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DAO HAM CAP CAO
A.TOM TAT GIAO KHOA.
1. Cho ham s6 y =f(x) c6 dao ham f'(x). Ham s6 f'(x)con goi la dao ham cap 1 cia ham s6
f(x) . Néuham s6 f'(x) c6 dao ham thi dao ham d6 dwoc goi la dao ham cap 2 ciia ham s6
f(x), ki hiéu la y” hay f"(x) . Dao ham ctia dao ham cdp 2 duoc goi la dao ham cdp 3 cua
ham s f(x), ki hiéulay’” hay f”’(x) . Twong tu, ta goi dao ham ctia dao ham cap (n-1) la

dao ham cidp n ciia ham sd f(x), ki hiéu la y™ hay £ (x) , tizc la ta co:

yV=(y"") (neNn>1) .

2.Dao ham cap 2 cua ham s6 f(t) la gia tdc tiec thoi cta chuyén dong s=£(t) tai thoi diém t.
B.PHUONG PHAP GIAI TOAN.

DANG 1: Tinh dao ham cap cao ctia ham sd.

1.PHUONG PHAP

Ap dung truee tiép dinh nghia: y" = (y(“’l))' dé tinh dao ham dén cap ma dé bai yéu cau.

Vi du: Tinh dao ham dén cap da chi ra ctia cac ham s6 sau:

a). y=xsin2x,(y") b). y =cos’ x,(y”') Q). y=x* +4x> —3x2 +1’(y(n))

d). y:x4—sin2x,(y(4)) e). yzsinz le(y(5)) f). y=%,(y(4))

LOI GIAI

a). CO y'=x'sin2x+x.(sin2x)' = sin 2x +2x cos 2x

= y" =(sin2x)'+(2x)' cos 2x + 2x(cos 2x) "' = 4 cos 2x —4x sin 2x

=y" =4(cos2x)'—(4x)'sin2x—4x(sin2x)"' = -8sin2x—4sin2x—8cos2x

=-12sin2x-8cos2x .
b). Tacod y =cos®x =%(1+cost) =vy'=-sin2x
=y"=-2c0s2x =y" =4sin2x

Q). y=x"+4-3x%+1

Sy =4C +12 —6x =y " =12x% +24x—6 = y" = 24x + 24
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=>yW=2U=y9=0=..=y™=0.
d). y =x* —sin2x
=y'=4x’ ~2c0s2x = y" =12x> +4sin2x

= y" =24x+8c0s2x = y*) =24 -16sin2x
€). y=sin’2x = l(1—cos4x)
2

=vy'=2sin4dx =y" =8cos4x =y"' =-32sin4x

= y® =128 cos4x =y =512sin4x

h. y=21 (v*)

x+2~

_7[(x+2)2}/ 1

, 7 "
= = :>y = —
(x+2)* (x+2)"  (x+2)
3 / 4 /
14[(x+2)} 0 " —42[(x+2)} -
=y = = >y = =

(x+2)6 (x+2)4 (x+2)8 (x+2)5
DANG 2: Tim dao ham cap n cia mot ham sd
PHUONG PHAP
Buwdc 1: Tinh y',y",y". Dya vao cac dao ham vra tinh, du doan cong thiec tinh y™.
Bwdc 2: Chitng minh cong thitc vira die doan la dting bang phuong phap quy nap.

Chu y: Can phan tich ki cac két qua cua dao ham y',y",y"tim ra quy luat d€ du doan cong
thiee y™ chinh xac.

Vi du 1: Tim dao ham c&p n ctia ham s8 y =sinx(neN’)

LOI GIAI
Buwdc 1: Ta cO: y'=cosx = sin(x+l.g];y” =—sinx :sin(x+Zg]
Du doan: y(n) = sin(x+ng] (1),Vn eN’

Budc 2: Chitng minh (1) b?ang quy nap:
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* n=1: (1) hién nhién dl'mg.

