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BAT PANG THU'C
GIA TRI LON NHAT-NHO NHAT

Bai viét nay dé cap dén mot s6 phuong phap co ban va théng dung nhat dé chirng minh
BDT hodc tim GTLN va GTNN clla mdt biéu thirc.

&1. BAT PANG THU'C cOSI

1. Kién thure co’ ban

Bdtt ddng thuc Cési cho hai s6 hodic ba s6

a/ Néu a, b 1a cac s6 khong am, ta ludn co: a;b >Vab (1)

Dau “=" trong (1) xdy ra < a=b.

b/ Néu a, b, c la cic s6 khéng am, ta luén cé: a+é’+c ><abe (2)

Dau “=" trong (2) xdy ra < a=b=c.
Mét s6 dang théng dung cla bét ddng thic cési
a/ Néu a, b la cac s6 dwong, thi ludn cé
2

2
(a+b)[l+lj24' [lJrl]Z 4 ’ abs(‘Hb] ,a2+b22(a+b)
b a+b 2 2

a a b

Dau “=" xayra <a=»b.

b/ Néu a, b la cac s6 duong, thiludn cé

3
(a+b+c) l+l+l >9, l+1+l > 4 ,abc < arbre
a b c a b c¢) a+b+c 3

“_n

D3u “=" xdyra < a=b=c.

Bdtt ddng thuc Cosi cho n s6 khéng Gm
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e A a ", a,ta, +..+a
Chonso thucay, ay, ..., a, khong am, talubn cé : —2 L>rla.a,...q,
n

“_n

DAau xay ra khiva chikhia;=a,=...=a.

2. Cdc dang todn

Khi str dung bdt ddng thirc cdsi ta phai chi y dén diéu kién bai toan va dic biét dau “=”
xay ra khi nao?

Loai 1: Tdng va tich
Vi du 1: Cho a, b, c 1a cac s6 khong &m. Chirng minh rang: (a+b)(b+c)(c+a)=8abe (1)

Giai

Do a,b,c>0nén ap dung bdt ddng thirc cdsi cho tirng cip 2 s0, ta duoc:
a+b>2Jab dau“=" xdyra e a=»h
bie>20be diu“=" xdyra o b=c
c+a22\/; dau “=" xéy rn <c=a
Nhan ba bat dang thirc cung chiéu theo tirng vé, ta dwoc (1)
D4au “=" trong (1) xdy ra < a=b=c.

Vi du 2: (Dé thi khéi B - 2005)

X X X
Ch&ng minh rang v&i moi xR, ta co: (1 ] +(£] +(?] >3% 4+ 4% 4+ 5%

5 4
Giai
.. 1215 15 20 20 12
Chiy: —=>=3 2°-=5 =2 -4,
5 4 4 3 3 5

Ap dung bat déng thirc cosi x+y>2xy, ta co:
12Y (15Y12) (1) L, (12 15) _, Je o5 ) mast
(2 (1] oo 2] [ o 225] -2y 25 -2
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X X
D4au “=" xay ra @(%} =(§j < x=0

Tuwong ty: 5 +@ >2.5%, 20 +2 >2.4"
4 3 3 5

Cong ba bat dang thirc trén ta dwoc: [%j +($j +(?j >3% 4 4% 457

Dau “=" xdyra < x=0
Vi du 3: Cho a, b 1a cac s6 thyc théa a+b=2.Ching minh rang: ab(a2 +b2)§2(1)

Nhén xét: Dau “=" trong (1) Xay ra < a=b=2ab=a’+b*

Giai:

2
Ap dung bat dang thirc cdsi dang xyS[x;y] Jta co:

2
2 2
ab(a2+b2):l.2ab(a2+b2)sl 2ab%a” +b7 ) 1
2 2 2 2l 2

a+b=2

Dau “=" xdyra < 5
2ab=a"+b

2¢>a=b=1

Vi du 4: Cho a, b 1a cc s8 thyc dwong thda a+5=2. Chirng minh rang: a3b3(a3 +b3)£2 (1)
Nhdén xét:

TP B :(a+b)(a2—ab+b2):2(a2—ab+b2)

