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PHAN III (| UNG DUNG CUA BAT PANG THUC.

Bdt ddng thitc duoc iing dung rong rdi nhiéu trong viéc tim GTLN, GTNN, gidi
phuong trinh va hé phuong trinh, dung dé gidi phuong trinh nghiém nguyén va rdt
nhiéu ting dung khdc nita.

I- Dung BDT dé tim GTLN va GTNN

Kién thitc : Néu f{x) > m thi f{x) cé gid tri nho nhdt la m.

Néu f(x) < M thi f(x) cé gid tri lom nhdt la M.

Ta thuong hay dp dung cdc bdt ding thitc thong dung nhu: Cési, Bunhiacopxki
bdt ddng thitc chita ddu gid tri tuyét doi, kiém tra truong hop xdy ra.ddu ddng thirc
dé' tim cuc tri. Tim cuc tri cua mot biéu thitcc ¢6 dang la da thite., ta hay sit dung
phuong phdp bién doi tuong duong , doi bién s6 , mot sé bdt dang thicc) Tim cuc
tri ciia mot biéu thitc cé chita ddu gid #ri tuyét-doi , ta van dung cdc bdt ddng thirc
chita ddu gid tri tuyét doi

Chii y: |4 +|B|>|4+B|
Xdy ra ddu " = " khi AB > 0

|4>0 Ddu "= " xdy rakhi A =0

Mot so vi du:

a. Tim gid tri nho nhat cta bi€u thic

A= X +x)(xX2+x-4)

b. Tim gi4 tri nho nhat cta biéu thiic :
B=-x*-y>+xy +2x +2y
Giai

Ta co:
AA=x>+x)x*+x-4) .Dat:t=x*+x—2
=>A=(t-2)(t+2)=t>-4>-4
Dau bang xay rakhi:t=0 & x*+x-2=0
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x-2)x+2)=0& x=-2;x=1
=mmnA=-4khix=-2;x=1
b. Tuong tu
Vi du 2: Tim gid tri nh6 nhat ctia biéu thic
a. C=[2x-3+[2x-1
b. D=‘x2+x+3‘+‘x2+x—6‘
c. E=|x—1+x—2[+|]x-3+[x—4

Giai
Ap dung BDT: |4)+|B|>|4+ B
Dau " ="xay rakhi AB >0

=>C = 2x-3+[l-2x/22x-3+1-2x =|-2| =

Dau"="xayrakhi 2x-3)(1-2x)>20 &

Vay minC = 2 khi %gg%

b, Twong ty : minD=9khi:-3 <x <2
c. Tuong tr: minE=4%khi:2 < x<3

N/ —
IA
=
IN
N | W

1 1

z

Vidu3:
1
Cho ba s6-duong x, y', z thoa man : 1+
Tim gia tri I6n nhat cua tich : P = xyz.
Giai
Y
1__ =
T+x 2 ( )+ (1 1+) I+y 1+Z

+1+y+1—|—z =

yZ
. 2\/(1+y)(1+z)
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. 1 , 2x
. > |
uong tur: I+y ~"VA+x)(1+2)
1 T
I+z " Vd+x)(A+y)
TiIdésuyra:P=xyz£%
1 . 1
MaxP= - khi x=y=z=—
8 2
Vi du 4:
vzx—=1+zx |y =2 +xyvz-3
Cho G= oy

Tim gi4 tri 10n nhat cia G.
Tapxdcdinh:x>1;y>2;z>3

Jx—-1 N \/y—2 N VZR3

X y z

Taco: G=

Theo BDT Cosi ta cd : VX —11< 5 =

Vy—2< 1 Z—3< 1

Tuong tu : > k2 “ah
PR
T2 22 23

1 1 1

Vay MaxG =5+2ﬁ+2ﬁ dat dugckhix=2;y=2;z=6

Bai tap ap dung:
Bai 1:

Tim gia tri 16n nhat cua:
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S = xyz.(x+y).(y+2).(z+x) v6i x,y,z>0 va x+y+z=1

Bai 2: Cho xy+yz+zx = 1. Tim gié tri nho nhat cua  x*+y* +2*

Bai 3:Tim gi4 tri nho nhét cua bi€u thilc A = x> — 2xy + 3y? — 2x — 10y + 20
x 4+ x+1

Bai 4:Tim gia tri 16n nhat , nho nhéat cta phan thic D = ﬁ
Bai 5; Tim s6 tu nhién nho nhat biét rang s6 nay khi chia cho 9 ¢6 s6 du'la 5va khi

chia cho 31 c6 sO du 1a 28.

II O Dung BPT dé giai phuong trinh va hé phuong trinh
Nho vao cdc tinh chdt cua bdt ddng thiic , cdc phuong phdp chitngminh bdt dang
thiic , ta bién doi hai vé'( VT , VP ) ciia phuong trinh sau dé suy ludn dé chi ra
nghiém ciia phuong trinh. Néu VT = VP tai mot hodc mot so gid tri nao dé ciia dn (
thod man TXD) => phuong trinh co nghiém.
NéuVT > VP hodc VT < VP tai moi gid tri ctia dn
= phuong trinh vé nghiém
Con doi véi hé phuong trinh tadiing bdt dang thite dé bién doi ting phuong trinh
ciia hé , suy ludn va kétdudn nghiém: Bién doi mot phuong trinh cua hé , sau dé so
sanh véi phuong trinh ¢on lai , luu ¥ ding cdc bdt ddng thitc quen thudc.
Mot s6 vi du:
Giai phuong trinh : 13Vx—1 +94/x+1 = 16x

Giai
Diéu kién: x > 1 (¥)

Ap dung bat ding thic Cosi ta c6 :

13vx—=1 +94/x+1
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1 3
:13.2.5\/96—1 +3.2.§\/x+1 . 13(x—1+%)+3(x+1+%)=16x

Dau " =" xay ra
1
Vx—1=—
2 5
& 3 < x=> thoaman (*)
)C+1:§ 4

Phuong trinh (1) c6 nghiém < dau " =" & (2) xay ra

Vay (1) c6 nghiém x = é.

