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PhÇn III � øng dông cña BÊt ®¼ng thøc. 

BÊt ®¼ng thøc ®­îc øng dông réng r·i nhiÒu trong viÖc t×m GTLN, GTNN, gi¶i 

ph­¬ng tr×nh vµ hÖ ph­¬ng tr×nh, dïng ®Ó gi¶i ph­¬ng tr×nh nghiÖm nguyªn vµ rÊt 

nhiÒu øng dông kh¸c n÷a. 

I -  Dïng B§T ®Ó t×m GTLN vµ GTNN 

KiÕn thøc : NÕu f(x)    m th× f(x) cã gi¸ trÞ nhá nhÊt lµ m. 

         NÕu f(x)    M th× f(x) cã gi¸ trÞ lín nhÊt lµ M. 

Ta th­êng hay ¸p dông c¸c bÊt ®¼ng thøc th«ng dông nh­: C«si, Bunhiac«pxki , 

bÊt ®¼ng thøc chøa dÊu gi¸ trÞ tuyÖt ®èi, kiÓm tra tr­êng hîp x¶y ra dÊu ®¼ng thøc 

®Ó t×m cùc trÞ. T×m cùc trÞ cña mét biÓu thøc cã d¹ng lµ ®a thøc , ta hay sö dông 

ph­¬ng ph¸p biÕn ®æi t­¬ng ®­¬ng , ®æi biÕn sè , mét sè bÊt ®¼ng thøc� T×m cùc 

trÞ cña mét biÓu thøc cã chøa dÊu gi¸ trÞ tuyÖt ®èi , ta vËn dông c¸c bÊt ®¼ng thøc 

chøa dÊu gi¸ trÞ tuyÖt ®èi 

Chó ý: BABA   

X¶y ra dÊu '' = '' khi AB    0 

0A   DÊu ''= '' x¶y ra khi A = 0 

Mét sè vÝ dô: 

VÝ dô 1: 

a. T×m gi¸ trÞ nhá nhÊt cña biÓu thøc 

A = (x2 + x)(x2 + x - 4) 

b. T×m gi¸ trÞ nhá nhÊt cña biÓu thøc : 

B = - x2 - y2 + xy + 2x +2y 

Gi¶i 

Ta cã: 

a.A = (x2 + x)(x2 + x - 4)   . §Æt : t = x2 + x – 2 

=> A = (t - 2)(t + 2) = t2 - 4   - 4 

DÊu b»ng x¶y ra khi : t = 0    x2 + x - 2 = 0 
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(x - 2)(x + 2) = 0   x = -2 ; x = 1 

=> min A = - 4 khi x = -2 ; x = 1 

b. T­¬ng tù 

VÝ dô 2: T×m gi¸ trÞ nhá nhÊt cña biÓu thøc 

a. C = 1232  xx    

b. D = 63 22  xxxx                    

c. E = 4321  xxxx  

Gi¶i 

¸p dông B§T :  BABA   

DÊu '' = ''x¶y ra khi AB     0 

=> C = 2221322132  xxxx  

DÊu '' = '' x¶y ra khi (2x - 3)(1 - 2x)   0         
2

3

2

1
 x  

VËy minC = 2 khi  
2

3

2

1
 x  

b, T­¬ng tù  : minD = 9 khi : -3   x   2 

c. T­¬ng tù:     minE = 4 khi : 2   x   3 

 

VÝ dô 3: 

Cho ba sè d­¬ng x , y , z tho¶ m·n : 
x1

1
 + 

y1

1
 + 

z1

1
   2 

T×m gi¸ trÞ lín nhÊt cña tÝch : P = xyz. 

Gi¶i 

x1

1
   (1 - 

y1

1
) + ( 1 - 

z1

1
) = 

y

y

1
 + 

z

z

1
   2

)1)(1( zy

yz


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T­¬ng tù : 
y1

1
   2

)1)(1( zx

zx


 

                 
z1

1
    2

)1)(1( yx

xy


 

Tõ ®ã suy ra : P = xyz   
8

1
 

MaxP = 
8

1
 khi  x = y = z = 

2

1
 

VÝ dô 4:  

Cho  G = 
xyz

zxyyzxxyz 321 
 

Tìm giá trị lớn nhất của G. 