* DAau “="trong (1) xdyra < a=b=d>—ab+b>=ab

a3b3(a3+b3)£2c>a3b3(a2 —ab+b2)£1

4
Ap dung bat dang thirc cdsi dang xyztS[HyTW] .Dau"="xdyra o x=y=z=1,ta co:
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4
4 2
ab+ab+ab+a2—ab+b2J {(a+b) ] 1
4

b’ (a2 —ab+ bz)z ab.ab.ab.(a2 —ab+ bz) S[
~Noow_n L2 (,1[9:(,12 —ab+b2
Dau “=" xay ra Sa=b=1
a+b=2
Vidu 5: Cho a, b, ¢, d 1a cac s6 thuc duong. Chirng minh rang:
(a+b)(a+b+c)(a+b+c+d) =64abed
Giai
Ap dung bat dang thirc cosi dang (x+y)2 > 4xy, ta co:

(a+b)’ =4ab (a+b+c) 24dc(a+b)
(a+b+c+d)224d(a+b+c)

Nhan ba bat dang thirc trén theo vé, ta duoc:
(a+b)2(a+b+c)2(a+b+c+d)2 264abcd(a+b)(a+b+c)

o (a+b)(a+brc)(atb+ctd) =64abed

d=a+b+c
Dau “=" xdyra < {c=a+b <<d=2c=4b=4a
a=b

Vi du 6: Cho a + b = 2. Chitng minh rang: a* +»*>2.
Ap dung bat dang thic 2(x2 +y2)2(x+y)2|ién tiép
Tacod:  2a*+b*)2(a+b)’ =4 =>a* +b*22.
va 2at +b*) > (@ +b*)? =22 =4

Suy ra: at+p* 22 (dpcm)

Dau “=" xay ra <:>{ t0=2 a-p=1

a
a=
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Bai tdp twong tv

Bai 1: Choa, b, cla cac s6 khdng &m. Chirng minh rang: a® +b*> +c> >ab+bc+ca.
Bai2: Cho a,b,c>0.Chirng minh rang: 2¢ +2°° +2¢° > 2% 4 pbe 4 pca,

Bai 3: ChOthc>Othéarn5ncwc=1.Changnﬂnhr5ng:f%+b%%ﬂ§a2ab+bc+ca.
Bai4: Cho ab,c>0.Ching minh rang: abe>(a+b-c)(b+c—a)(c+a-b)

Bai 5: ChO(Lhc>0.Ch&ngnﬂnhr5ng:(a+b+cﬂab+bc+aﬁS%(a+bﬂb+cﬂc+a)

Loai 2: Bién chira trong can

Vidu 1: Cho a,b,c>0 thda man a+b+c=1.Chirng minh rang: Va+b+yb+c+Jc+a<6.
Giai:

a=b=c

¢>a=b=c=l:>a+b=b+c=c+a=g.
a+b+c=1 3 3

Nhén xét: D3u “=” xay ra @{

B4t dang thirc can chirng minh twong dwong voi: J%(aﬂa) +\/§(b+c) +\/§(c+a) <2

xX+y

Ap dung bat dang thirc cosi dang /xy < , ta co:

2 2 2
5 §+a+b 5 <§+b+c 5 <—+c+a
E(a+b)s g(b+c)_ g(c+a)_

2

COng ba bat dang thirc trén theo vé, suy ra két qua.

at+b=b+c=c+a=

Now_n 2 — 1
Dau “=" xay ra @{ 3c>a=b=c=§.

at+b+c=1

Vi du 2: Cho ¢>0va a,b>c. Chimg minh rang: c(a—c)+,Jc(b-c) <ab

Giai:

Tuwong tu chirng minh trong vidu 1

Jc(a_c)+Jc(b_c)s@w:Jg(“;}ﬁb;]s1
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Ap dung bat dang thirc cdsi dang /xy < x;y, ta co:

a-c
I 1

4@ sSab=ac+bceo—=—+—
- c a b

o

S

Vi du 3: (Dé thi khéi D — 2005)
Cho céc s6 dwong x, y, z thda man xyz=1.Chi&ng minh rang:

3 3 3 3 3 3
\/1+x +y +\/1+y +z +\/1+z +x 23\/5
X

Xy vz
Giai:

Lwu y: Nhdn thidy diu “=” xdyra < x=y=z=1.