4
Vidu 2:
Giai phuong trinh : V2Xx—3 + /5-2x - x>+ 4x - 6= 0(*)
3 5
. —<x<—
TXD: >

(*) & V2x-3 + NS =2x S ux+6
VP=(x-2)*+2>2,ddu" =" xayra khix =2
=> vGi X =2 ( thoa man TXD ) thi VT = VP =2
=> phuong trinh (*) ¢6 nghiém x = 2

Gidi phuong tiinh : V6—x + VX +2 = x> 6x + 13
Giai

TXD:-2<x<6

VP=(x-3)+4>4.Ddu"="xayrakhi x=3

V2= (Vo—x.l+ Vxt2.1P < (6-x+x+2)(1+1)=16

=>VT <4,ddu"="xayrakhi J6-x = Jx+2 & x=2
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=> khong ¢ gi4 tri nao cia x d€ VT = VP => Phuong trinh vo nghiém
Vidu 4.
X +2y°—4y+3=0 (1)
Giai hé phuong trinh: {xz n x2y2 _2y=0 2)
Giai
(D& x*=-1-2y-17 @ x*<-1 @x<-1.(%

2)® X< lfyy <1 (Vil+y’22y) -1 <x<]1 (*%

Tu (*) va (¥*) =>x=-1.Thay x=-1vao(2)taco:y =1
=> Hé phuong trinh ¢6 nghiém duy nhat: x =-1;y=1
Vi du 5:Giai hé phuong trinh :

x+y+z=1
{x“ +yt+zt =xz
Giai

Ap dung : BDT: a’ +b? >2ab dau" ="xayrakhia=b
Tacé: x*+y*22x°y* ; y' +2' 22y°7°; 2" +x* 222°%°
=Sxt+yt 4zt 2y Y 127X (%)
Mat khdc: x*y’ 4’z >2x’yz

V' zh+72°x" 2 2Xy’z

Xy’ +7°x° > 2xyz’
= 22Xy + Y7 +2°X%) > 2xXyzZ(X + Y + 2) = 2XyzZ
=Xy 4y +z2°x 2xyz (*Y)
T (%) va (%%) => x*+y* = x +y* +2* > xyz
Dau"="xayrakhi:x=y=z ma x+y+z=1nén:x=y=z=

1
3
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Vay hé¢ phuong trinh co nghiém : x =y =z= %
Bai tap ap dung:
Bai 1:Giai hé phuong trinh:
x+y +2 =14 )]
Vol x,y,z>0
vl HZ 2 gy g MY
2x 3y 6z 2 3 6

Bai 2: Giai phuong trinh sau:

AN3x2 +6x+19 ++/5x2 +10x+14 =4—2x — 2

Bai 3: Gidi phuong trinh: X +v2—x* =4y’ +4y+3
Bai 4:Giai hé phuong trinh sau:
{ x+y+z=1

xt oyttt =xyz

xy=4=8-y°
Bai 5: Gii hé phuong trinh sau: {‘ | M
xy=2+x (2)
III [ Dung BPT dé giai phuong trinh nghiém nguyén

Mot so vi du:

Vidu 1: Tim cide's6 nguyén x,y,z thoa man
X4y +z <xy+3y+2z-3
Giai
Vi x,y,z la cac'sO nguyén nén
X’ +y +z° <xp+3y+2z-3

SxP+y 420 —xy-3y-2z+3<0

2

2 y 3)’2 2
<:>[x —xy+7j+[T—3y+3j+(z ~2z+1)<0
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2 2
=N (x—%) +3(%—1) +(z—1)2 <0 (%)

2 2
Ma (x—%j +3(%—1) F(z=120  veyer

x—2=0
2 x=1
& %—120@ y=2
_1=0 z=1
x=1
Céc s6 x,y,z phai tim 1a |7 =2
z=1

Vidu2:

Tim cac cap sO nguyén.thoa man phirong trinh:
Vx+dx =y @)

(*). V6i x < 0,y <0 thi phuong trinh khong c6 nghia
(*) Veix>0,y>0

Taco Vi+x =y o x+dx=)7
<:>\/;=y2—x>0

bat Vx=k (k nguyén duong vi x nguyén duong )
Tacé k.(k+1)= yz
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Nhung k2 <k (k+1)<(k+1)
> k<y<k+1

Ma giita k va k+1 1a hai s6 nguyén duong lién tié€p khong ton tai mot s6 nguyén

duong nao ca nén khong c6 cap s6 nguyén duong nao thoa man phuong trinh
x=0
Vay phuong trinh c6 nghiém duy nhat 1a : y=0

Bai tap ap dung:

1 11
Bai 1: Tim nghiém nguyén duong cua phuong trinh: . +;+ D" 2

PHAN IV - GIAI VA HUGNG DAN GIAI BT AP DUNG
Dang 1 0 Dua vao dinh nghia' va ¢ac phép bién doi tuong duong
Bai 1:
Giai

Tacéd: (a—b)20=2ab<a’ +b°

=a’ +b’>+2ab<2(a’ +b°)

= (a+b)*<2(a’ +b%)

=2°<2(a*+b*) (Do a+b=2)

=2<a’ +b’

=22 < (a® +b)?
Tuong tu: (a° —b°)*>0=2a’bh"<a"* +b*
=a*+b" +2a’°h* <2(a” +b*)
= (a’ +b*) <2(a* +b%)
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Vay: 2° <(a* +b°)* <2(a” +b*)
= a*+b*>2
Diéu phai chiing minh.
Bai 2:
Giai

Ta c6 v6i moi s6 nguyén duong k:

1 1 1 1
T TN A

1 1 | |
_\/%(x/%+\/k+1)(\/%_\/k+l)

ko1 1 1 Lk
e T W e !

Do do:

1 1

1
§+ﬁ+...+m<2(l—

1 1 1 1 1
\/§)+2(\/§—\/§)+...+2($——m)
1

=2~
( n+1

)< 2 diéu phai chitng minh.

