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CHUYEN PE: BAT PANG THUC

LY THUYET
I.A>B<A-B>0 2.A<A 33.A> B AX£C>B £C
A>B A>B A>B
4, < A=B 5. =A 2C 6. =A+C>B+D
A<B B>C C>D
AC>BCnéuC>0
7.A>B & . 8. |x|=0
AC<BCnéuC<0
9. |x|£a(a>0)<:>—a£x£a 10. |x|2a(a>0)<:>x§—ahoeic X>a

2
* Bét diing thirc Cési: + Néu a, b khong am (trc 13 a, b>0) thia+ b >2+/ab hodc (a;bj > ab

Dau “="xayra <a=b

3
+Néu a, b, c khong 4m (tic 1a a, b, ¢ >0) thia+ b + ¢ >33/abc hoic (a+l3)+cj > abc

Dau “="xdyra <a=b=c

PHUONG PHAP CHUNG MINH

BIEN POI TUONG PUONG
I: LY THUYET
+ Mot s6 bat dang thire thong dung: a) a2 >0, diu “="xayra < a=0
b) (a—b)? >0, ddu “=" xdyra <a=>b ¢) (a+b)? >0, ddu “="xayra < a=-b
d)(a+b+c)?>0,diu“="xayra <a+b=-c
e)(a+b—c)? >0, ddu“="xayra <a+b=c
+ Phirong phdp chitng minh: Dé c/m: A >B < A —B >0 (diing) va xét A = B khi nao?
Ghi nhé: + (a+b+c¢)* = a’ + b?> + ¢ + 2ab + 2ac + 2bc
+Néu a, b, ¢ 1a ba canh cila tam giac thia+b>c <a+b—-c>0

(t6ng hai canh 16m hon canh thir ba)
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II: BAI TAP MAU

Bii I: Cho a, b> 0. Chimg minh: %J >2
a

Giai: Ta co: %+EZ2(1) < a?+b? >2ab < a? - 2ab+ b2 >0 < (a—b)* >0 (ding)
a

Viay: (1) dung Va, b> 0. Dau “="xdyra <a=>b
Bai 2: V6i a, b bat ki. Chimg minh rang: a2 + b2+ 4>ab + 2(a + b)
Giai: Taco: a> +b?>+4>ab+2(a+b) (1) <a’?+b>+4—-ab—-2a—-2b >0
& 222+ 2b*+8—-2ab—4a—4b >0 < (a®> +b>—2ab) + (a>—4a+4)+ (b>—4b+4) >0
e (@a-bR+(a—272+ (b-2) >0 (ding). Vay (1) ding
Déau “="xdyra <a=b=2
a’+b’
2

2
Bai 3: Vi a, b bt ki. Chiig minh rang; (a ; bj <

< a?+ 2ab + b? <2a? + 2b?

2 2 2 2 2 2 2
Glai: Ta cb: (a+bj 2 -;b 1 o 2 +23b+b L& +b

oa?-2ab+b? >0 < (a—b)? >0 (dang). Vay (1) dang. Diu “=" x4y ra <a=>b

2
Bai 4: V6i moi a, b, c. Chimg minh rang: % +b* + ¢ >ab—ac+2bc

2 2
Giii: Ta co: %+b2+c2 >ab-ac+2bc (1) & %+b2+c2—ab+ac—2bczo

2
= (g -b+ cj >( (dang). Vay (1) diung. Déau “=” xdy ra & a—2b=-2c

Bai 5: Cho ba s6 duong a, b, c. Chimg minh rang: a*+ b® >a%b + ab?

Giai: Taco: a®+b® >a’b +ab? (1) < a’+b*—a’b—-ab?> >0« a’ —a’b+b*—ab? >0

< a*(a—b)-b*a—b) >0 < (a—b)(a®> - b?) 20< (a—Db)*(a+b) >0 (diung). Vay (1) ding
Déau “=" xdyra <a=b

Bai 6: V6i moi a, b, c. Chimg minh rang: a® + b2 + ¢ >ab + bc + ca

Giai: Taco: a> +b>+c? >ab+bc+ca(l) < a>+b>+c>—ab—bc—ca>0

&> 2a% + 2b% + 2¢?— 2ab — 2bc — 2ca> 0 <> (a® — 2ab + b?) + (b? — 2bc + ¢?) + (c? — 2ca + a?) >0