Ap dung BDT cbsi dang a+b+c>33abc . Ta co:

/ 3,.3
1+x3+y323\3/1.x3.y3 =3xy=> I+x +y > \/g
N

U 14y +2 B Ji+Z2 42 _ 3
ng tyu : >V >
yz \/y? X A ZX

T dosuyra vis3| ——+—— 4L 53351 s /331 33 (cmx
v e e (o

= :1, = :1’ = :1
Y y=e = Sx=y=z=1.

Dau “=" xayra <1
Joy=yz=vz, 2=l

Vi du 4: Cho a, b, c la cac s6 duong thoa a+b+c=%. Tim gia tri I&n nhat cha biéu thirc

P:3/a+3b+§/b+3c +%/c+3a
Giai:
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Nhén xét: Dau “=" xay ra @a=b=c=%2a+3b=b+3€=c+3a=l

Ap dung bat dang thirc 3xyz s%, ta co:

P:%/a+3b+§/b+3c +§/c+3a =%/1.1.(a+3b)+%/1.1.(b+3c)+%/1.1.(c+3a)

1+1+a+3b 1+1+b+3c 1+l+c+3a 6+4(a+b+c)
< 3 + 3 + 3 = 3 =3

” ) 1
Dau “=" xay ra @a:b:c:Z

Vay minP=3@a:b:c:i

Vi du 5: Cho ba s6 thuc duwong a, b, ¢ thod man: ab+bc+ca=1. Chirng minh rang:

N | W

a N b N c <
\/1+a2 \/1+b2 \/1+c2

Ap dung bt ding thirc cdsi dang |- sl(l+l]vé lwuy : 1=ab+bc+ca
AB 2\ A B

‘. a a a 1( a a j
Ta co: = = <= + )
\/1+a2 \/ab+bc+ca+a2 \/(a+b)(a+c) 2\a+b a+c

Twong tu: b sl( y . b j ¢ sl[ c . ¢ j
\/1+b2 2\a+b b+c \/1+c2 2\a+c b+c

Cong cac BDT trén, vé theo vé, ta duwoc dpem. Dang thirc xdy ra <> a=b=c=

-

Bai tap twong tw

Bail: ChOa,b,cZ—i thda man a+b+c=1.Chitng minh : V4a+1+v4b+1+/4c+1<5.

Bagi 2 : Cho a,b,c>0.ChL’rngminhr5ng:\/ a +\/ b +\/ € o,
b+c a+c a+b
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a+b=~/3. Tim gid tri I&n nhat cta biéu thirc:

Bai 3 :Cho ld <1, b <1,

A=+1-a> +J1-p> (D& thivao I&p 10 THPT Hai Duong)
Bdi 4: Cho a,b,c>0 thda a+b+c=1.Tim gia tri [&n nhat cla biéu thitc P =a+ab +abe .

Bdi 5: Cho -1<a<1. Chirng minh rang: Y1-a® +Y1-a+1+a<3

Loai 3: MAu chira bién

Loai nay rat da dang va khi gidi doi héi nhiéu thd thuit, bién d6i phirc tap. Sau day la
mot sé thu thudt don gian thuong gap.

Thém bt dé khir Mu: Chu y viéc bdo tén ddu “=” khi thuc hién.

Vidu1: Choa,b,cla cics6 duong. Chirng minh ring: — 4.2 . ¢ .3 (1)
b+c c+a a+b 2

Lwu y: Trong (1) ta nhén thdy ddu “=” xdy ra < a=b=c va VT(1) dang phédn sé, VP(1) la

mét s6 thurc. Ta nghi ngay téi bdt ddng thire cési dang %+§ >2, /%.g =2(*).Ddu “="trong (*)
XAy ra < A=B VJ&i A,B>0.