Bai 3:

Giai

2 2 2 2
(1) <:>(mT—mn+n2j+(mT—mp+p2j+(m7—mq+q2]+(m7—m+lj20
m ' m ' (m ' (m ’
= E—l’l + E—p + E—q + 5—1 >0
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m
LA m
n=—
2 2
LA m
\ )2 p=0 p=—2 m=2
Dau bang xay rakhi | m =N <Y,
——q=0 m n=p=q=1
2 q =
m 2
—=1=0 m=72
2 \
Bai 4:
Giai

(alo +mea2 +b2)2 (a8 +b° \a* +b4)
ea’+a"b’ +a*h +b"% >2a” +a’b* +a'b® +b"
& a*b*(a® -0 )+ a’b* (b> —a?)> 0
< a’b*(a’-b?)(@%b%> 0 < a’b*(a’-b>*(a*+ a’b’*+b*) > 0
Bat dang thiic cudi diing vay ta c6 diéu phéi chimg minh.
Bai 5:

Giai

Véi a>0,b>0 =>a+b>0

a*+b _(a+bY
Tacé: >

2 2

+b +b +bY

<=>(a2 j.(az—ab+b2)2(a2 j(az j
a+b ?
<=>a2—ab+b22( 5 )

<=>4a’-4ab +4b*> > a’+2ab+b’
<=>3(a’-2ab+b*)>0
<=>3(a-b)> > 0. Bat dang thifc nay ding
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a’+b’ a+b ’
=> 2 Dau'

2 2
Bai 6:
Ta co:
a’ Cao ab?
a’ +b? a’ +b?

a’ +b?>2ab

3
a b
—_ " >q-__

a’+b% 2
b? _c
b2 +¢? 2
o3

c
¢’ +d? 2
3
¢ .4-2
d*>+a’ 2

Cong v€ theo vé ta duoc:

a’ b? ¢’

'="xayrakhia=bh.

Giai

d? _atb+c+d

+ s
a’+b%> br4c? ?+d’

d? +a? 2

Dang 2 (1 St dung bat dang thic Bunhiacopxky va bat dang thirc phu

Bai 1:

Giai

Ap dung bat ding thiic Bunhiacopxki, ta c6:

(1x + 1y + 1z)°

<P +12 1) (x+y+2)

(X+y+z)2 < 3(X2 +y° +22) (1)
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Theo gia thuyét ta c6:
X(x—D+y(y-1)+2zz-1)<

<:>(X2+y2+22)—(x+y+z)

Vitheo (1) = (X+y+z)2£(x +y°+z

W |~

@%(X+y+z)2—(x+y+z)ﬁg
& (x+y+2)) -3(x+y+z)<4
bat S = X + y + z Ta giai phuong trinh bac 2
&s°-35-4<0
& -1<s<4

&S xXx+y+z<4

Bai 2:
a’>b*>c?
Do a,b,c doi xing ,giastra>b>c..= a_s b >_¢
b+c a+c a+b

Ap dung BDT Tré- bu-sép ta c6:

, a , b , ¢ a2+b2+cz( a b c ) 13 1

a. b”. +C. > ) + + ——— ——

b+ a+c a+b 3 b+c a+c a+b) 32 2
Va a’ N b’ N ¢’ >l Diu bi ) Khi a=b=c= 1
Ay o o gip o Ddubangxayrakhia= —c_E

Giai

Ap dung bt dang thiic Bunhiacopxki ta c6:
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(x2+y?»)*= (x\/l—y2 er\/l—x2 )? (|x|£1 ;
<X+y)1-y?+1-x)=>x*+y* < 1
Talaic6: Bx +4y)* < 32 +4)(x*+y?) <25

=1

=>3x+4y <5
3
x2+y2:1 X = 5_
Ding thitc xay ra <=>)" >0,y>0 4
*_Y y o= 5
3 4
3 5
dukien: —Sx < —
Dleuklen.2 7
Bai 4:

Ap dung bit dang thiic Bunhiacopxki v6i-2 bo 3 s6ta co:

(\/a+b.1+\/b+c.1+\/m.l)£ (1+1+1)[(\/m)2 +(\/m>2 +(\/m)2}

=> (\/a+b Jm/bJchm/cha)2 <3.(2a+2b+ac)=6

=> \/Cl-l—b +x/b+C +x/c+a S\/g

Dau " ="xayrakhiza=b=c %
Bai 5:
Ta cé \/;<\/p—a+\/p—b+\/p—c

& p<3p—(a+b+c)+2(J(p—a)p—b) +(p—b)p—c) +(p—c)p—a))

Két qua nay luon ding vi a+b+c=2p va p—a>o,p—b>o0,p—c>o.

Theo bat dang thitc Bunhiacopski ta c6:
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lp—a +1.\/p—b +1.\/p—c S\/(1+1+1)(p—a+p—b+p—c)=\/§

Vay bit dang thitc duoc chiing minh.

Bai 6:
Giai
Ap dung bat dang thiic Bunhiacopski cho cdc s6 1,1,1, % , b , “l taco:
cl|a
2 2 2
(l.g+l.é+l.‘£2_ +12+12)(—+b— c—)
b c a a’
a b la b| |c c
S+t (A+ |+ —)
B> 2 & 3b || |a c
Ap dung bat ding thic Cosi ta c6:
a1 1¢ls 3,019 |2 |€] 25
c| |a cl|a
Do dé
2 2 2
a- b~ ¢ _1 |a| |b| |c a b c
—+—=+—=2>—(—+|-+-)3=—+—+— dpcm).
b2c2a23(ca)bca(p)
Bai 7
Giai
Tir gia thiet d&ra a,b,c >0
b+b b <:>1+1+ 1
5 ab+bc+ca=abc @ —+—-+—=
Ta co: a b o
1 1 1 1 1 1
P R e

Ap dung bat ding thic Bunhicopsky ta c6:

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip Website hoc360.net — Tai tai liéu hoc tip mién phi

x+y-|—z£x/12+12—1-12.\/x2+y2+z2

Do do ta co:

Cong vé theo vé ta dugc:

\/b2+2a2+\/02+2b2+\/a2+202>1 (1 | 1)

al' b ¢

—3
ab bc cb 3

2 2 2 2 2 2
\/b +2a +\/c +2b +\/a +2c Zﬁ
ab bc cb

Dang 3 [ Sir dung Bat dang thitc Cauchy
Bai 1:

Giai

VT=7+

b
—+
a

b ¢ a ¢
T+ 4+ T+ 43
c b c a

SR

z

p dung BDT ¢6si cho cac boi so :

b b._.C a c

va— ;= va—; — va—
a C C
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VT >9 (dpcm).