< (a—-b)+ (b—c)*+ (c—a)? >0 (dung). Vay: (1) ding. Dau “="xayra <a=b=c
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Bai 7: Cho a, b, ¢ 1a d§ dai ba canh cua mot tam giac
a) Chirng minh: (b — ¢)? < a?
b) Ttr do suy ra: a> + b? + ¢? < 2(ab + bc + ca)
Giai: a) a, b, c 1a ba canh cta tam giac nén: *a+c>b = a+c—-b>0
*atb>c=>a+tb-c>0
Suyra:(atc-b)(a+tb-c)>0 <[a—(b—c)][a+(b—-c)]>0
<a’—(b-c)P>0sa%>(b-c) (dpem)
b) Theo ciu a) Ta c6: a> > (b — ¢)? , chimg minh tuong tu, ta duoc:
b% > (c —a)?
c?2>(a—b)?
Suy ra: a> + b> + ¢?> (b —c¢)* + (c —a)* + (a—b)?
& a?+ b+ c¢?>b? - 2bc +¢? +¢?—2ca+a’ +a’ —2ab +b?

<> a? +b% + ¢? <2(ab + be + ca) (dpem)

II1: BAI TAP TU' LUYEN
2
Bai I: Chimg minh rang v&i moi a, b, ¢, ta c6: a’ +b’ +¢” > (atb+o)y

BdiZ:Choa,b,c>0.Chl'rngminh:i+£+i22(l+l+lj
bc ca ab a b ¢

Bai 3: V&i moi x, y, z. Chimg minh rang: x2 + 4y2 + 322 + 14 > 2x + 12y + 6z
Bai 4: V&i moi a, b. Chirng minh rang: a2+ b+ 1 >ab+a+b

Bai 5: V&i moi x, y, z. Ching minh rang: 2xyz <x?+ y?z2

Bai 6: V&i moi x, y. Chimg minh rang: (x> — y?)? >4xy(x — y)?

Bai 7: V&i moi a, b. Ching minh rang: 2 + a%(1 + b?) >2a(1 + b)

Bai 8: Cho a> 0, b> 0. Chimg minh rang; %+%2\/5+\/E

Bai 9: Cho a, b bat ki. Chtng minh rang: a2+ 2b>+2ab+b+1>0

DUNG BAT DANG THUC COSI
I: LY THUYET
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:V6i 2 s6 a, b khong am, ta co:a+ b >2+/ab . Ddu “=" xdyra <a=b
II: BAI TAP MAU
Bai 1: Vi a, b >0. Ching minh rang: (a + b)(ab + 1) >4ab
Giai: Tacé: a+b >2+/ab
ab+ 1> 2\/%

Suy ra: (a+ b)(ab + 1)>4ab (dpcm). Dau “=" xay ra < { bl &a=b=1
ab =

Bai 2: Ching minh rang: a(1 + b?) + b2(1 + ¢2) + ¢X(1 + a%)> 6abc
Giai: Ta c6: a?(1 +b?) + b2(1 + c?) + ¢*(1 + a?) = a® + a’b? + b2 + b?c? + ¢2 + ¢?a?

— (az + b2C2) + (b2 + CZaZ) + (02 + a2b2)

Theo BPT Cosi, ta co: a2 + b’c? >2+/a’b’c® = 2abc
b2 + c?a?>2+/a’b’c? = 2abc
c? + a?b? >2+/a’b’c? = 2abc

Suy ra: (a + b%c?) + (b? + c?a?) + (¢ + a?b?) = 6abc

a2 — b2c2
Vay: a%(1 + b2) + bA(1 + ¢2) + ¢2(1 + a2)> 6abc (dpem). Dau “=" xay ra < b’ =a’c’ ©a=b=c=1
C2 — a2b2

Bai 3: Véia, b, ¢ > 0. Chimg minh ring: (a+b + c)(l+%+lj >9
a c

Gidi: Taco:a+b+c >33/abc

1 1 1 1
—+—+—233,/—
a b ¢ abc

Suy ra: (a+b+c)(1+l+1j 29,3/%=9%ﬁ=9 hay(a+b+c)(l+%+lj >9
apc a

a b ¢ c
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a=b=c
Diu“="xayra<<] | | <a=b=c=1
a b ¢

Bai4: Véia, b,c >0 vaa+b+c=1. Chimng minh rang: (1 —a)(1 — b)(1 — ¢) >8abc
1-a=b+c>2bc

