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Cau 5. Cho hinh chop S.ABCD c6 day ABCD 1a hinh thang, AB=3a, AD =CD =a.Maiat bén SAB la
tam giac can dinh S va SA =2a, mit phang (OL) song song voi (SAB) cit cac canh AD,BC,SC,SD
theo thar tu tai M,N,P,Q.

a) Chimg minh MNPQ 1a hinh thang can.

b) bat x = AM (0 <x< a). Tinh x d& MNPQ la tt giac ngoai tiép dugc mot duong tron. Tinh ban kinh
duong tron do. 7

¢) Goi [ = MQ N NP . Tim tap hop diém [ khi M di dong trén AD.

d) Goi ] = MP A NQ. Ching minh IJ c6 phuong khong doi va diém ] luén thudc mot mit phang cd
dinh.

Céu 6. Cho hinh chop S.ABC, mot mit phang (oc) di dong ludn song song vai (ABC) ,cat SA,SB,SC
lan Iuot tai A',B',C". Tim tap hop diém chung ctia ba mit phang (A'BC),(B'AC),(C'AB).

Céu 7. Cho hinh hop ABCD.A'B'C'D".

a) Chimg minh (BDA')||(B'D'C).

b) Chirng minh duong chéo AC' di qua trong tdm G,,G, cua céc tam giac BDA',B'D'C dong thoi chia
duong chéo AC' thanh ba phan bang nhau.

¢) Xac dinh thiét dién ctia hinh hop cit (A'B'G, ). Thiét dién I hinh gi?

Cau 8. Cho hinh hop ABCD.A'B'C'D' ¢c6 tat ca cac mat déu 1a hinh vuong canh a.Trén cac canh
AB,CC',C'D'va AA' lay céc diém M,N,P,Q sao cho AM=C'N=C'P=AQ=x(0<x<a).

a) Ching minh bén diém M, N, P,Q dong phing va MP,NQ cét nhau tai mot diém cd dinh.

b) Chimg minh (MNPQ) di qua mot dudng thang c6 dinh.

¢) Dung thiét dién cua hinh hop khi cat boi (MNPQ) . Tim gi4 tri 16n nhat va gia tri nho nhét cia chu vi
thiét dién. 7

Cau 9. Cho hinh chop S.ABCD c6 day ABCD la hinh chir nhat va ASAD vudng tai A. Qua diém M
trén canh AB dyung mit phang (oc) song song vdi (SAD) cit CD,SC,SB tai N, P,Q.

a) Chimg minh MNPQ la hinh thang vuong.

b) Goi I = NP~ MQ . Tim tap hop diém I khi M di dong trén canh AB.

Céu 10. Cho hinh chép cut ABC.A'B'C'. Goi M,N, P lan luot 1a trung diém cua cac canh
A'B',BB',BC.

a) Xac dinh thiét dién cta hinh chép cut voi (MNP).

b) Goi I 1a trung diém ctia AB. Tim giao diém cua IC' v6i (MNP).

Céu 11. Cho hinh hop ABCD.A'B'C' D" c6 tat ca cdc mit déu la hinh vudng canh a. Céc diém M, N
nam trén AD',BD sao cho AM = DN = x(O <X < a\/E)

a) Ching minh khi x bién thién thi MN ludn song song vdi mot mit phang cb dinh.
b) Khi x=% , chimg minh MN || A'C.

Cau 12. Cho hinh lang truy ABC.A'B'C'
a) Goi I,K,G lan luot la trong tdm céac tam giac ABC,A'B'C' va ACC'. Chirng minh

(IGK)||(BB'C'C) va (A'KG)||(AIB).
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b) Goi P,Q lan luot 1a trung diém cua BB' va CC'. Hay dung duong thang di qua trong tdm cua tam
giac ABC ciat AB' va PQ.

Céu 13. Cho mit phang ((x) va hai duong thing chéo nhau d,d, cat (a) tai A,B.Duodng thing A thay
d6i ludn song song voi (OL) cat d,d, lan luot tai M va N . Puong thang qua N song song v&i d, cat
(o) tai N

a) Ttr gidc AMNN' 1a hinh gi? Tim tap hop diém N'.

b) Xac dinh vi ri cua A d€ d¢ dai MN nhd nhat.

¢) Goi O la trung diém cia AB, [ 1a trung diém cia MN . Chiing minh OI 1a duong thang nam trong
mat phang co dinh khi M di dong.

