‘Wi‘ =gt (1), MN> =v’ —-MK".

Suy ra MN’=v; —v; cos’ o (2).

\ ] v, sina
Te(1)vaR) = gt =vi(l-cos’a) < t = —° .
Vay h 16n nhat khi va chi khi t = va khi dé:

. 2 . 2
maxh = v, sinocv" sino._ v,.sIn OL.
g
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b) Vi quy dao cua vat ném xién la Parabol nén tam ném cua vat dugc tinh x =

. 2 .
vV, Sin o VS sin 2o
MK.2t = v, cosa2—* = .

g g

v,.sin 2o

Ung dung Pao ham ddi v6i ham fla) = , cho ta tAm ném cuc dai

khi o = 45°.
Vi du 9: Hai con tau dang & cing mdt vi tuyén va cich nhau 5 hai ly.
Pong thoi ca hai tau cung khéi hanh, mdt chay vé hwéng Nam véi 6 hai ly/gio,

con tau kia chay vé vi tri hién tai ciia tau thir nhat véi van toc 7 hai ly/ gio.

Hay xac dinh ma thoi diém ma khoang cach ciia hai tau 1a 16n nhat?

A B, <+«—— B
« _ _____ P .
VoA
ALY

Loi gidi : Tai thoi diém t sau khi xudt phat, khoang cach giita hai tau 1a d.

Taco d®=AB2+AA?2 = (5-BB)?+AA?2 =(5-7.02 + (6t)

Suy rad=d(t) = \/85t2 — 70t +25 . Ap dung Pao ham ta duoc d nho nhat

khi t = % (gio), khi d6 ta c6 d~3,25 (hdi 1Y),

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

Vi du 10: Can phai dung thuyén dé

B Y B1
vuot sang bo doi dién ciia mot dong sdng
chiy xiét ma van toc ciia dong chay 1a v. bé P
16m hon van téc v¢ ciia thuyén. Huéng di SWD
ciia thuyén phai nhw thé nao dé do doi L% IiA aﬁ NG
theo dong chay giy nén 1a nhé nhat? a,! Vi

Loi gidi bai toan nhw sau: Gia st huong

ctia thuyén, huéng ctiia dong nudc chay theo vécto van tbe 1a v, V_; (Hinh 2.25).

t?
Goi gbc gitra vécto van toc cua thuyén va cua dong nude la o, y 1la do doi cua
thuyén do dong nudc chay, b 1a khodng cach gitra hai bd séng, cac ky hi¢u x, h, z,

a,, A, B,C,D,E, By, K(Hinh 2.25).
Tacod h.v,=vi.vysina (vi cing bang dién tich cua hinh binh hanh ACDE)
Nén h=v,. sina.. Do o, + o = 180° (tong ciia hai goc trong cling phia),
Suy ra z = - vicosat =X = vy - (-vicosa) = X = v, + vicosa (x = CD - z).
bx b(v, + v, cosa)

Mit khic taco * = 1 (DoKD//BB)e y = 2 = .
y b h v, sina

Xét ham s6 y(a) = b(cot ga. + V+)
v, sina

" \ J4 9 A . V
Ung dung Dao ham ta ¢ y nho nhat khi cosa, = — —~.

Vn
I*% r
Vi du 11: Mot ngudn dién véi suit dién dong E va "
dién tré' r dwoc ndi véi mot bién tré R. Véi gia tri nao
| S|
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cuiia bien tré thi cong suat téa nhiét & mach ngoai s€ dat cuc dai?

Léi gidi :

Theo cong thirc: P = RI? v6i 1=
R+t

2

E
Suyra P= R>0
y R ( )

+r1)°’

Ap dung Pao ham ta thu dugc P 16n nhat khi R =r.

Vi du 12: Viét phuong trinh phan tng tao thanh nito (IV) oxit tir nito (IT) oxit
va 0xy. Hay xac dinh ndng do khi 6xy tham gia phan Gng dé phan Gng xay ra
nhanh nhat?

Loi gidi :

Phuong trinh phan ung: 2NO + O, = 2NO;

Van tdc ctia phan tmg: v = kx?y = kx*(100 - x) = -kx® + 100kx? (0 < x < 100)

Trong d6 x 1a ndng dd % cua khi NO, y 1a ndng d6 % cua khi O, k 13 hiang s

chi phu thudc vao nhiét @ ma khong phu thudc vao cac chat tham gia phan tng.

Ap dung Pao ham ta thu dugc v 16n nhat khi x = 66,67%. Luc ndy, ndng
do % khi oxy la 'y = 33,33%.