Gi¶i 

Tập xác định : x   1  ;  y   2 ;  z   3 

Ta cã :  G = 
x

x 1
 + 

y

y 2
 + 

z

z 3
 

Theo BĐT Côsi ta có : 
2

11
1



x

x   => 
x

x 1
 

2

1
  

T­¬ng tù :
22

12




y

y
  ;  

32

13




z

z
 

=> G     
32

1

22

1

2

1
  

VËy MaxG  = 
32

1

22

1

2

1
  ®¹t ®­îc khi x = 2 ; y = 2 ; z = 6 

Bµi tËp ¸p dông: 

Bµi 1: 

T×m gi¸ trÞ lín nhÊt cña: 
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S = xyz.(x+y).(y+z).(z+x)  víi x,y,z > 0  vµ x+y+z =1 

Bµi 2: Cho xy+yz+zx = 1. T×m gi¸ trÞ nhá nhÊt cña    4 4 4x y z   

Bµi 3:T×m gi¸ trÞ nhá nhÊt cña biÓu thøc  A = x2 – 2xy + 3y2 – 2x – 10y + 20 

Bµi 4:T×m gi¸ trÞ lín nhÊt , nhá nhÊt cña ph©n thøc D = 
1

1
2

2





x

xx
 

Bµi 5; T×m sè tù nhiªn nhá nhÊt biÕt r»ng sè nµy khi chia cho 9 cã sè d­ lµ 5 vµ khi 

chia cho 31 cã sè d­ lµ 28. 

 

II � Dïng B§T ®Ó gi¶i ph­¬ng tr×nh vµ hÖ ph­¬ng tr×nh 

Nhê vµo c¸c tÝnh chÊt cña bÊt ®¼ng thøc , c¸c ph­¬ng ph¸p chøng minh bÊt ®¼ng 

thøc , ta biÕn ®æi hai vÕ ( VT , VP ) cña ph­¬ng tr×nh sau ®ã suy luËn ®Ó chØ ra 

nghiÖm cña ph­¬ng tr×nh. NÕu VT = VP t¹i mét hoÆc mét sè gi¸ trÞ nµo ®ã cña Èn ( 

tho¶ m·n TX§) => ph­¬ng tr×nh cã nghiÖm. 

NÕu VT > VP hoÆc VT < VP t¹i mäi gi¸ trÞ cña Èn 

ph­¬ng tr×nh v« nghiÖm 

Cßn ®èi víi hÖ ph­¬ng tr×nh ta dïng bÊt ®¼ng thøc ®Ó biÕn ®æi tõng ph­¬ng tr×nh 

cña hÖ , suy luËn vµ kÕt luËn nghiÖm. BiÕn ®æi mét ph­¬ng tr×nh cña hÖ , sau ®ã so 

s¸nh víi ph­¬ng tr×nh cßn l¹i , l­u ý dïng c¸c bÊt ®¼ng thøc quen thuéc. 

Mét sè vÝ dô: 

VÝ dô 1: 

Gi¶i ph­¬ng tr×nh : 13 1x  + 9 1x  = 16x 

Gi¶i 

§iÒu kiÖn : x   1 (*) 

¸p dông bÊt ®¼ng thøc C«si ta cã :  

 13 1x  + 9 1x  
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= 13.2. 1
2

1
x  + 3.2. 1

2

3
x    13( x - 1 + 

4

1
) + 3(x + 1 + 

4

9
) = 16x 

DÊu '' = '' x¶y ra 

 












2

3
1

2

1
1

x

x

    x = 
4

5
  tho¶ m·n (*) 

Ph­¬ng tr×nh (1) cã nghiÖm  dÊu '' = '' ë (2) x¶y ra  

VËy (1) cã nghiÖm  x = 
4

5
. 