L&i gidi (1):
(1)@ 2a + 2b + 2¢ >3 2 +1 |+ 2b +1 |+ 2¢ +11(>6
b+c c+a a+b b+c c+a a+b

a+b a+c b+c b+a c+a c+b

= + + + + + 26
b+c b+c ct+a c+a at+b a+b

o a+b+c+b P b+c+a+c N c+a+b+a 26(2)
b+c a+b ct+a b+c a+b c+a

Do a, b, cla céc s6 duwong. Nén ap dung (*), ta duoc:

+b +b ~ >
472 %52 . Dau“="xdyra a=c
b+c a+b
b+ + 5 2
C+47% 5 . Dau“="xdyra b=a

c+a b+c
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“u_n

c+a b+a
+

>2.Dau “=" xdyra c=b

a+b c+a
Cong ba bat dang thirc cling chiéu theo tirng vé, ta duoc (2)
Dau “=" trong (2) xdy ra < a=b=c.

b c b+c c+a a+b_15
+ + + + + >—

a
b+c a+c a+b a b c 2

Gi

Vi du 2: Cho g, b, ¢ > 0. Chirng minh rang:

Qv

Lwu y: Co ban lam nhv sau:

a b c b+c c+a a+b
+ + + + +
b+c a+c a+b a

c
_[_a +b+c N b +c+a N c +a+b 59424226
b+c a a+c b a+b c

Nhung diu “=” khong thé xay ra. Vi sao? Cac ban tu tra |oi.

Loi gidi dung:

Ta co:

acbre cra avb [boa) fe alfe blsrinincg
a b c b b ¢

Dau “=" xayra < a=b=c

a b » c >§

B= + >
b+c c+a a+b 2

Dau “=" xdyra < a=b=c (vidu 1b.)

15

Suy ra: A+BZ6+§=? Dau"="xdyra<>a=b=c.

2

a’+b> b+ PF+a
+ +
2¢ 2a 2b

Vi du 3: Cho a, b, ¢ > 0. Chirng minh rang: >a+b+c
Lwu y: Nhan thdy VT 1a dang phan sé, VP 1a tong bac 1 va hai vé& déng bac. Hon nira dau
Xay ra < a=b=c. Nén ta nghi ngay tdi 13 triét tiéu mau s6 & VT va phai luén bao ton dau

“_n

“_n
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)
Q_)v

Ta co:

2
242 2,42 a+b
@AY ono [T D 22\/( f i
2c 2 4
b* +c? b* +c? (b‘*c)z
+az=2 =2 =b+c
2a 2 4
c* +ad? ¢ +a? (C4‘a)2
+b=>2 >2 =c+a
2b 2 4

Cong ba bat dang thirc trén theo tirng vé, suy ra:

a’?+b> b+ Frad
+ +
2c 2a

>a+b+c

Dau “=" xdyra <a=b=c.

Vi du 4: (Pé thi tuyén sinh Dai hoc Sai Gon khdi A-B 2007)

Cho a, b, cla ba s6 duong thoa o? + b* + ¢ =1. Tim gia tri nho nhat cla biéu thirc

P:92+é£+%?

C a
Lwu y: Diéu kién |a bac hai nhung biéu thirc P 1a bac nhat. Bai todn yéu cau tim gid tri
nho nhat, cé nghia la ta chirng minh P> k,(k =consr). Do d6 ta nght t&i viéc danh gid
Pzzkz(x2+y2+z2).

)
Q_)u

Do a, b ,cla cdc s6 duong nén pP>o0va

2 2,2 22 22
PZZ[a_b_,_E_,_%] _ab +bc &4 +2(a2+b2+c2)
c a b 2 a? b*

Ap dung bat dang thirc cosi dang A+ B>2yAB, ta c6:
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212 22 22 22 212 22
ab b c b c c“a ab c“a
5 + 22b2, 5 + 5 2202, > + >
c a a b c b

> 24>
Suy ra P223(a2+b2+c2):3:>P2x/§ (P>0)
. 1
Vay minP=\3oa=b=c=—.
NG

Vi du 5: Cho ba s6 thuc duwong a, b, ¢ thod man a+b+c=3. Chitng minh rang:

a b c 3
+ + >,
1+6% 1+¢% 1+a*> 2
Giai:
2y 2 2
Ta c6: a =a(1+b) ab _ _ab Za—%.
1+b° 1+b° 1+ b2 2
Twong tu: b, p_te. € > %
14—c2 2 1+a2 %

Do d6, ta chi can chirng minh: a+b+c—%(ab+bc+ca)2%.