Vi du 13: Trong mt mdi trwong dinh dudng cé6 1000 vi khuin dwoc ciy
vao. Bang thue nghiém xac dinh dwoce sé lwong vi khuin ting theo thoi gian

100t
baéi qui luat: p(t) =1000 +
qui luat: p(t) 100+ ¢

(t 1a thoi gian (don vi gio)).
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Hay xac dinh thoi diém sau khi thuc hién cay vi khuan vao, so luong vi khuan

tang 1én 1a 16n nhat?

Ap dung Pao ham ta thu dwogc P 16n nhat khi t = 10 (gio).

2. Chii dé ham so

Tur tinh huéng thuc té can giai quyét, tién hanh thuc nghiém, thu thap cac s6 liéu tir
d6 1ap ra ham sb sau d6 khao sat ham sé tm ra phuwong an toi vu cho van dé can
giai quyét.

Vidu I: (do chiéu cao cia cfmg parabol ) (SGK BAN KHTN)

Khi du lich dén thanh ph6é Lui (Mi) ta sé thdy mot cai cong l6n dang
Parabol bé lirm quay xudng duéi. P6 13 cong Acxo ( hinh vé).

Lam thé nao dé tinh chiéu cao ciia cong? (khoang cach tir diém cao nhat

cia cong dén mat dat)

Van dé dit ra:

Tinh chiéu cao cua céng khi ta khong thé dung dung cu do dac dé do truc
tiép. Cé)ng dang Parabol c6 thé xem 1a do thi ctia ham sb bac hai, chiéu cao cua
cong tuong ung voi dinh cta Parabol. Do d6 van dé dugc giai quyét néu ta biét

ham s6 bac hai nhan cong lam do thi

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



HOC360.NET - TAI LIEU HQC TAP MIEN PHi

Pon gian van dé : chon hé truc toa do Oxy sao cho géc toa d§ O trung mot

chéan cua cong (nhu hdnh ve)

\ 4

Nhu vdy van dé duoc giai quyét néu ta biét ham sb bac hai nhan cong Acxo
1am do thi .

Phwong an giai quyét :

Ta biét ham sb bac hai c6 dang: y = ax® + bx +c¢. Do vay mudn biét dugc do
thi ham s6 nhan céng lam d0 thi thi ta can biét it nhat toa do cta 3 diém nam trén

dd thi chéng han O,B .M
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RO rang 0(0,0); M(x,y); B(b,0). Ta phai tién hanh do dac dé nam s liéu can
thiét.

Pbi véi trudng hop ndy ta cin do: khoang cach giita hai chan cong, va mat
diém M bat ky chang han b= 162, x =10, y =43

43 o, 3483

Ta viét duoc ham s6 bac hai lic nay 1a : y =
1320 700

Dinh S(81m;185,6m)

Viy trong truwong hop nay cong cao 185,6m. Trén thuc té cong Acxo cao 18

Vi du 2: ( X4y dung ciy cau)

Mot con sdng rong 500m, dé tao diéu kién cho nguoi dan hai bo song di
lai giao lwu budn ban, ngudi ta cho ciy ciu bit qua séng: bé day cia ciu la
10cm, chiéu rong ciia ciu la 4m, chiéu cao tdi da cia ciu la 7m so véi mat
song. Hay wéc lwong thé tich bo song dé xay dung than cau.

Van dé dat ra:

Uéc luong thé tich bé tong dé xay dung than cau. Dé udc luong dugc thé nao
thi ta phai xac dinh hinh dang, dic diém cua cdy cau.

Thong thuong nguoi ta lam theo hai phuong an.

Phuong 4n 1: xay dyung cau theo hinh dang parabol

Phuong an 2: xdy dung cau theo dang d6 bé tong bang phang hay co dang
hinh chir nhat.

Trong hai phuong 4n d6 ta chon ra mot phuong an hop 1y nhat.

a.Phwong an 1: xdy dung cy ciu theo dang hinh parabol, diém xuit phat

cach bo Sm, diém cao nhat cia cau cach chan cau 2m nhw ban vé sau.