VÝ dô 2: 

Gi¶i ph­¬ng tr×nh :  32 x  + x25  - x2 + 4x - 6 = 0 (*) 

Gi¶i 

TX§ :  
2

5

2

3
 x    

(*)  32 x  + x25  = x2 - 4x + 6 

VP = (x - 2)2 + 2   2 , dÊu '' = '' x¶y ra khi x = 2 

=> víi x = 2 ( tho¶ m·n TX§ ) th× VT = VP = 2 

=> ph­¬ng tr×nh (*) cã nghiÖm x = 2 

VÝ dô 3: 

Gi¶i ph­¬ng tr×nh : x6  + 2x  = x2 - 6x + 13 

Gi¶i 

TX§ : -2   x   6 

VP = (x - 3)2 + 4   4 . DÊu '' = '' x¶y ra khi  x = 3 

VT2 = ( x6 .1 + 2x .1)2   (6 - x + x + 2)(1 + 1) = 16 

=> VT   4 , dÊu '' = '' x¶y ra khi   x6  =  2x     x = 2 
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=> kh«ng cã gi¸ trÞ nµo cña x ®Ó  VT = VP  => Ph­¬ng tr×nh v« nghiÖm 

VÝ dô 4: 

Gi¶i hÖ ph­¬ng tr×nh: 

3 2

2 2 2

2 4 3 0 (1)

2 0 (2)

x y y

x x y y

    


  
 

Gi¶i 

(1)   x3 = - 1 - 2(y - 1)2    x3   - 1   x   - 1 .  (*) 

(2)   x2   
21

2

y

y


   1    ( v× 1 + y2   2y)      -1   x   1  (**) 

Tõ (*) vµ (**)  => x = -1 . Thay  x = -1 vµo (2) ta cã : y = 1 

=> HÖ ph­¬ng tr×nh cã nghiÖm duy nhÊt : x = -1 ; y = 1 

VÝ dô 5:Gi¶i hÖ ph­¬ng tr×nh : 

             








xyzzyx

zyx
444

1
 

Gi¶i 

¸p dông : B§T : 2 2a b 2ab   dÊu '' = '' x¶y ra khi a = b 

Ta cã : 4 4 2 2 4 4 2 2 4 4 2 2x y 2x y ; y z 2y z ; z x 2z x       

4 4 4 2 2 2 2 2 2x y z x y y z z x (*)        

MÆt kh¸c: 2 2 2 2 2x y y z 2x yz   

                 
2 2 2 2 2

2 2 2 2 2

y z z x 2xy z

x y z x 2xyz

 

 
 

2 2 2 2 2 2

2 2 2 2 2 2

2(x y y z z x ) 2xyz(x y z) 2xyz

x y y z z x xyz (**)

      

   
 

Tõ (*) vµ (**) =>  x4 + y4 4 4 4x y z    xyz  

DÊu '' = '' x¶y ra khi : x = y = z  mµ  x + y + z = 1 nªn : x = y = z = 
3

1
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VËy hÖ ph­¬ng tr×nh cã nghiÖm : x = y = z = 
3

1
 

Bµi tËp ¸p dông: 

Bµi 1:Gi¶i hÖ ph­¬ng tr×nh:  

                 

2 3 14 (1)

1 1 1
( )( ) 1 (2)
2 3 6 2 3 6

x y z

x y z

x y z

   



    


  (víi x, y, z > 0) 

Bµi 2: Gi¶i ph­¬ng tr×nh sau: 

          
2 2 24 3 6 19 5 10 14 4 2x x x x x x         

Bµi 3:  Gi¶i ph­¬ng tr×nh: 
2 22 4 4 3x x y y      

Bµi 4:Gi¶i hÖ ph­¬ng tr×nh sau:  

             4 4 4

1x y z

x y z xyz

  


  
 

Bµi 5:  Gi¶i hÖ ph­¬ng tr×nh sau:    

2

2

4 8

2

xy y

xy x

   


 
    

(1)

(2)
 

III � Dïng B§T ®Ó gi¶i ph­¬ng tr×nh nghiÖm nguyªn 

Mét sè vÝ dô: 

VÝ dô 1: T×m c¸c sè nguyªn x,y,z tho¶ m·n 

                
2 2 2 3 2 3x y z xy y z       

Gi¶i 

V× x,y,z lµ c¸c sè nguyªn nªn 

     
2 2 2 3 2 3x y z xy y z       

 

