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NHI THU’'C NEWTON
A.LY THUYET
1. Coéng thwrc nhj thirc Newton

Khai trién (a+b) dwgc cho bdi cong thire sau:
Pinh Iy 1

Véi a, b 1a cac sb thwe va n la sé nguyén duong, ta cd

(a+b)" = Zn:Cfa””‘b" =Cla"+Cya"'b+..+Cra" b + ..+ CIb" (1)

k=0

Quy woc a’ =p° =1

Cébng thire trén duwgce goi la cong thire nhj thire Newton (viét tat 1a Nhj thie Newton).
STUDY TIP
Trong biéu thirc & VP clia cong thire (1)
a) Sé cac hang tlr 1a n+1.
b) Sb céac hang t&r c6 sb mii cla a glam dan tr n dén 0, sé mii ca b tdng dan tir 0 dén n, nhung
tdng cac sb mii clia a va b trong méi hang t& luén bang n.

c) Cac hé sé ctia mdi hang t&r cach déu hai hang tlr dau va cudi thi bang nhau.
Hé qua
V&ia=b=1,thitacd 2"=C’+C. +..+C".
Véia=1;b=—-1,taco 0=C*~C! +..+(=1)" C* +...+(-1)" C"
Cac dang khai trién co’ ban nhij thiec Newton
(x+1)' =Cx"+Cx"" +Cx" 2+ + Cox" +..+C 'x+C!

(1+x)" =C +Cox+Cox* +..+ Cox* +..+C X" + Clx”"

(x=1)" =C* = Clx+C2x* — 4 (=1) Cixt ot (<1) X (1) O

ck —cn*k

k | k4l _ ke

Cp+Cpt =C 1 (n21)

ror -kt n(n—1)! _nC
(n—k)k! (n—k)(k—1)!

) A k.n! ~ n(n-1)! 1
k+1 " (k+D)(n—k)kt (n+1)(n—k)(k+1)l n+1 ™

2. Tam giac Pascal.

n=0 1
n=1 1 1
n=2 1 2 1
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n=3 1 3 3 1
n=4 1 4 6 4 1
n=5 1 5 10 10 5 1

Tam gidc Pascal dwoc thiét Iap theo quy luat sau
- Binh duwoc ghi sb 1. Tiép theo |a hang thié nhat ghi hai s6 1.
- Néu biét hang th» n (n >1)thi hang thir n+1tiép theo dworc thiét 1ap bang cach cong hai sé lién
tiép clia hang th n roi viét két qua xudng hang dwoi & vi tri gitra hai s6 nay. Sau d6 viét s6 1 &
dau va cudi hang.
Nhan xét: Xét hang th&r nhat, ta co:
1= Clo, 1= Cll.
O hang thir 2, ta co
l:CSO, 2=C;, 1=C22.
O hang th 3, ta c6
l=C30, 3:C31,3=C§, l=C33.
STUDY TIP
Céc sb & hang thtr n trong tam giac Pascal 1a day gébm (n+1) sb C°, C!, C2,..., C!™', C.
B. Cac dang toan sir dung céng thirc té6 hop va nhj thirc Newton
DANG 1. Xdc dinh diéu kién cua s6 hang théa man yéu céu cho trwéc
Phuwong phap chung:
- Xac dinh sb hang tbng quat cla khai trién 7*"'C*a"*b* (s6 hang thir k +1).
-Tee 7 két hop v&i yéu cau bai toan ta thiét 1ap mot phwong trinh (théng thwdng theo
bién k).
- Gidi phwong trinh dé tim két qua.

Vidu 1. Trong khai trién (a2 —%) sb6 hang thi 5 14
A. -354°b7". B. 354°*. C. 24a’b” . D. 24a'*b”
Loi gii
Pap an B.

Theo c6ng thirc tbng quat & ly thuyét thi ta cé sb hang ther 5 1a
4
31 -
Ci(a’) (—ZJ =354°p".

Vidu 2. Trong khai trién (23/7—%}@ >0) sb hang khong chira x sau khi khai trién 13
x
A. 4354560. B. 13440. C. 60466176. D. 20736.
Loi gidi
Pap an A.
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3 10 l l 10
Tacod [2%—-] :£2.x3—3.x2J

Jx
T ly thuyét & trén ta c6 sb hang thir & +1 trong khai trién 13
10—k k 20-5k

CE2"* 3k x 3 x2=Cf2"*3" x ¢ . Theoyéuciudébaitacd 20-5k=0<k=4.

Vay s6 hang khong chira x trong khai trién a C;}.2°.3* =210.256.81 = 435460.