Bai 2:
Giai
a)Theo bat dang thic Cosi ta co:
(p—a)+(p-b) ¢
—a)(p—Db) < =—
J(—a)(p-b) > >
(p—a)+(p—c) _b
—a)(p—c) < =—
Jp-2a)(p-c) : 5
(P=b)+(P-c) _a
-b)(p—c) < =—
Jo-b)p-0) : :
Nhan theo vé ta dugc:
5 5 5 ¢ b a sabe
—a -b —¢c) £—.—— = —
Jo—aP(p-bP(p-cf <702 4=
b)Ta ap dung véi x,y>0 ta luon c6 bat dang thife ding:
l+12 4
X ¥y X+¥
Thay céc gia tri vao ta dugc:
1 N 1 S 4 _4
p—-a p—-b 2p—-a-b.c
Tuong tu:
1 y 1 - 4 _4
p—b p—-c 2p—-b-c a
1 1 4 4
+ > =—
p—-a p—-c¢ 2p—-a-c b
Cong theo vé ta co:
1 1 1 1 1 1
- + >2(—+—+-)
p—-a p—-b p-c a b c
Bai 3:
Giai
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Ap dung bat ding thic Cosi , ta c6:

«/a+1§(a+Tl)+1=%+l

1 c
Tuong tu : b+lsg+1 . \/C+ISE+1

Cong ting vé clia 3 bat dang thic trén ta duoc:

Ja+1++b+1++c+1 S%M+3:3,5

Dau dang thifc x4y ra khi a =b = c =0 trai véi gid thict: a+b+¢c= 1

Vay : Ja+1++b+1++/c+1<35

Bai 4:

Giai
Theo bat dang thitc Cosi ta c6:
J(p-a)p-b) < (p_“);r(l?—b) zg
J=bp—o < L= 2 4
Jp-cXp-a)< (P—C>;(p—a) =§

= J(p-a)(p-b)(p—c) sgg

SRR

= (p-a)(p=b)(p-c)< %bc. Diéu phai chiing minh.
Dang 4 (1 Chitng minh bang phan chiing
Bai 1:

Giai:

Gia st ca 3 bat dang thic & trén déu ding, c6 nghia:
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1 1 1
1-b)>—; b(l-c)>—; c(l1—a)>—
a( )4 (I-¢) 2 c(l-a) 1

= abc(1-a)(1-b)(1—-c)> é (Do a,b,c €(0;1))

Tuong tutacéd: 0<a(l—a)<

0<b(1-b)<

O<c(l-c¢)<

1
= a(l-a)b(1-b)c(l1-c)<—
(1-a)b(1-b)c( )64
1
= abc(l-a)1-b)(1-c)£—
(1-a)d-b) )64
Bai 2:
Giai:
Chiing minh bang phéan ching. Gia sir trong 25 s6 tu hién da cho, khong c6 hai s6

nao bang nhau. Khong mat tinh téng quat, gia sir

g <ar<..<dps

Suy ra a >1,ay>2,...,ar5>25
. 1 | 1 1 1 1
Thé thi ——+ +...+ <—+ +...+F— (1)
NI NS /25 \/T 2 V25
Ta lai c6
L+L+...+#<2\/25—1=9 (2)
JIoA2 T 2s
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+ 1 +...+ 1

1

hai s6 bang nhau trong 25 s6 a;,a,...,As.

Tu (1) va (2) suy ra

< 9, trdi véi gia thiét. Vay ton tai

Dang 5 - Phuong phap luong giac
Bai 1:

Bién doi diéu kién: a® + b? - 2a - 4b + 4 = 0< (a-1)* + (b-2)> =11

_ |la=1=sina a=Il+sina . ) .
bat = :>A=‘sm oL —COS a+2«/§smacosa‘
b—-2=cosa b=2+cosa

A :‘\/gsin2a—cos2a‘=2%3in2a—%cos2a =2 <2 (dpcm)

\ T
sin(2o ——
( 6)

Bai 2:
Giai:

Bién d6i bat ding thic: a2 + b + 2(b-a) > - 1 < (a-12 + (b + 12> 1

a—1=Rsina a=Rsina+1 5 5 5
bat VOiR > 0 < < (@a-1)"+(Mb+1)"=R
b+1=Rcosa b=Rcosa—1

Ta co: ‘5a+12b+7‘ =13 ‘S(Rsinoc+1)+12(Rcosa—1)+7‘ =13

sin| o+ arccosi
n( 13)

Tirdé = (a-1)> + (b+12=R2> 1 <> a> + b* + 2(b - a) > - 1 (dpcm)
Bai 3:

Rt ‘5Rsina+12Rcosa‘:13<:>1:R‘%sina+%cosa =R <R

Tudk1-a>?>0<«<lal<1nén
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Pita=cosa véi0 <o <= +1-a® =sina. Khi d6 ta cé:

A=2+/3a% + 2av1—a% =23 cos’ oc+2cos0csinoc:\/5(1+cos2oc)+sin2oc

=2{§cos2a+%sin2a} +/3 =2sin(20t+§j+\/§ = V3 -2 <A <+/3+2(dpem)
Bai 4:
Giai:

Dolal>1nén:

bata= voi ae[O;Eju[n,?)—nj: \/a2 —1 =\/tgzoc = tgaw Khi do:
cosa 2 2
[ 2
A= M :‘(tga+\/§)cosa‘ =‘sinoc+ 3cosa‘=2sin(a+§) <2 (dpcm)
a
Bai 5:

Giai:

Do lal > 1 nén:

bata = vOi ae[O;%)u[n,%): \/a2 -1 =\/tgzoc = tga . Khi do:

cosa

5=12ya’ <1,
a2 -

5(1+cos2a)