Cau 14. Cho tir dién déu canh a. Goi I,] lan luot la trong tdm cac tam giac ABC va DBC . Mat phang

(o) qua IJ cét cac canh AB, AC,DC,DB lan luot tai M,N,P,Q.

a) Chimg minh MN, PQ, BC dong quy hodc song song va MNPQ 1a hinh thang céan.

b) Pgt AM =x, AN =y. Chimg minh a(x+y)=3xy. Tim GTNN va GTLN ciia AM+ AN .
c¢) Tinh dién tich tir gidc MNPQ theo a va s=x+y.

Cau 15. Cho lang try ABCD.A'B'C'D" ¢6 day la hinh thang, AD =CD =BC =a,

AB=2a. Miat phiing (o) di qua A céit cic canh BB',CC',DD" lan luot tai M,N,P .

a) T giac AMNP 1a hinh gi?
b) So sanh AM va NP.

N e

Loi gidi:
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Caul.a)Taco

{BDI]\\]A”CD(AI/IDPM) = BN [|(DPM) (1) Tuong tu
BS || MP
{MP < (DPM) = BS||(DPM) (2)
Tir (1) va (2) suyra (SBN)||(DPM).
_ |SB<=(SBN)
b) Tacd {(a) ' (SBN) = SB|| (oc).
Vade (SAB)m(oc)

SBc(SAB)  =(SAB)n(a)=QR||SB,Re AB
SB||(a)

;FuO‘ng tu
(o) N(ABCD)=RK|| BN,KeCD

(e)(SCD)=KL||SB,LeSD.
Vay thiét dién 1a tr giac QRKL .

Me(B)n(SAB)

SAI(B)

SA < (SAB)
= (B)(SAB)=MF||SA,F €SB
Tuong ty (B)N(SCD)=NE//SD,E€SC.
Thiét dién 1a hinh thang MNEF .

c) Taco
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Cau2.a) Do O, M lan luot la trung diém cua
AC,SA nén OM 1a duong trung binh cua tam
giac SAC tng vdi canh SC = OM || SC.

Ma SC = (SBC)= OM|(SBC) (1).

Tuong tu
ON || BC =(SBC)= ON ||(SBC) (2)

Tu (1) va (2) suy ra (OMN)H (SBC).
b) Goi H,K lan luot 1a trung diém cua AD va
BC.Do ] =(ABCD) va

d(J,AB)=d(],CD) nén
] € HK = IJ = (IHK).
Ta dé dang chimg minh duoc (IHK)||(SAB).

|7 <(1HK)
Vay {(IHK)”(SAB) = I]||(SAB).

Cau3.Ké FI||SA,I € AB = IF||(SAD).

Taco ks = A (1)

FB IB
Theo tinh chat dudng phan giac ta co
£5_54_AD y)
FB AB AC
( Do cac tam giac ASD, ABC cantai A nén
SA=AD,AB=AC)

Mat khac ED_AD (3)
EC AC
Tir (1),(2) va (3) suyr %=%:>1E||AD.

Ma AD =(SAD)= IE||(SAD).

aco {E::Eiﬁggs(usp)n (SAD).

Ma EF < (IEF)= EF||(SAD).
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BE|| AF
AF = (ADF)
Tuong ty BC || (ADF).
Tir do ta cé (BCE)//( ADF).

b) Vi MM'|| AB= MM'||CD nén theo dinh
li Thales ta co
5~ )
Tuong tyu NN'|| AB=

a) Ta c(){ = EB||(ADF).

BN AN’
B ar O
AM' _ AN’

AD  AF

= M'N'|| DF < (DEF) = M'N"||(DEF).
Lai c6 MM'/ /CD || EF = MM ||( DEF)

= (DEF)||(MNN'M").

Tu (1) va (2) suy ra

¢) Goi P= MM'nBC,Q =NN'nBE va J,K lan lugt la trung diém cac doan AB va CF . Goi
X=N'QNF],Y=M'Pn(J thi XY =(MPQN')~(FCJ). Trong (M'PQN") goi I =XYMN.
Taco M4 _M (3) va AN _EN
A] CA B] FB
YM = XN = XMYN 14 hinh binh hanh nén I 1a trung diém cia MN .
(M'PQN")||(CEFE)
Do {(CFJ)n(M'PQN')=XY = XY ||CF ma IX=1Y nén I thudc dudng trung trung tuyén JK cia
(CFJ)(CEFE)=CF
tam giac JCF .
Gidi han:
Khi N>oB=>M->A= 1]

Khi N>oF=>M->C=I—->K
Phan ddo: (ban doc tu giai) )
Vay tap hop diém [ 1a duong trung tuyén JK cua tam giac JCF .