+ Gid st (1) ding v6i n=k>1 nghia la ta c6: y* = sin(x+kgj ta phai chitng minh (1) cing

ding véi n=k+1 nghia la ta phai chitng minh

) sin(x+(k+l)gj (2)

/
A A A &) k+1 k / . . . 2.
That vay : vé trai (2)=y =[y ] ={sm(x+kgﬂ =cos[x+k§j=s1n[x+(k+1)gjz—ve phai (2)

=(2) dung, nghia la (1) ding véi n=k+1.

Budc 3: theo nguyén li quy nap suy ra y" = sin(x+ngJ,Vn eN.

Vi du 2: Tim dao ham cdp n cia ham s8 y = %(n eN’)
X+

LOI GIAI

Chting minh (1) bang phwong phap quy nap:

sn=1:(1) hién nhién dung.

+ Gia st (1) ding v6i n=k>1, nghia la ta c6: y* =(-1)"

ding véi n=k+1 , nghia la ta phai chitng minh:

w1 (k+1)!

(-1)

k!

6x+3)"]

k!

——— ta phai ching minh(1) cting
(x + 3)

5 |:(X + 3)k+1 }/
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Vay (2) dung nghia la (1) dung véi n=k+1.

n! .
—M,VHEN .

Theo nguyén li quy nap ta suy ra y" =(-1)’ ( ]
x+3

DANG 3: Chétng minh ding thic:

Bai 11:
a). Cho ham s6 y=xsinx . Chiing minh x.y"-2(y'-sinx)+xy=0 (*)
b). Cho ham s8 : y=v2x-x* ching minh:y’.y"+1=0 (*)

c). Cho ham s8: y =xtanx chting minh: x*.y"=2(x* +y*)(1+y)=0 ()

d). Cho ham sé: y :i—lz chttng minh: 2(y')2 =(y-1).y" (%)

LOI GIAI
a). Cho ham s6 y=xsinx . Chitng minh xy"-2(y'-sinx)+xy=0 (*)
Taco y' =(xsinx)/ oy =x'.sinx+x.(sinx)/ & y'=sinx+xcosx
y":(sinx+xcosx)/ :(sinx)/ +(xcosx)/ :cosx+x'.cosx+x.(cosx)/ =2c0osXx—Xxsinx
(1)<::>x(2cosx—xsinx)—2(sinx+xcosx—sir1x)+x2 sinx =0
& 2xcosx—x’ sinx—2xcosx+x’sinx=0<0=0 (dpcm).

b). Cho ham s8 : y=v2x-x* ching minh:y’.y"+1=0 (*)

Ta co: vy :(«IZX—X2 )/ =34 1 .(2x—x2)/ __1-x

242x — x?

> .

2x—Xx
(1—x)/.x/2x—x2—(\]ZX—XZ)/.(l—x) —V2x=x" - 21x_—Xx2 1_X)

y”: =

(m)z ( 2x X )2

—(2x—x2)—(1—x)2 B -1

i V2x—x? .(\i2x—x2 )2 ) (\IZX—XZ )3 ‘
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(*)@(x/2x—x2 )3._—13+1=0 ©-1+1=0 (dpcm).

2x— X
c). Cho ham s8: y =xtanx chting minh: x*.y"-2(x* +y*)(1+y)=0 ()
Ta c: y'=(xtanx) =x'.tanx+x.(tanx) = tanx-+x(1+tan’x)
y"=(tanx) +x".(1+tanx)+x(1+tanx) =2(1+tan’x)+x.(2tanx).(tan’+1)
=2(1+tan” x)(1+xtanx)
(¥) < 2x* (1+ tan” x).(1+xtanx) =2(x* +x* tan” x ) (1+x tan x) = 0
& 2 (1+tan’ x)(1+xtanx) -2’ (1+tan’ x)(1+xtanx) =0
<0=0 (dpcm).

d). Cho ham s&: y = i—li ching minh: 2(y')’ =(y-1).y" (%)

Taco: y'= x=3) __7
) TGy

,,:—7((“4)2)/: ~14
T ke (xea)

7 2 x-3 -14 98 98
(*)Qz{(x+4)2J z(x+4_1j'[(x+4)3J®(x+4)“ “ gy P

e) Cho ham s y =cos’3x chitng minh: 18(2y-1)+y"=0 (*)

Ta c6: y =cos®3x
y'=2.cos 3x(cos 3x)/ =2cos 3X.(—sin 3x)(3x)/ =-3sin6x
'=-18cos6x

y'
(*) = 18(2cos2 3x—1)—18cos6x =0 < 18.cos6x—18cosbx =0 (dpcm).