A = (5-12tga)cos’a. = Scos’a-12sinocoso= —6sin2a

5 13(.5 12 . 5 13 5
— —+—| —cos2a ——sin2a | = —+—cos| 2a + arccos —
2  2\13 13 2 2 13

:>_4=§+E(—1)§A=§+Ecos 2oc+arccosi S§+2-1=9 (dpcm)
2 2 2 2 13 2 2

Bai 6:
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Giai:
Pat a = tga, b = tgf, ¢ = tgy. Khi d6 bat dang thitc <
[tga—tgBl  [teB-tgyl o [tgy—tga]

Ja+ 1)1+ tg?B) (1 +tgP)1+1tg>y) (1 +tg’y)(1+tg’a)

sin(o —
<>|cosoLcos B.J
cosa.cosf

e

sin(B—vy) sin(y —ot)

cosf.cosy

+|cosPcosy. >|COS Y COS QL.

COSY.COS O
&> |sin(o-B)|+[sin(B-y)| = |sin(y-a)|. Bién déi biéu thiic v€ phaita co:
sin(y-o1)|= [sin[(a-B)+(B-y)]| = [sin(a-B)cos(B-y)+sin(B-y)cos(a-P)| <

[sin(a-B)cos(B-y)|+|sin(B-y)cos(a-B)[=[sin(at-P)[|cos(B~y)|+[sin(B-y)||cos(a-B)|

< [sin(o-B)[.1 + [sin(B-y)[.1 = [sin(o-B)| + |sin(B-y)|=(dpcm)
Bai 7:

Giai:

<1>@J ab J ed Lo ! . ab

+ <
s G T
a d a d

Dit tg2a=£, tg2[3=% voi B e (O, g) = Bién déi bat dang thiic
a

1 Jtgtotg’p

= +
JA+@o)1+1gB)  +/(1+tg’a)(l +1g’B)

= \/cos2 acos’ B +\/sin2 asin’B <1

<> cosa cosP + sina sinf} = cos(a-) < 1 ding = (dpcm)
d

Dau bang xdy ra < cos(a-B) = 1 < a=p < ©- 5
a
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Bai 8:

bat a =tga, b =tgf. Khi dé

= |cos® aLcos’ B.

Giai:

(a+b)(1—ab)| _|(tgo + tgP)(1 - tgatgp)
(A+a®)1+b>)| | (+tga)1+1g’B) |

sin(a.+ ) coso.cosf—sina.sin B|

cosa.cosP cosa.cosf3 ‘

= ‘sin(oc +B)cos(a + B)‘ = %‘sin[2(oc + B)] ‘ < % (dpcm).

Dang 6 [J Phuong phap qui nap

Bai 1:

Véin=2taco 1+%<2—% (dung)

Gia sit BDT (1) ding v6i n =k ta phai chiing minh
BDT (1) dang v6i n = k+1
That vay khi n =k+1 thi:

—+L+ +L+ ! <2—L
Do T Ty 7 ke
Theo gia thiét quy nap:
l+—+ +i+ 1 <2—l+ : <2—L
T 22 (k+1y? ko (k+1) k+1
1 + : < : + ! <l
TP (k1) k+1l (k+1) Kk
k+1+1 1
<—okk+2)<(k+1)° & K2 2
SATEeN k@( ) <(k+1)” o K4+2k<k>+2k+1

Diéu nay ding .Vay bat dang thitc (1) duoc chitng minh

Bai 2:
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Giai:
Ta thay BDT (1) ding vé6in=1
Gia su BDT (1) ding v6i n=k ta phai chiitng minh BDT ding véi n=k+1

That vay v61 n =k+1 ta co

1 1
a +b)k+1 ak+ + bk+

0o (52"

(a+bjk a+b o+ bt
<:> .

2 2 = 2 2)

a" +b" a+b B a +ab* +a" b+ b p; a" bt
2 2 4 A 2
ak+l+bk+l ak+l+abk+akb+bk+l

2 4

N (a" —b")(a—b)zo 3)
Ta chitng minh (3)

o VE trdi (2) <

>0

f—

(+) Gid st a > b vagia thi€tcho.a> -b < a > |y
o d 2P 2t o (a“-b)a-b)>0
(+) Gid sit a < b va theo.gid thiet a<b « |d <b' < a* <b
o (ak —bk)(a ~b)20
Vay BDT (3)lu6n ding ta c6 (dpcm)
Bai 3:
Giai:

Véin=1tacé a’ +b*=c’ (dinh Iy Pitago).
Vayv6in=1 a’ +b* <’ ding
Ta gia su BDT ding véi n= k nghia 1a ta cé:

at+b* <
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xét v6in =k +1 ta co:

aZ(k+1) n bZ(k+1) _ (aZk n bZk)(aZ n bz) _ a2a2k _bzbzk < Czk‘cz _ CZ(k+1)

Vay BDT ding v6i n =k +1.= diéu phai chiing minh.

Dang 7 - Phuong phap ap dung cac tinh chat cua cac day ti s6 bang nhau

Ta biét v6i a, b, ¢ duong va & <1= L < 27€
b b b+c
viZ 2xe
b b+c
= ab+ac<ab+be
a ¢
Sac<<beeses —<—=1
C
Vay v6ia, b, c,d > o thi:
—? g, 0 W a1, g
a+b+c b+c+d c+d+a d+a+b
Do d6 ta duoc:
a a a+d
< <
a+b+c+d a+b+e. a+b+c+d
b b b+a
< <
a+b+c+d  b+c+d b+c+d+a
c c c+b
< <
a+b+e+d c+d+a c+d+a+b
d d d+c
<

<
a+b+c+d d+a+b d+a+b+c
Cong ting vé bon dang thiic trén ta duoc:

a b c d

1< + + +
a+b+c b+c+d c+d+a d+a+b

<2 (dpcm).
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Bai 2:

9 , A » .9 9 a
Khong mat tinh tong quat ta gia stt: — =
c

a ~
—<1 via+b=c+d
C

) b a b
Néu:b <998 thi —<998 = —+— <999
d c d

Néu: b =998 thia =1 :3+2=1+% Pat gié trj 16n nhatkhid = 13¢'= 999

c d ¢

Vay gia tri 16n nhit cua £+2 =999 + ! khia=d =1; c=b=999.
c d 999

Bai 3:
Giai:
O ab_ed _ab_abred/oadl, c
b d b 4’ b>b>+d> d*  d
Vay £<ai9+cc;’ <= diéu phai chiing minh.
b b +d d

Dang 8 LI Phuong phap dung tam thirc bac hai

Bai 1: Giai:

Ta co: (e a? +2(b-3c+d)a+(b+c+d)?—8bd >0 (2)

Xét tam thic f(a) = a” +2(b—3c+ d)a + (b +c+d)* — 8bd

Tam thic T ¢6: A'=(b-3c+d)* —(b+c+d) +8hd
A'"=8(c—-b)(c—d)

Theo gia thiét ta c6: A’ <0

Suy ra: f(a)>0

Suy ra (2) ding vay nén (1) cling dung.
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Bai 2:
Giai:
Theo gi thiét ta c6: (p? —a® —b?)(q* = —=d?*) >0
Ta c6 thé gia sir: (p> —a”* —b?) >0 Vap =0
Dat f(x) = (p> —a’ - b?)x* —=2(pq —ac — bd)x + (q* — ¢* —d?)
Ta c6:f(x) = (px — q)* — (ax — ¢)* — (bx — d)?

Pat: x, = £ Ta c6: f(x,) = —(ax, —)> — (bx, —d)? < 0
q

Suy ra A > 0, tic la (1) ding.
Dang 9 (1 Phuong phap dung tinh chat bac.cau
Bai 1:

Giai
Tacé: 1—-a)l-b)=1-a-b+ab>1—-a-b (1)
Vil-c>0 nén:

(lI-a)1-b)(1-c)>(1—a-b)(1=¢c) (2)
(l-a-b)(-c)=1-a-b—c+cla+b)>1-a-b—-c (3)

T (2) va 3) tasuy rai(l-a)1-b)(1-c)>1-a-b—-c
Vay: 1-a)1-b)d—c)l=-d)>(1-a-b-c)(1-d)>1—a-b—c—d
Vid(a+b+¢)>0
Bai 2:
Giai
Vi a+b+¢=3 nén c6 it nhat mot trong 3 bo so a, b, ¢ khong nho hon 1, gia st
a1
Vil<a<2nén (a-1)a-2)=a’-3a+2<0=>aB-a)>2

Suy ra ab+bc+ca=a(b+c)+bc=a(3—-a)+bc>2 (1)
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Vay a’+b*+c*=(a+b+c) —2(ab+bc+ca) h
=9-2(ab+bc+ca)<5

Bai 3:

eo (1).

Giai

Ap dung cong thic Heé - rong vé tinh dién tich tam gidc:

S=Jp(p—a)p-b)p-c) Véi p:%b”:% theo gia thiét.

11 1 1
Do dé: §* =—=(=—a)(=—b)(=—
0 do 2(2 a)(2 )(2 c)

16S* =(1-2a)(1-2b)(1-2c¢)
=1-2a—-2b—-2c+4ab+4ac+ 4bc —8abc
=—1+4(ab+bc+ac)—8abc >0

Suy ra: 4abc + % <2ab+2bc+2ca
Ma 2ab+2bc+2ca=(a+b+c) = (a’ +b° +c*)=1—(a’ +b* + %)
Nén 4abc+%<1—a2 b - a b+ +4abc<%

Bai 4:

Giai
Néu a>1thitt b+c>a>1 suyraa+b+c>2,voly. VayO<a< 1.
Tuong tutaco: 0<b<1lvalO<c<l1.
Tacé: (1-a)l-D)1—-c)=1—-a—b—c+ab+bc+ca—abc>0 suyra
abc<ab+bc+ca—-1via+b+c=2 (1)

Ma d4=(a+b+c) =a’>+b*+c* +2(ab+bc+ca), suyra:
ab+bc+ca=2—%(a2 +b°+c%) (2)

Tu (1) va (2) ta suy ra:
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abc<1—%(a2+b2+cz):>a2+b2+cz+2abc<2

Dang 10 - Phuong phap dung cac bat dang thirc trong tam giac
Bai 1:

Giai
Tacod: a<b=(a+b+c) <(b+b+c) =12b+c)

Ta chiing t6 (2b+c)’ <9bc < 4b* —5bc+c* <0
< ((b—-c)d4b—-c)<0

Két qua trén luon ding vi b<c=>b—-c<0 vadb—c=2b+b+a~-c>0 dob=>a

vac<a+b.

Vay (a+b+c)* <9bc

Bai 2:

Vi a, b, c 1a do dai 3 canh cua tam giac nén:

O<a<b+c a+b-c¢=P>0
O<b<a+c =>a+c—-b=0>0
O<c<a+b b+c=a=R>0

Theo bat dang thitc Cosi ta c6:

P+Q —
2 PO
ST NR
R+ O \/—

:P;Q.P;R.R;Qz\/Pzngz — POR

= bca>(a+b—c)b+c—a)a+c—b) Diéu phai ching minh.
Bai 3:
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Giai
bat f(p)zpc12+qb2 >pgc’ vip+q=1=g=1-p
= f(p)=pa’ +(1-p)b”* - p(l-p)c’
=c’p’+(a*-b*-c)p+b°
La mot tam thic bac hai theo p ¢6 biét s
A=(a’—b>—c*) —4b°c’
=(a’ —b* —c* —2bc)(a’ —b* —c* +2bc)
=[a*=(b+c) |[d - (b-c)]
=(a+b+c)(a—b—c)(a+b—c)(a—b+c)

Trong mot tam giac ta co:
O<a<b+c a—-b-c<0

O<b<ateslgtb-c>0
O<c<a+b a—b+c>0

:>(a+b+c)(a—b—c)(a+b—c)(a—b+c) <0

= A<O0

= f(p)>0 Vp

= pa’ +qb*> pgct véimoi p, q thod man: p+q=1.
Giai

Ta co:

(B =)+ (P —aP)+ (@ -b)<0 (1)

o d(b=c)b+c)+b(b—c)-a* (b’ —c*)<0
& (b-o)|a'(b+c)+bc’ —d’ (b +bc+c) | <0
& (b-o)|d’bla—c)+d’c(a-c)-b* (@’ —c*) ] <0
& (b-c)a-c) ab(a—b)+c(a* -b) |<0
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< (a-b)b-c)a—-c)ab+ca+chb)<0 (2)

Két qua (2) luon diing v6i 0 < a < b < c¢. Nén bat dang thitc (1) duogc chiing minh.