2 2 2

2 2
2 2

3 2 3 0

3
3 3 2 1 0

4 4

x y z xy y z

y y
x xy y z z

       

   
            
   
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 
2 2

2
3 1 1 0

2 2

y y
x z
   

         
   

  (*) 

Mµ    
2 2

2
3 1 1 0

2 2

y y
x z
   
        

   
         ,x y R   

 
2 2

2
3 1 1 0

2 2

y y
x z
   

         
   

 

0
2 1

1 0 2
2

1
1 0

y
x

x
y

y

z
z


 


 

     
   



 

C¸c sè x,y,z ph¶i t×m lµ 

1

2

1

x

y

z





 

 

VÝ dô 2: 

T×m c¸c cÆp sè nguyªn tho¶ m·n ph­¬ng tr×nh: 

x x y       (*) 

Gi¶i 

 (*)  Víi x < 0 , y < 0 th× ph­¬ng tr×nh kh«ng cã nghÜa 

(*)  Víi x > 0 , y > 0 

Ta cã x x y    
2x x y    

2 0x y x     

§Æt x k     (k nguyªn d­¬ng v× x nguyªn d­¬ng ) 

Ta cã    
2.( 1)k k y   
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Nh­ng    
22 1 1k k k k     

            1k y k     

Mµ gi÷a k vµ k+1 lµ hai sè nguyªn d­¬ng liªn tiÕp kh«ng tån t¹i mét sè nguyªn 

d­¬ng nµo c¶ nªn kh«ng cã cÆp sè nguyªn d­¬ng nµo tho¶ m·n ph­¬ng tr×nh 

VËy ph­¬ng tr×nh cã nghiÖm duy nhÊt lµ :  

0

0

x

y





 

Bµi tËp ¸p dông: 

Bµi 1: T×m nghiÖm nguyªn d­¬ng cña ph­¬ng tr×nh: 
1 1 1

2
x y z
    

 

 

 

PhÇn IV - gi¶i vµ h­íng dÉn gi¶i BT ¸p dông 

D¹ng 1 � Dùa vµo ®Þnh nghÜa  vµ c¸c phÐp biÕn ®æi t­¬ng ®­¬ng 

Bµi 1: 

Gi¶i 

Ta cã:    2 2 2( ) 0 2a b ab a b      

                                 

2 2 2 2

2 2 2

2 2 2

2 2

2 2 2 2

2 2( )

( ) 2( )

2 2( ) ( 2)

2

2 ( )

a b ab a b

a b a b

a b Do a b

a b

a b

    

   

    

  

  

 

T­¬ng tù:  2 2 2 2 2 4 4( ) 0 2a b a b a b      

4 4 2 2 4 4

2 2 2 4 4

2 2( )

( ) 2( )

a b a b a b

a b a b

    

   
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VËy: 2 2 2 2 4 42 ( ) 2( )a b a b     

       4 4 2a b   

§iÒu ph¶i chøng minh. 

Bµi 2: 

Gi¶i 

Ta cã víi mäi sè nguyªn d­¬ng k: 

1 1 1 1
( )

1( 1) ( 1)
k k

k kk k k k
  

 
 

 

                 =
1 1 1 1

( )( )
1 1

k
k k k k
 

 
 

 

1 1 1 1
(1 )( ) 2( )

1 1 1

k

k k k k k
    

  
  v× 0 1

1

k

k
 


 

Do ®ã: 

1 1 1 1 1 1 1 1
... 2(1 ) 2( ) ... 2( )

2 3 2 ( 1) 2 2 3 1n n n n
         

 
 

                                        
1

2(1 ) 2
1n

  


  ®iÒu ph¶i chøng minh. 

Bµi 3: 

Gi¶i 

 (1) 01
4444

2
2

2
2

2
2

2




































 m

m
qmq

m
pmp

m
nmn

m
 

01
2222

2222






































m
q

m
p

m
n

m
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DÊu b»ng x¶y ra khi  

























01
2

0
2

0
2

0
2

m

q
m

p
m

n
m

   























2
2

2

2

m

m
q

m
p

m
n










1

2

qpn

m
 

Bµi 4: 

Gi¶i 

     4488221010 babababa   


128448121210221012 bbabaabbabaa   

     022822228  abbababa  

  a2b2(a2-b2)(a6-b6)  0      a2b2(a2-b2)2(a4+ a2b2+b4)    0 

BÊt ®¼ng thøc cuèi ®óng vËy ta cã ®iÒu ph¶i chøng minh. 