STUDY TIP
Trong céac bai toan tim s hang trong khi khai trién cac nhi thire, ta chi y cac cong thire sau

n
(x’”) =x"", x"x"=x

m m
xn :xm—n’ n/xm :X;

X

Cho bai toan:

Cho nhi thirc P =[a(x)+b(x)]" tim s6 hang chira x* (khéng chira xkhi o = 0) trong khai trién
da thirc P.

- Giai phwong trinh t& hop hodc sir dung cong thire tinh téng dé tim n (néu gia thuyét chwa
cho n).

- S6 hang tng quat trong khai trién 7, = g(n,k).x""".
- Theodéthi f(nk)=a=k=k, Thay k =k, vao g(n,k) thita co sé hang can tim.

Vidu 3. Cho n lasbdwongthéaman 5C"" =C>. S6 hang chira x° trong khai trién nhj thirc Newton

2 n
P=[ﬂ—lj VoI x£0 13

14 x
A2 B. -0 c. -2y, D. 0.
16 35 16 35
Lo giai
Pap an C.
Diéu kien neN, n>3.
5.n! n! 5 1

Taco 5C7 =C - -

2O T T o) 3L(n-3)1 (n=3)(n-2)(n—1) 6.(n-3)]

<Sn -3n-28=20

2 7
Voi n=7taco P:(X——lj
2 x
S6 hang thir k +1 trong khai trién 1a T ) CF 5143k
0 hang th&r £ +1 trong khai trién la o = T X
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Suyral4-3k=5<k=3
35

Vay s6 hang chira x° trong khai trién 1a 7, = —Ex .

STUDY TIP
Chu y phan biét gitra hé sé va sé hang.

Voi P(x)= Zakxg(k); S6 hang chtra x“twong trng v&i g (k)= a; gidi phuong trinh ta tim dwoc
k=0

k.

* Néu k eN; k <n thi hé sb phaitimIa a,.

* Néu k ¢ N hodc k > n thi trong khai trién khéng c6 sb hang chiva x“, hé sb phai tim bang 0.

2 2 9 X z

Vidu 4. Trong khai trién biéu thirc F' :(x/§+i/§) sO hang nguyén cé gia trj I&én nhat la

A.8. B. 4536. C. 4528. D. 4520.

Loi gidi
Pap an B.
i . . 9—k k
Ta c6 s6 hang tong quét 7,,, = C, (\/g) (3/5)
Ta théy bac hai cla can thirc 1a 2 va 3 1a hai s6 nguyén t6, do d6 dé 7, la mét s6 nguyén thi

keN
6 3
0<k<9 k=3:>T4=C93(\/§) (%/5) =4536
=
k) 0 9
(9-k):2 k=9:>Tlo:C99(\/§) (%/E) -8
k:3
Vay trong khai trién c6 hai sb hang nguyén la 7, =4536 va T,, =8.
Vidu 5. Tim hé s6 co gia tri Ion nhét trong khai trién da thire P(x) = (2x+1)" = ax" +a,x +..+a".
A 8. B. 4536. C. 4528. D. 4520.
Loi giai
Pap an A.
Ta c6 s6 hang téng quét sau khi khai trién nhi thire (2x+1)"” 12 a, = Cj1.2"".
=a,, =C5'2"", (n=12,3,.,13)
Xét bat phwong trinh véi an sbé n taco a, , <a, < Cy' 2" <CP2%
| !
2.13! < 13! 2 1 14

< <~ on<ogN.
T (d—n) (1) Td-n o "T3E

Do d6 bat dang thirc a, , <a, dung v&i ne{l, 2, 3, 4} va dau dang thirc khong khong xay ra.
Tadwoc a,<a,<a,<a,<a,<as va a,>a; >a, >..>a,

T day ta c6 hé sb co gia tri I&n nhét trong khai trién nhij thire 14
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a, = Cé.29 =366080.
Phwong phap giai

Gia st sau khi khai trién ta dwoc da thirc P(x)=a,+ax+a,x* +...+a,x"
Xét cac kha nang sau:

1. Néu q, >0Vk (trwdng hop a, <0Vk twong tw)
Ta xét bat phwong trinh g, <a,.,, thong thwong gidi ra dwoc nghiém k <k, e N. Do k nguyén nén
k=0,1,...k,. T d6 suy ra bat phwong trinh a, > a,,, ¢6 nghiém k > k,.
Chu y rang trong cac bai toan vé nhj thir Newton thi phwong trinh @, =, 1a bac nhét theo & nén
c6 nhiéu nhat mot nghiém va néu co thi phwong trinh dé 1a k = k,. Nhw vay c6 hai kha nang xay:
Néu a, =a,, < k=k, thitacd: q,<aq <...< G <A =a, >4, >..>a,
Khi d6 ta tim dwoc hai hé s6 lon nhétla ¢, =a, ,,
Néu phwong trinh a, =a,,, v6 nghiém thi ta co:
Q<@ <..<a <@ >, >, >..>d,
Khi d6 ta c6 q, 1a hé sb I&n nhét trong khai trién cdia nhj thirc.