(4) ma AJ =BJ,AC =BF néntir (3),(4) suyra
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Cau 5.
(o) l1(SAB)
a) Do {(ABCD)(SAB)=AB = MN || AB (1).
(ABCD)n (o) = MN
(a)(s4B)
Tuong ty {(SCD)(ABCD)=CD
(SCD)n(a)=PQ
= PQ||CD (2).
Lai c6 AB||CD (3)
Tir (1),(2) va (3) taco
MN || AB||CD || PQ nén MNPQ la hinh thang (*)
D@ thay rang MQ||SA, NP ||SB do dé
MQ_DM NP _CN . DM _CN

SA DA'SB_CB “Dpa _cB ™"
MQ NP
SA _SB

Mit khac ASAB cantai S=SA =SB
= MQ=NP (**).Ti (*) va (**) suyra MNPQ la
hinh thang can.

b) MNPQ 1a t gidc ngoai tiép < MQ + NP = MN + PQ

Taco QDM _8-X _ \10=2(a-x)= NP =2(a-1)
a

PO_SQ_AM _x_p
CD SD AD a

Khong kho khan ta tinh dugc MN = 3a—2x

Laico —

Do d6 MQ+NP=MN+PQ<:>4(a—x)=3a—2x+x<:>x=%.

a7
o

Khi d6 tinh duoc r=——

¢) Goi E= ADNBC = SE=(SAD)(SBC).
I e MP = (SAD)

=1eSE.
IeNQc(SBC)

I=MPmNQ:{

Gi61 han:
Goi I 1a giao diém ctia SE voi miat phing (B) di qua CD va song song v&i (SAB).
Khi M—->D=N->B=1-1,

Khi M>A=>N—->B=I1->S

Phan dao: ( ban doc tu giai)

d) Goi K=1I] "MN ,vi MNPQ 14 hinh thang cdn nén K 14 trung diém ciia MN . Goi F = EK N AB thi
F 1a trung diém ctia AB nén F cb dinh
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dé thdy IJ || SE suyra I c6 phuong khong ddi va diém | thudc mit phang cb dinh (SEF ) .

Cau 6. B6 dé: 7 4
Cho tam giac ABC cac diém M, N thudc cac canh

AB, AC sao cho MN || BC . Goi E,F lan luot 13 trung

diém cia BC,MN va I = MBNCN thi A,F,I,E thing

hang. M N
Chtrng minh:
Taco 2AF = AB+ AC = 2B 20 + AC AN
AM AN
=k(m+ﬁ\l)=2kﬁ. B E c
i =28 _AC
AM AN

Hay A,E,F thang hang.

Mit khac 21 = Biic=—1BIN_ICm
IN M
:l(m+m)=2zﬁ wil=—1B__IC — IE,F
IN IM

thang hang. 7
Vay A,F,I,E thang hang.
Quay lai bai toan:
Goi M=AB'nBA',P=AC'nCA',N=BC'nCB' va
[=CM AN
I e AN c(ABC')
= 1€ BP=(ABC')n(BCA").
IeCM c(BCA')
Vay I chinh 1a diém dong quy ctia ba mit phang
(A'BC),(B'AC),(C" AB).
Goi E,F lan lugt 14 trung diém ctia BC,BA .
Theo bd dé trén ta c6 S,N, E thﬁng hang va I € AN nén
I&(SAE).
Tuong tu [ € (SCF). Goi G la trong tam cia AABC thi
SG =(SAE)n(SCF) nén I 5G.

Tu do dé dang 1ap luan duoc quy tich diém I 1a doan
thang SG true S va G.
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Cau 7.

a) Goi O,0' lan luot 1a trong tdm cac mat
ABCD va A'B'C'D'.

D& thay DBB' D' 14 hinh binh hanh nén
B'D'||BD<(BDA')

= B'D'||(BDA") (1).

Tuong tu OCO'A" 1a hinh binh hanh nén
O'C//OA'=(A'BD)

= CO'||(A'BD) (2).

Tir (1),(2) suyra (A'BD)||(CB'D").

GO o0A 1 \ A
=——=— nén G, la trong tdm cua tam

b) Tacéd A'O la trung tuyén cia tam gidc A'BD va ; —
GA' A'C' 2

giac A'BD.
Tuong tu G, ciing 1a trong tAm cua tam gidc CB' D' .D& thay OG, va O'G, la duong trung binh ctia cac
tam giac ACG, va A'C'G, nén

AG,=G,G, =GIC'=%AC'.