TW BDT 3(ab+bc+ca)<(a+b+c)* suyra ab+bc+ca<3.

Do dé: a+b+c—%(ab+bc+ca)2%. Pang thtrc xdyra < a=b=c=1.
Vi du 6: Cho ba s6 thyc duwong a, b, ¢ thod man a+b+c=3. Chéng minh rang:

a b’ c 1

_— T 2—+i(ab+bc+ca). (*)
b+8 +8 a+8 9 27
Giai:
, @  b+2 b -2b+4 _a a _9a+b-b*—6
Ta cé: + + 2— = 2 :
g 27 27 3 p+8 27
3 2 3 g2 _
Tuwong tu: b 29b+c c 6; c Z9c+a a 6.
¢ +8 27 a+8 27
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Cong cac BDT trén, vé theo Vvé, ta co:

10(a+b+c)—(a®> +b*+c>)-18 22,2
VT (*) > ( ) (27 ) _ 12 (a2+7b +c7) _

2
_ 3+(a+b+C) (a +b7+c ) _+i(ab+bC+C(1) (dpcm)

Pang thitcxayra < a=b=c=1.

Ddnh gid nghich ddo

Vi du 7: (Dé thi khéi B, 2014) Cho a.b.c>0thda (a+b)c>0.

Tim gid tri nho nhat cda biéu thic P 1/ ,/
b+c a-l—c a+b

Giai:
, 2a b 2b
Tacod a+b+e>2a(brc)= 2> . Tuongty -2 >
( ) b+c a+b+c gt a+c a+b+c

Suy ra PZZ(a+b)+ c :[2(a+b)+a+b+c] 1o, 1_

a+b+c 2(a+b) a+b+c 2(a+b) _E_ _5_5

W

Khi a=0,b=c>0 thi P:%.Véy minP:% khia=0,b=c>0

Vi du 8: Cho a, b, c 1a d6 dai ba canh cGa mot tam gidc. Chirng minh rang:

\/ a +\/ b +\/ ¢ >3.
b+c—a c+a->b at+tb-c

Ap dung bat dang thirc cosi dang xy <27, ta co:

2
b+c—a b+c—a b+c a 2a
2 < +1= = > .
a a a b+c—a b+c
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Twong tu: | b, 2b. J—c 5 2
c+a-b a+c a+b-c a+b

Ta chi can chirng minh: @ , b ,c¢ 23(*) la xong.
b+c c+a a+b 2

Chirng minh (*)xem vi du 1 loai 3
Vidu 9: Cho a, b, ¢, d la nhitng s6 thuc khéng dm thda man

(a+b+c)(b+c+d)(c+d+a)(d+a+b)>0

ChL’rngminhrf?\ng\/ a +\/ b +\/ ¢ +\/ d_ 5y
b+c+d c+d+a d+a+b a+b+c

Giai:

xX+y

Ap dung bat dang thirc cosi dang /xy < :

,taco

4h4b+c+d)£a+(b+c+d):>2ﬁdb+c+d)<1

2 a+b+c+d

a
b+c+d

a S 2a
\b+c+d a+b+c+d
Tuangtu:/ b > 2b ’ I c S 2c ’ / d S 2d
c+td+a a+b+c+d d+a+b a+b+c+d at+tb+c a+b+c+d

Cong theo vé bdn bat dang thirc trén, ta suy ra diéu phai chirng minh.

Nhan hai vé vdi bat dang thirc >0, ta duoc

Dau “=” xay ra < hai trong bon s bang nhau va hai sé con lai bang 0. Vi sao?....

Panh gia miu

Vi du 10: Cho ba s& thuc duwong a, b, ¢ . Chirtng minh rang:

a’ b? c?

+ +
\/3(12 +8b% +14ab \/3172 +8¢% +14bc \/3c2 +8a° +14ca

Zl(a+b+c) (*)
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Giai:

Ta c6: \/3a® +8b + 14ab = Ja+4b)3a+2b) < %(4a+6b) =2a+3b.

Tuwong ty véi cdc mau sd con lai. T do:

2 2 2 2
VT(*)Z - b - > (@tbto) :l(a+b+c)
2a+3b 2b+3c 2c+3a 2a+3b+2b+3c+2c+3a 5

Pang thitc xdyra <> a=b=c.