2. Néu a,, >0Vk va a,,, <0Vk (trwdng hop a,, <0Vk va a,,,, >0Vk twong tw) thi khi d6 bai
toan tré thanh tim sb Ién nhét trong cac sé a,, . Ta ciing xét bat phwong trinh a,, <a,,,, roi lam
twong tw nhw phan 1.

STUDY TIP
Phwong phap tim hé sé 1&n nhat trong khai trién

+ Ap dung khai trién (a+b)" = Zn:Cfa”’kbk

k=0

+ Xac dinh sb hang tbng quat C*a"*b* suy ra hé sb tbng quat 1a mot day sb theo a, .

+ Xét tinh tang gidm cla a, t d6 tim dwoc k twong ng. Suy ra hé sb I16n nhét trong khai trién.

#*Doc thém

Mot thuat toan khai trién nhanh tam thirc Newton
Bai toan: khai trién tam thirc Newton sau (a+b+c)’

L&i giai tong quat
Bwéc 1: Viét tam giac Pascal dén dong thir n, dé co dwoc hé sé clia nhi thirc Newton (b+c)".
Buwére 2: O cac dau dong ta viét cac don thire 1a khai trién nhj thiee Newton (a+1)".

Bwéc 3: Nhan lan lwot cac don thirc & dau dong mébi cot véi cac don thire con lai trén méi
dong d6 rdi cdng cac két qua lai, ta thu dwoc két qua khai trién.
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Cu thé ta c6 & dwi day

l.a" 1
Ch.a"' 1b lc
Cla" 15* 2bc 1¢?
Cla" 15° 3b’c 3bc’ 1c?
l.a’ 1.b" Clb" e C' b l.c”
Sau khi cdng lai ta dworc:
(a+b+c)’ ZC” e (ZC” b z C,.Cl.b" " ct.a"™"
0<g<p<n
STUDY TIP

Sau khi khai trién (a+b+c)’ v&i 0<g<p<n sb hang tht* p+1 trong khai trién Ia
T =CrClb ' a".
Vidy 6. Hé sb ctia s6 hang chira x* trong khai trién P(x) = (3x* +x+1)10 la:
A. 1695. B. 1485. C. 405. D. 360.
Pap an A.
Loi giai
V&i 0< g < p<10 thi s6 hang tong quat ctia khai trién P(x) =(3x* +x+1)10 la:
T, = Ch.ClBx) 7 (x)7 .1 = €l 1307 (x)P 2020
Theo dé baithi p—g+20-2p=4< p+q=16
Do 0<¢<p<10 nén (p;q)€{(88);(9;7);(10;6)} .
Vay hé sb cta x* trong khai trién P(x) :(3x2 +x+1)10 la:
CECE 3108 4 001310 4 0.8 3010 =1695.
STUDY TIP
Chu y khi ra nhiéu trudng hop cia (p,q) thi ta cong hé s cac truéng hop véi nhau dé cé
két qua.
Vidu 7. Tim sé hang chtva x" trong khai trién thanh cac da thirc cta (x+x2 +x° )10 la:
A. 135. B. 45. C. 135x". D. 45x".
Pap an C.
Loi giai
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V6i 0<g< p<10 thi s6 hang téng quat clia khai trién (x+x* +x’ )10 la:
T, =Ch.Co(x) "7 () () = Cl.C.30 7 (x) 00
Theo dé bai thi 10+ p+¢g=13< p+g=3
Do 0<g<p<10 nén (p;q) €{(21);(3;0)} .
Vay hé sb cta x" trong khai trién 1a: C2.C) +C>.C? =210.
Dang 2: Cac bai toan vé cong thirc té6 hop va nhj thirc Newton

Cac bai toan vé coéng thirc td hop va nhi thiec Newton
M6t sb cong thirc thwdng dung trong cac bai tap dang nay nhw sau:

ck=crt Cr+C =Cr, (n>1)

1 1
k(j: ::’1(j::f (*) (j: = (jf:f
k+1 n+l

o2
2"=C’+Cl +..+C" 2" =Cf+Cj+Cj...+Cn[2]

27 =C 4+ C At CM1
STUDY TIP
Ngoai ra tir cong thirc (*) ta mé rong dwerc cong thirc:
CHy2CcH v C*? =72

CF+3CH +3CH? 4+ CFP = CF3

n+3

Vidu 1. Cho n;k e N* k <n trong cac dang thirc sau day dang thrc nao sai?