Giai: Taco:a+b+c=1=<1-b=c+a>2J/ca

l—c=a+b>2ab

Suy ra: (1 —a)(1 —b)(1 —c) >8+/a’b*c’ =8abc (dpcm). Ddu “=" xdyra <a=b=c

Bai 5: Tim gié tri 16n nhét ctia ham s6 sau: f(x) = x(1 —x) voi 0<x <1

2 2
Giai: Theo bat dang thirc Cosi, ta c6: x(1 —x) < (X * ; - Xj = (l) = i

Suy ra: f(x) =x(1 —x) < i Viy: Ham s f(x) dat GTLN bang i khix=1-x ©2x=1<x=
Bai 6: Tim gié tri nho nhét cia ham sb f(x) =x + 4 +4voix>0
X

Giai: Theo bat ddng thirc Cosi, ta cb: x + 4 asa42 /x.i =4+4=38
X X

Suy ra: f(x) = x + 44, Vay:Hamséf(x)datGTNNbéngSkhixzf@x2=4 ox=2
X X

Bai 7: Tim gia tri 16n nhat cta ham s6 f(x) = V6 —2x ++/2x + 4 trén doan [-2; 3]

Gidi: Ta c6: £2(x) = 6 = 2x + 2J(6—2x)(2x +4) + 2x + 4 =10 + 2,/(6 -2x)(2x +4)

<10+ (6—2x +2x +4) =20 =f(x) <20 =25

Vay: Ham s f(x) dat GTLN bing 2+/5 khi 6 —2x=2x + 4 < 4x =2 < x =

N | =

III: BAI TAP TU LUYEN
Bai 1: Véi a, b, c > 0. Chiing minh: (a + b)(a + c)(b + ¢) > 8abc

Bai 2: Vé6i a, b, ¢ > 0. Chimh minh: (1 + %)(1 + 9)(1 + Ej >8
C a
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Bai 3: Vo6i a, b, ¢ >0. Chung minh: (a + b + ¢)(ab + bc + ca) >9abc

a+b b+c c+a

Bai 4: Véi a, b, ¢ > 0. Chiing minh: + + >6
c a b
(HD: a+b=3+2’ b+C=E+£, ﬂ=£+3;nhém i+222)
C c ¢ a a a b b b b a
.. . , ) bc ca ab
Bat5:V01a,b,c>O.Chungmmh:—+F+—2a+b+c
a c

2
@p: 224 D¢ 5 5 [abC
C a ac

=2b, cong vé voi vé = dpcm)

Bai 6: Véi a, b, ¢ >0. Chirng minh: a> + b? + ¢?> + ab + bc + ca > 8a’b’c?

Bai 7: Cho a, b, ¢ >0 va abc = 1. Chiing minh: (1 +a)(1 +b)(1 +¢c) >8

Bai 8: Véi x, y > 0. Chiing minh: (x + y)(l + l) >4
Xy

3 3 3 3 3 3
Bai 9: Vi a, b, ¢ > 0. Chiing minh: Q+E+B+2+2+Q > 6abc
c b c a b a
(HD: Ap dung BPT Cési cho 6 s6)

Bai 10: Véia, b, ¢ >0. Ching minh: (a + b + c¢)(a? + b? + ¢?) >9abc

Bai11: Véia,b,c>0vaa+b+c=1.Chinh minh: (1+lj(l+%j(l+l)264
a c

1 / . .
(HD: 1+ —=1+ a+@+c =1+1+ E+EZ 4b—§,saudo’nhdnvévo’ivé =dpcm)
a a a a a
Bai 12: Tim gia tri nho nhét cua:
2) f(x) = X +> 4 5véi x> 0 by fx) = —— + 207X i <x <1
X 1-x X
, 4. 1 2 .
¢) f(x) = x"+— voix >0 d)f(x)=—+1— voi0<x<1
X x 1-

e) fix)=+a’+1+ \/ﬁ e) f(x) = 34311

Bai 13: Tim gia tri 16n nhat cta cic ham sé sau:
a) f(x) = x}(8 — x*) trén doan [0; 2]
b) f(x) = (14 — 7x)(7x + 21) trén doan [-3; 2]
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b) f(x) = (2x — 1)(3 — 5x) trén doan {%, %}

Bai 14: Tim gia tri 1én nhét cua cac ham sb sau:
a) f(x) = v5—-x++x—1 trén doan [1; 5]

b) f(x) = v/2x +8 ++/10—2x trén doan [-4; 5]
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