Bµi 5: 

Gi¶i 

Víi  a > 0 , b > 0   => a + b > 0 

Ta cã : 

333

22







 


 baba
 

<=>  
2

22

22
.

2







 







 








  baba
baba

ba
 

<=>

2

22

2







 


ba
baba  

<=> 4a2 - 4ab + 4b2     a2 + 2ab + b2  

<=> 3(a2 - 2ab + b2 )   0 

<=> 3(a - b)2   0 . BÊt ®¼ng thøc nµy ®óng 
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=> 

333

22







 


 baba
 DÊu '' = '' x¶y ra khi a = b. 

Bµi 6: 

Gi¶i 

Ta cã: 

 

2

b
a

ba

a

ab2ba

ba

ab
a

ba

a

22

3

22

22

2

22

3





















 

                

2

d
c

dc

c

2

c
b

cb

b

22

3

22

3







 

                
2

a
d

ad

d
22

3




 

Céng vÕ theo vÕ ta ®­îc: 

2

dcba

ad

d

dc

c

cb

b

ba

a
22

3

22

3

22

3

22

3 












 

D¹ng 2 � Sö dông bÊt ®¼ng thøc Bunhiacopxky vµ bÊt ®¼ng thøc phô                                          

 

Bµi 1: 

Gi¶i 

¸p dông bÊt ®¼ng thøc Bunhiac«pxki, ta cã: 

                         

2 2 2 2 2

2 2 2 2

(1x 1y 1z) (1 1 1 )(x y z)

(x y z) 3(x y z ) (1)

      

    
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Theo gi¶ thuyÕt ta cã: 

                        
2 2 2

4
x(x 1) y(y 1) z(z 1)

3
4

(x y z ) (x y z)
3

     

      

 

V× theo (1)      
2 2 2 21

(x y z) (x y z )
3

       

                       

2

2

1 4
(x y z) (x y z)

3 3

(x y z) 3(x y z) 4

      

      

 

§Æt s x y z     Ta gi¶i ph­¬ng tr×nh bËc 2 

                  

2s 3s 4 0

1 s 4

x y z 4 

   

   

   

 

Bµi 2: 

Gi¶i 

Do a,b,c ®èi xøng  ,gi¶ sö abc      
















ba

c

ca

b

cb

a
cba 222

 

¸p dông B§T  Trª- b­-sÐp ta cã: 



























 ba

c

ca

b

cb

acba

ba

c
c

ca

b
b

cb

a
a .

3
...

222
222

=
2

3
.

3

1
=

2

1
 

VËy 
2

1333








 ba

c

ca

b

cb

a
 .DÊu b»ng x¶y ra khi a=b=c=

3

1
 

Bµi 3: 

Gi¶i 

¸p dông bÊt ®¼ng thøc Bunhiac«pxki ta cã: 
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(x2 + y2)2 = ( 22 11 xyyx  )2    ( 1x  ; 1y ) 

  (x2 + y2)(1 - y2 + 1 - x2) => x2 + y2   1 

Ta l¹i cã : (3x + 4y)2   (32 + 42)(x2 + y2)    25 

=> 3x + 4y   5 

§¼ng thøc x¶y ra <=>



















43

0,0

122

yx
yx

yx

 <=>












5

4
5

3

y

x

 

§iÒu kiÖn : 
2

5

2

3
 x . 