A c=2ck LG e
k k+1 n+l
C.Cl=cr*.. D. nC* = kC*.
Pap an D.
L&i giai

Cach 1: Giai theo phwong phap tw luan
n! n (n-1)! no_al

(k) K (E-Di(n—k) & "

Vé&i A: Taco Cr =

Tl A ta suy ra kC* =nC'/, tlr day ta cé ludn D sai. Ta chon D.

n-12

Boc thém: Chirng minh B; C.

. 1 n! (n+1)! 1
V6iB: —Cf = - -—c*
O T T )Rk (i ) (n—k) (kA1) el
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Vi dy 2.

Vi du 3.

V&iC:Tace Cho M _ on

" kW n—k)! (n-k)k! "
Cach 2: Str dung may tinh dé thir
Vé&i cac bai toan xét dang thirc dng thi ta cé thé s dung may tinh dé thiv. Ta thir voi
ting trwdng hop, thir véi cap sbé cu thé.
Vi du v&i A ta thir ngay v&i k =3;n =4 ta thdy dang thirc nay dang, suy ra A dang, tr
day suy ra D sai.

Math 4

4C3—§x3C2

STUDY TIP
DPang thirc & phuong an A 1a mét déng thire quan trong trong cac bai toan vé cong thirc
t6 hop Ta cé hai hé qua quan trong nhw sau:
V&I moi n;ke N*2<k<n
Hé qua 1: Taco
(k=1)kC =(n-1)nC:;
Hé qua 2: Ta cé
K*Ct =n(n-1)C:2 +nC.

Cho neN* théamén 6n-6+C: >C’,,, S6 cac s6 n théa man la..
A. 10 sb. B. 9 sb. C. 8 sb. D. 7 sb.
Dap an A.
L&i giai
Piéu kién n>3.Taco 6n-6+C, 2C,, < 6n-62C,(doC,, =C.+C," )

n!

Son—-6>2——— o —13n+12<0= 1<n<12.
21(n-2)!
Cho S=C/,+C;,+C/J +..+C};. TinhS.
A. S=2° B. §=2" C. s=2" D. S=2"

DPap anB
Loi giai
Cach 1: S&r dung dang thirc C* = C"* ta dwoc:

_ 8 9 10 15 _ 7 6 5 0
S=Ci+C,+C5+..+C:=C+C+C+...+C.
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15
=25 =(C,+C +Cl +..+C+(C, + Cl + Cs +..+Cy) = ZC{‘S =2

k=0
=85=2"
Vay S=(C5+C)+Cl?+..+C2)=2"
Cach 2: Str dung may tinh Casio
Do bai toan nay, tdng bé va sbé cac sb hang trong téng it nén ta cé st dung lénh téng trong

may tinh Caiso bang cach bam may: SHIFT LOG.o() o).

Ta nhap SHIFT LOG_15 SHIFT +alpha )V8A15 =

STUDY TIP
Céc hé sb clia mbi hang t&r cach déu hai hang t&r dau va cuéi thi bang nhau.

1 LY

1S
2 (15CX)
x=3

16384
Vé&i cac bai toan tinh tdng & trén ta can chu y k§ thuat sir dung cac dang thirc co ban
sau:

k(k=1)C* = n(n-1)C*:
k*CH =n(n-1)C5 +nCY}

n—1

ct=crt.ct =%C"’1 va cac hé qua: {

Dang thire Pascal: Cf =Cf |+
CO—C +C2 = (=1 +(=1)"C = (=14+1)" =0
C)+CL +C2+..+CM ' +Cr =(1+1)" =2"

i Czon - C;n + szn — A (=) CZH +(=1)> Cj: =(-1+1)"=0

Xet m= 2}’1 : 0 1 2 2n-1 2n 2n 2n

G, +C,, +C, +..+C +C =(1+1)" =2

Cong vé theo vé, trir vé theo vé, ta duwoc két qua sau:

C) +C; +C +.+C 2 +C =Cy +C +Cy +.+C 2+ C =2

Xét m = 2n + 1, hoan toan twong ty, ta duwoc:

C) +C: +C! +.+C) =C) +C;

2n+1 2n+1 2n+! 2n+1 2n+1 2n+1

+Cy Het Ol =27

2n+1 2n+1

Vidu4. Trong cac dang thirc sau dang thirc ndo sai?
A. S =1C. +2C} +..+(n=1)C'" +nC! =n2"".

B. S,=12.C +23.CC+...+(n-1)n.C' =(n-1).n.C:; .
C. S,=1’Cl+2°C} +..+(n=1)°C'" +n’C" =n(n+1)2"".

0 1 2 n—1 n
D. S4=C" +&+&+...+C” + ¢, 1 2"-1.
1 2 3 n n+l n+l1
DPap an D.
L&i giai
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