¢) Goi I 1a trung diém ctia CD'. Do G, la trong tam tam giac CB'D' nén [ € B'G, C(A'B'GZ).
Ie(A'B'G,)n(CDD'C')
A'B'||C'D'
A'B'c(A'B'G,)
C'D'<(CDD'C')
EeCC'Fe DD". Thiét dién 13 hinh binh hanh A'B'EF

Cau 8. a) De thay PN ||CD' va QM || A'B ma

A'B||C'D nén PN ||QM hay M,N,P,Q dong phang.

b) Do PC"MA 1a hinh binh hanh nén MP di qua trung pr P C’
diém O cua AC'.

= O e(MNPQ).

Mit khic A'B|| MQ = (MNPQ)

= A'B||(MNPQ).

Goi A la dudng thang qua O va song song v6i A'B thi
A cb dinh va A =(MNPQ). Hay (MNPQ) ludn chira
duong thang co dinh A.

(MNPQ)||(A'BC")=> BC'||(MNPQ)= BC'||NR

Vay =(A'B'G,)n(CDD'C'")= EF||C' D'
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BR C'N a ., ..
&S —=——=>x=—.Daolai x=
BC CC' 2

minh dugc (MNPQ)||(A'BC").

g, d& dang chimg

c¢) D& thdy A cit BC,A'D' tai cac trung diém R va S cia ching.
Thiét dién 1a luc giac MPNPSQ . Dé thay luc giac c6 tam dbi xtmg 1a O nén
MQ =NP,MR=NS,RN =5Q do d6 chu vi thiét dién la

2p=2(RM+MQ+QS). Taco MR=QS=4/§+(a—x)2 , QM =x2
Vay 2p=2£x 2+2,f§+(a—x)2}
bat f(x):xx/iﬂlaz+4(a—x)2;xe[0;a].

Theo CauChy -Schwarz
\/(a2 +4(a—x)2)(12 +12) 2u+2(a—x): Nr's +4(u—x)2 2%(3a—2x)

1 3a . a
Nén f(x)=x2 +—=(3a—2x)=-"=. Déng thitc xay ra khi x =~
f(x) NG ( ) NG g y 2
Vay min(Zp) =324

Mit khac bang bién d6i twong duong ta co

x 2+1/a2+4(a—x)2 Sx/aa+a<:>(a—x)2[(a—x)2—aZ]SO diing Vxe[O;a].Déngthl’rc xdy ra khi

x=a.Vay max(2p) = 2a(x/5+1) ]
Cau 9.

()11 (sAB)
a) Taco {(ABCD)n(a)=MN = MN || ABTuong tu
(ABCD)(SAB)= AB
(o) (SAB)=MQI|SA.
(o) (SCD)=NP||SD.
Thiét dién 1a t&r gidc MNPQ .
MN || BC
MN < (a)
BC < (SBC)
(SBC)n(a)=PQ
Tacé MN || AD,MQ|/SA ma AD L SA nén
MN L MQ (2)
Tu (1),(2) suy ra MNPQ 1a hinh thang vudng.

= PQ||MN (1)
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IeNP < (SCD)

= I ed tir day dé dang tim duoc
Ie MQ < (SAB)

b) Goi d =(SAB)n(SCD), khi d6 I =NP~MQ :»{
qui tich cta diém I .

Cau 10. a) Trong (ABB'A')gQi
J=MN N AB,

trong (ABC) g0l Q=JPNn AC.
Taco (ABC)||(A'B'C') nén
(MNP)n(A'B'C')=MR| PQ.
Thiét dién 1a ngii gidc MNPQR.

b) Trong (ABC) goi K =PQNIC thi
K e(MNP)= MK = (MNP).

Do CI||C'M nén trong (MICC') 201
H=IC'"MK= H=IC'n(MNP).

Cau 11. a) Goi (oc) 1a mat phang di qua M va
song song voi (A'D'CB) va N':(oc)mBD.

D' '
_AM DN ¢
Tac) —=—— (1) N
AD' DB TN
Taco AD'=BD=ay2 nén AM=DN' ma AN
AM = DN <1 < {D'
—DN=DN'=N=N", WO~ s
Vay MNC(OL)H(A'D'CB) do d6 MN song \I I
o I Y B
song v&i mat phang ¢o dinh (A'D'CB). I\ J = S e
) 2 I\
N - \ I _ -~
b) Khi ng thi dé thdy M, N lan luot 1a Iy 1 0
A B

trong tam céac tam giac A'AD va CAD nén
A'M va CN cat nhau tai trung diém I cia
AD.
Khi do6 m=E3MN|| A'C.

IA" IC
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