Giai

Ta co:

()< a[(b-c)’ —a’]+b[(c—a)’ b’ ]+c[(a+b)’ - |>0
<alb-c+a)b—c—a)+b(c—a+b)(c—a-b)+cla+b+c)a+b—c)>0
& (a+b-c)a(b—c—a)+bla—b-c)+c(a+b+c)]>0

& (a+b-c)| ¢ —a’ b +2ab]>0

S(a+b-o) = (a-b)|>0 (2)
Vi a, b, ¢ 1a 3 canh ctia mot tam giac nén

a+b>c a+b—c>0

{c>‘a—b‘:>{c2—(a—b)2 >0

Vay (2) ding nén BDT (1)dugc chimg minh,

Dang 11 [ Phuong phap.doi bién s6

Bai 1
Giai:
x2 _y2 1_x2y2
bat:a= 3 2 va b= 2 2
1+ xH)T+y?) A+xH)A+y7)
(x* =y)A-x"y?)
=>ab =

(T+x*)*(1+ %)

1 1
Ta c6 d& thdy v6i moi a, b thi : - Z(a—b)2 Sabﬁz(aer)z

2 2
S-(a-h2=|1-
Ma: (a-b) [ x2+1}
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2
2
@+bY=®_yz+J

Suylra:-l <ab< L.
4 4
Bai 2:
Giai
1 1
Taco: =
2x+y+z  (x+y)+(x+2)
Sl( 1 + 1 )Si(l+l+l+l)
4 x+y y+z 16 x y z z
Tuong tu:
—1 SL(1+1+1+1)
x+2y+z 16 x y z z
—1 Si(l+l+l+l)
x+y+2z 16 x y =z z
Cong theo vé 3 BDT trén:
1 1 1 1 111
+ + < — . 4(—+ — + -
X+2y+z x+y+2z ~ 16 (x ¥ z)

2x+y+z

Maleliloyg

X y oz
Vay ! ! + 1 <1
2x+y+z x+t2y+z  x+y+2z

A 66__ 9 2 b 4
Dau “= xayrakh1x=y=z=§.
Bai 3:
Giai
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1
a=—
X
1
h=—
Ta dat Y vé6i x,¥,2>0 v do abc =1 nen xyz=1
1
c=—
.z
2 2 2
X y z 3
Neén BDT < + + Z=

y+z z+x x+y 2
Mait khac theo BDT Cauchy- Schwarz ta c6:

2

2 2
[(y+z)+(z+x)+(x+y)](yiz+Zerx+xiy Z(x+y+z)2

2 2 2 3
@( X y z J2x+y+z 33/xyz

+ + Kl
y+z z4+x x+y 2 2 2

Vay BDT dugc ching minh,

Dau “="xayra < a=b=c=1

Bai 4:
Giai
a
X=—-
a+b+c
B b
Tur gia thié€t ta 6 thé dat: 4 a+b+c véiab,c>0
c
z=—
a+b+c
D&nBDTc;CMﬁa+b+c+4a+z+c+9a+b+0236
a c
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ol 49450 %,9050)
a a b b c c

C a a C

@(2+4.%)+(5+9.3j+(4%+9.2jz2\/24%+2\/5.9.3+2 4. Z 2—22 (dting)

1
xX=—
6
b=2a 1
& =y=—
Dau “=" xay ra ¢ =3a 3
1
z=—
L 2
Bai 5:
Giai
1 1
Ty XVz=x+y+z+2& + e =1
I+x 1+y 1%z
o1 | 1 | .
Ta dat =a, =b, =C VOl a,b,c>0
I+x I+y I+z
l-a b+c 1-b. a+c l-¢c a+b
> X = = ,y= — ,Z: =
a a b b c c

NénBDTcﬁnCM@CMBDT\/ a b +\/ b ¢ +\/ c @ 3
b+c c+a c+a a+b a+b b+c 2

1( a b
- +
Mat khac ta c¢6: \/; Na+e b+c

l b N c
c+a'a+b 2\ b+a c+a

. <— +
a+b b+c 2\c+b a+b
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Nén

\/ a b \/ b c \/ c a 1{ a b b c c a 3
: + : + : <— + + + + + ==
b+c c+a ct+a a+b a+b b+c 2\a+c¢c b+c b+a c+a c+b a+b 2

Vay BDT luon ding

Diu “="xayra < x=y=z=2.
Dang 12 [0 Phuong phap 1am tréi (ching minh bat dang thic c6 n sé hang).
Huong dan:

Bai 1:
a. Taco:

1 :l(2k+1)—(2k—1):l( 1 j

(2n-1).(2n+1) 2" 2k-1).2k+1) 2\2k=1 2k+1

Cho n chay tr 1 dén k .Sau d6 cong laita co

1 1 1 1 [ 2 j 1
—+—+...F =—.|1- <—
1.3 3.5 2n-1).2n+1) 2 2n+1) 2

b. Ta co
1 1 1 1 1
l+—+— +—F —— ...
1.2 1.2.3 1.2.3.com 1.2. 123 (n—l)n

Cac BT tng dung cua Bat dang thic
I'- Tim GTLN 0 GTNN

Giai
Vi x,y,z >0 ,4p dung BDT Cosi ta c6:
X+y+2z233xyz
= i/xyiz < % =>xyz < %

Ap dung bat ding thiic Cosi cho x+y ; y+z ; x4z ta c6:

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip Website hoc360.net — Tai tai liéu hoc tip mién phi

(x+y).(y+z).(z+x) > 3{/(x+y).(y+z).(x+z)

=2 23{/(x+y).(y+z).(z+x)

Dau bang xay ra khi x=y=z=%

. . . 8 3 1
Vay Sco gia tri 16n nhat 1a —— khi x=y=z=—.
ay Sco gia tri nha a729 1xyz3
Bai 2:
Giai
Ap dung BDT Bunhiac6pski cho 6 s6 (x,y,z) ;(X,y,2)

Ta co (xy+yz+zx)2 < (x2 +y2 4 7? )2
2
:>1£(x2 +y° +zz)
Ap dung BDT Bunhiac6pski cho (a2, y*,22) va (1,1,1)
Ta cé:
P+ Y+ 22 <@+ +1) @ £y" +2Y)
> (X +y +27) <3+t Y

Tu (1) va(2) = 1<3(x* +y* +2%)
1
= A SE

Vay x*+3*+2* ¢6 gid tri nhé nhit Ia % khi X=y=Z=ig

Bai 3:

A =x? —2xy + 3y* — 2x — 10y + 20
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=(x-y-1)+2(y-3)+1
ma (x-y-1)*>0va(y-3)*>0
vay x? — 2xy + 3y* — 2x — 10y + 20> 1
ddu ¢ =" xay ra <=> {;:;’;TO <=>{;Z§
Vay Anin=1khix=4,y=3
Bai 4:
Giai

x*+x+1

x*+1

Co D=

xac dinh v61 moi X va luon duong

Ta co: A(x*+1) = x% +x +1
<=> (A-1)x2-x +A-1=0
+ Néu A=1 thi x =0 va nguoc lai

+ Néu A= 1 muon ton tai x thi diéu kién.canva da: 1- 4(A-1)> > 0

AA? 8A +3 30<=>% SAS%

Vay Ana= Aui=>
(Khi x=1) (khi x=-1)
Bai 5:
Giai
Goi a la s6 tu nhién can tim
Tac6 a=29q+5=31q =28 (q,q €N)
=29q-q)=2q +23
=qg-qlasdle;qq >1
A nho nhit khi g nho nhat. Lic dé
2q =29(q-q) -23 ciling nho nhat
Hay g-q' nho nhat
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g-q =1 va 2q°=29-23 =6
Vay : q =3 vaa=1211as06 can tim
II - Giai phuong trinh va hé phuong trinh:
Bai 1:
Giai

Ap dung : Néu a, b> 0 thi : %+222

a

2) & (i+z+l)(3x+2y+z):36
X y z

&6 +D)+3E+DH+2E+ 5y =22
y X z X z oy

Mat khéc : vi X, y, Z>nén

((Z+ D) 212
y X
wit+DHze . 28+DH54
z X ’ Yy z

Nen S+ D) +3 ¢+ 5+ 224 2322
y X z X z oy

Dau " =" xay rakhi x =y =z, thay vao (1) ta dugc:
x+x2+x*=14 <=> x=2)(x*+3x+7)=0
<=>x-2=0 <=> x=2
Vay hé phuong trinh-¢6 nghiém duy nhat : x =y =z=2
Bai 2:

Giai
Tacé 3’ +6x+19 =3.(x> +2x+1)+16

=3.(x+1)> +16>16

5x* +10x+14=5.(x+1)" +9>9
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Vay  4A3x7+6x+19 +/5x> +10x+14>2+3=5

Dau (=) xayrakhix+1=0 = x=-1

Vay 4V3x +6x+19 ++/5x7 +10x+14 =4—2x—x* khi x =-1
Vay phuong trinh c6 nghiém duy nhat x = -1
Bai 3:

Ap dung BDT BunhiaCopski ta c6:

x++2—x2 <12 +12.,/x2+(2—x2) <22 =2

Dau (=) xay rakhi x = 1

Mat khac 4y2+4y+3:(2y+1)2+222
Dau (=) xay rakhi y= —%

Viy x+32-x* =4y’ +4p43=2  khix =1 Véy:—%

x=1

Vay nghiém cua phuong trinh Ia 1.

yZ—E

Bai 4:
Ap dung BDT Cosi ta'cé:

4 4 4 4 4 4
X' +y LY +z Lz +Xx
2 2 2

> xzy2 +yzz2 +2°x°

x*+pty 2t =2

2.2, 22 2.2, .22 22, 22
X + z z +zz Xz + X
SXytyz zJ + Y
2 2 2
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> yzxz + szy + xzyz
>xyz(x+y+2z)

Vix+y+z=1Nén x*+y* +z* > xyz

Dau (=) xay ra khi x=y=z=%

x+y+z=1 .
Vay \ 4 4 a4 cénghiém x=y=z=—
JoAxT+y +z =xyz ' 3
Bai 5:
Giai
Tu phuong trinh (1) =8-»*>0 hay [y|<+8

Tir phuong trinh (2) = x* +2 = |x].|y| <242 |4

= x* = 23/2]a]+ /27 <0
:>(‘x‘—\/§)230
:>|x\:\/§
:>x=ix/§

Néu x = +2 thiy =22, néux =212 thiy =-22

x:\/z {x:2\/§

N

Vay hé phuong trinh ¢c6 nghiém va
1y ¢ p g ghic {y=\/§

IIT O Tim nghiém nguyén cua phuong trinh:
Giai
Khong mat tinh tong quét ta gid st x>y >z

Ta cé 2=l+l+lS§:>2zS3
X y z z

Ma znguyén duong vay z=1
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1 1
Thay z = 1 vao phuong trinh ta duoc - + ; =1

Theo gia st x>ynén 1 = —+— <— = y<2 may nguyén duong

2| =
< =
< =

Nény=1hoacy=2

Vé6iy =1 khong thich hop

Véiy=2tacox=2

Vay (2 ,2,1) 1a mot nghiém cua phuong trinh

Hoan vi cac so trén ta dugc cac nghiém cua phuong trinh 1a (2,2,1) ; (2,1,2) ;
(1,2,2).
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