Vi du 11: Cho ba s6 thyc dwong a, b, ¢ thod man abc =1. Chirng minh rang:

ab N bc N ca <1 (*)
@ +b>+ab b+ +bc & +a’ +ca
Giai:
Trudc hét ta chirtng minh BDT: x>+ 2x2y?(x+y) (1) véimoix>0,y>0.

Tacd: (1)< 22—y +y202 =D >0 < (* —y)(x? —y2)>0

S (x=y) (x+y)(x* +xy+y?) >0 (ludn ding véi moi x>0, y > 0).

. ab ab 1 1
Do dé: < = = )
@ +b+ab a*b*(a+b)+ab abla+b)+abc abla+b+c)
Tuong tu: be 1 . ca U
b’ +c>+be bcla+b+c) A +ad+ca cala+b+c)
1 1 1 a+b+c

Suy ra: VT (*) < (dpcm)

+ + = =1.
abla+b+c) bcla+b+c) cala+b+c) abc(a+b+c)
Pangthircxayra< a=b=c=1.

Vidu 12: Cho x, v, z, t 1a cac s6 thuc duwong. Chirng minh rang :

3 3 3 3
X Z t
+—2 + + >1

X +3yzt y3 +3zx 2 + 3txy £ +3xyz

Giai :
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Ap dung bat dang thirc cosi dang 3abc<a® +b° +¢°.

(Cdc ban tw gidi tiép!)
St dung bét ddng thirc phu :

[Lrljz 4 (1) Dau “=" xayra <a=»b.
a b

\Y

1, 1.1, 9 (2) Dau “=" xdyra <a=b=c.
b a+b+c

Trong dé : a, b, c la cdc sé thuc duong.

Vi du 13: Cho ba s6 thyc dwong a, b, c thod m3n a + b + ¢ = 1. Chlng minh rang: i+i2 16

ac bc
Giai :
Ap dung (1) ta cé: i+i=l(l+1J2 4 > 4 =16.
ac bc c\a b) cla+b) (c+a+bj2
2
Nou_n 2 1 1
Dau “="xayra< c=—,a=b=—.
2 4
Vi du 14: Cho ba s6 thyc dwong a, b, c thod ma3n a + b + ¢ < 3. Chirng minh rang:
! + 2009 >670.
A +b*+c2 ab+bc+ca
Giai :
Ap dung (2), ta co:
I + ! + ! > 0 = 0 >1 (3)
A +b*+c* abtbctca ab+bctca @ 4?4+ +2ab+be+ca) (a+b+c)
Mat khac, ta co: 3(ab+bc+ca)<(a+b+c) = 2007 3.2007 >669 (4)

ab+bc+ca  (g+b+c)

T (3) va (4) suy ra dpcm. Dang thirc xdyra<> a=b=c=1.
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Vi du 15: Cho g, b, c 1a d6 dai 3 canh clia mdt tam gidc ( p 1a nlra chu vi). Chirng minh rang:

Ap dung (1), ta co:

> =
p—-a p-b 2p—-a-b

1+1 4 4 (a)
c

1 N 1 S 4 =i (b)
p—-b p—-c 2p-b-c a

p—c p—-a 2p—a—c b

Cong (a), (b), (c), vé& theo V&, ta duoc:

Dau"="xdyra<>a=b=c.

Vi du 16: (P2 thi kh&i A-2005)

1 1 1 1 1 <1

Choa, b, c > 0thdoa man LUy Chirng minh : + <
a b c 2a+b+c 2b+a+c 2c+a+b

Giai:

Tu (1) dang: s sl+l:> 1 SL+L
x+y x y x+y 4x 4y

1 1 1 1 1 1 1 1
Suyra —— <4 = 4~ <4 4
2a+(b+c) 8a 4(b+c) 8a 4b+4c 8a 16b 16¢

Twongty: — <L, L, 1. _r r r .t
2b+(a+c) 8b 16a 16¢ 2c+(a+b) 8c 16a 16b

Cong vé vdi vé 3 bdt trén, roi rat gon ta c6 dpem.

Vidu 17: Cho g, b, ¢ > 0. Chirng minh rang:
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