Bai 12:

« .3 3
a).Cho ham s8 y =X X 'Ching minh y"+y=0 ()
1-sinx.cosx

b). Cho ham s8 y =(x* —1)2 . Chting minh: y* +2xy"—4y"=40 (%)
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c). Cho ham s8 y =yx+y1+x* . Chting minh: 4(x* +1).y"+4xy'-y =0 (*)

k
d). Chttng minh (1+x2).y”+x.y'—k2.y=0 néu y:(x+x/x2 +1)

LOI GIAI

=3 3
a).Cho ham s6 y:% chitng minh y"+y=0 (*)

(sinx + Cosx)(sin2 X 4+ cos’® X —sin x cos x)

Ta co: y=
y 1-sinxcosx

(sinx+cosx)(1—sinxcos x) )
= - =sin X+ cosXx
1-sinxcosx

y'=cosx—sinx

y" =—sinx—cosx

(*) < —sinx—cosx+sinx+cosx=0<0=0 (dpcm).

b). Cho ham s8 y =(x* —1)2 . Chting minh: y* +2xy"~4y"=40 (%)

Ta co: y=x*-2x*+1

y'=4x" —4x
y' =122 —4
y" = 24x
v =24,

() < 24+ 2x(24x) - 4(12x* —4) = 40.
<24+48x" —48x* +16 =40 < 40=40 (dpcm).

). Cho ham s8 y=+x+1+x* . Chiing minh: 4(x2 +1).y”+4x.y'—y =0 (*)

1 (1+ X }:\/x+\/1+xz
it U A1) 241

(«/x+\/1+x2 j/ 2401+%2 —(2\/1+x2 )/ .xix+\/1+7

2
(2 1+x2)

Tacod: y'=

+X

"

y:
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VX +N1+x2 ( 1+x? —4x)

8(1+x2).\/1+x2

Ix+1 2(2 1+x —4 ) N
(*)<:>4(x2+1) M o X +ax X Lex —x+V1+x% =0
8(1+x2)\/1+x2 21+ x>

Ux+41+x2 ( 1+x° —4x)

pox X L —\Vx+\1+x* =0
V1+x

=N
241+
o x4 _2x ‘\7: 12+X2 2 ‘j}: 12+X2 —\x+1+x2 =0
+X +X

< 0=0 (dpcm).

k
d). Chttng minh (1+x2).y”+x.y'—k2.y:0 néu y:(x+\/x2 +1)

k k-1
Ta co: y:(x+\lx2+1) :>y':k(x+\/x2+1) .[1+\/:(_J
X +1

1 fx2 + X+m2
) { Ji:ITJ:k( V,XZH)

(o) T () (e 1)

"=k
Y x? +1
k
k(x+\/x2 +1)
S VY Y P DI .(x+\fx2 +1)k
—k x> +1 x/x2+1
(x2+1)

1<(x+«/x2 +1)k (k«/x2 +1 —x)

(x2 +1)\/X2 +1

k(x+‘/xz+1)k-(k\/x2+1—x) x.1<(x+\/1+7)k
(x2 +1)\/x2 +1 " J1ex
- l<(x+\/x2 +1)“,(1<\/x2 +1—x)+x.l<(x2 +\/1+7)k y (XJM/ﬁ)k -

I +1 J1+x3

(*)<:>(1+x2)

Quy dong dat thira s6 chung duoc:
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k
(x+ x2 +1)
—(kZ\/xz 1 kx+ kx— KA +1)=o ©0=0 (dpcm).

x*+1

Vi du 3: Chting minh rang véi moi s6 nguyén n>1 ta co:

n!

ton+l’

X

a)Néu y =+ thi y" =(-1)°
X

b) Néu y =cosx thi y* =cosx.
Vi du 4: Chttng minh rffmg:
a)Néu y=sinax thi y" =a*.sinax (ala héﬂg s0).

b) Néu y =sin?x thi y* =-2""cos2x.
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