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




HOC360.NET - TAI LIEU HQC TAP MIEN PHi

v

500m

Pon gian bai toan ta chon hé truc toa dg sao cho géc toa do
cau nhu hinh v& O( 0,0), A(255,2), B( 510,0)
Khi d6 ham s6

trung véi chan

y, =ax’ +bx+c
=y, =ax’ +bx
1
2
=y, =ax +bx——
Y 10

2
{2552a +255h=2_ 552

510°a+510b=0 b= 4

255
=) =- 2 X+ —x
2557 255
2 L, 4 1
=V, ="

— X t—x——
2557 255 10

Dién tich chiéu day S cua than cau 1a dién tich hinh phang giéi han boi d6 thi
ctia hai ham sd yi, y, va truc Ox.
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V& 1y do ddi ximg nén ta chi tinh dién tich S; 1a dién tich hinh phang gi6i han
boi db thi ctia hai ham sd yy, y» va truc Ox trong khoang (0;255).

0,1 _2 4 255 1
§=28 =2 _[( —x —xjdx—k _[—dx
I 255 255 310

-2 4 \0,1 1 255
=2 Sx + X
3.255 2.255 0,1

+—Xx
0 10
=50,89 ~ 51m’
Véi cdy cau c6 bé day khong ddi nén ta co thé xem thé tich ctia cay cau la tich

ctia dién tich chiéu day than cau va do rong clua cau

Suy ra V =48 =204m’ V = 48 = 204m’

Vay thé tich vira can dung 13 204 mét khoi

b.Phwong 4n 2: xay dung cau theo dang dd bé tong biang phing hay cé
dang hinh chir nhat.

Thé tich khéi cau luc nay 1a :

V=4.0,1.510=204 m*

Vay thé tich bé tong can dung theo phuong 4n ndy van 1a 204 mét khoi.

Do vay trong thuc té ity theo yéu ciu ma nguoi ta chon mot trong hai phuong
an trén. Néu ta quan tam dén tinh thAm mi nén chon 1am cau dang Parabol .

Vi du 3: ( bai toan may bom )

Mot ho gia dinh c6 y dinh mua mét cai may bom dé phuc vu cho viéc
tw6i tiéu vao mua ha. Khi dén cira hang thé dwoce ong chii giéi thiéu vé hai
loai may bom c6 lru lwong nwée trong mot gio va chit lwong may 1a nhu
nhau.

May thir nhat gia 1.500.000d va trong mot gio tiéu thu hét 1,2kW.
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May thir hai gia 2.000.000d va trong mdt gio' tiéu thu hét 1IkW
Theo ban ngudi ndng dian nén chon mua loai may nao dé dat hiéu qua kinh té

cao.

Van dé dit ra: Chon may bom trong hai loai dé mua sao cho hiéu qua kinh té
1a cao nhat. Nhu vdy ngoai gia ca ta phai quan tdm dén hao phi khi sir dung may
nghia 14 chi phi can chi tra khi sir dung may trong mdt khoang thoi gian nao do.
Phwong an giai quyét:

Gia sir gia tién dién hién nay 1a: 1000d/1KW.

Vay trong x gio s tién phai tra khi st dung may thir nhat 1a:

f(x)=1500 + 1,2x (ngan dong)

S tién phai chi tra cho mdy thir 2 trong x gid la:

g(x) = 2000 +x (ngan dong)

Ta thiy rang chi phi tra cho hai may sir dung 1a nhu nhau sau khoang thoi
gian x, 1a nghiém phuong trinh

f(x) = g(x)

< 1500+1,2x = 2000+x
< 0,2x =500

< x =2500(gio)

Ta c6 d6 thi caa hai ham f{ x) va g(x) nhu sau:
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f(x) =1500+1.2.x

g(x) =2000+x

ot

HHHHHHHHH A A A
00 200 20 1000 T 1000 200 2500 3m0 400 500
a0l

Quan sat db thi ta thay rang: ngay sau khi sir dung 2500 gior tirc 12 néu mdi ngay

dung 4 tiéng tirc 12 khong qua 2 ndm thi may thtr 2 chi phi s& thip hon ratnhiéu
nén chon mua may tht hai thi hiéu qua kinh té s& cao hon.
Truong hop 1: néu thoi gian sir dung may it hon 2 nim thi mua may thi
nhat s& tiét kiém hon.
Truong hop 2: néu thoi gian sit dung nhiéu hon hodc bang hai nim thi mua
may thir 2.
Nhung trong thuc té moét may bom cé thé sir dung duoc thoi gian kha dai. Do
vay trong trudng hop nay ngudi nong dan nén mua may thir hai
Vi du 3: (thiét ké hop dung bot tré em)
Mot nha sian xuit bot tré em can thiét ké bao bi méi cho mot loai sin
phim méi ciia nha may thé tich 1dm®. Néu ban 1a nhan vién thiét ké ban sé

1am nhu thé nao dé nha may chon ban thiét ké ciia ban.
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