Bµi 4: 

Gi¶i 

¸p dông bÊt d¼ng thøc Bunhiac«pxki víi 2 bé 3 sè ta cã: 

         




 

222
1111.1.1. accbbaaccbba  

=>   6)22.(3
2

 acbaaccbba  

=> 6 accbba  

DÊu '' = '' x¶y ra khi : a = b = c = 
3

1
 

  

Bµi 5: 

Gi¶i 

Ta cã                 p p a p b p c       

3 ( ) 2( ( )( ) ( )( ) ( )( ))p p a b c p a p b p b p c p c p a               

KÕt qu¶ nµy lu«n ®óng v×   2a b c p     vµ  , , .p a o p b o p c o       

Theo bÊt ®¼ng thøc Bunhiac«pski ta cã: 
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1. 1. 1. (1 1 1)( ) 3p a p b p c p a p b p c p               

VËy bÊt ®¼ng thøc ®­îc chøng minh. 

Bµi 6: 

Gi¶i 

¸p dông bÊt ®¼ng thøc Bunhiac«pski cho c¸c sè 1,1,1, , ,
a b c

b c a
  ta cã : 

 

 

2 2 2
2 2 2 2

2 2 2
(1. 1. 1. ) (1 1 1 )( )
a b c a b c

b c a b c a
        

2 2 2

2 2 2

1
( )( )

3

a b c a b c a b c

b c a b c a b c a
         

¸p dông bÊt ®¼ng thøc C«si ta cã: 

33 . . 3
a b c a b c

b c a b c a
     

Do ®ã: 

2 2 2

2 2 2

1
( ).3

3

a b c a b c a b c

b c a b c a b c a
              (®pcm). 

Bµi 7: 

Gi¶i 

Tõ gi¶ thiÕt ®Ò ra 0c,b,a   

Ta cã: abccabcab  1
c

1

b

1

a

1
  

  3
111111111

*
222222222


aacccbbba
 

¸p dông bÊt ®¼ng thøc Bunhicopsky ta cã: 
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222222 zyx.111zyx   

Do ®ã ta cã: 











b

1

b

1

a

1

3

1

b

1

b

1

a

1
222  











c

1

c

1

b

1

3

1

c

1

c

1

b

1
222  











a

1

a

1

c

1

3

1

a

1

a

1

c

1
222  

Céng vÕ theo vÕ ta ®­îc: 



















c

1

b

1

a

1
3

3

1

cb

c2a

bc

b2c

ab

a2b 222222

 

3
cb

c2a

bc

b2c

ab

a2b 222222










 

D¹ng 3 � sö dông BÊt ®¼ng thøc Cauchy 

Bµi 1: 

Gi¶i 

VT = 
b

a
 + 
a

b
+ 
c

b
+
b

c
+ 
c

a
+
a

c
+ 3 

¸p dông B§T c«si cho c¸c béi sè : 

b

a
 vµ 

a

b
 ; 
c

b
 vµ

b

c
; 
c

a
 vµ

a

c
  

Ta cã  : 
b

a
 + 
a

b
≥ 2

b

a

a

b
. =2  ;  

c

b
+
b

c
 ≥  2  ;  

c

a
+
a

c
 ≥ 2 

<=> 
b

a
 + 
a

b
+ 
c

b
+
b

c
+ 
c

a
+
a

c
≥ 6 

<=> 
b

a
 + 
a

b
+ 
c

b
+
b

c
+ 
c

a
+
a

c
+3 ≥9  
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VT ≥ 9 ( ®pcm ). 

Bµi 2: 

Gi¶i 

a)Theo bÊt ®¼ng thøc C«si ta cã: 

          

(p a) (p b) c
(p a)(p b)

2 2

(p a) (p c) b
(p a)(p c)

2 2

(p b) (p c) a
(p b)(p c)

2 2

  
   

  
   

  
   

 

Nh©n theo vÕ ta ®­îc: 

         2 2 2 c b a abc
(p a) (p b) (p c) . .

2 2 2 8
      

b)Ta ¸p dông víi x,y>0 ta lu«n cã bÊt ®¼ng thøc ®óng: 

                       
1 1 4

x y x y
 


 

Thay c¸c gi¸ trÞ vµo ta ®­îc: 

         
1 1 4 4

p a p b 2p a b c
  

   
 

T­¬ng tù: 

          
1 1 4 4

p b p c 2p b c a
  

   
 

             
1 1 4 4

p a p c 2p a c b
  

   
 

Céng theo vÕ ta cã: 

             
1 1 1 1 1 1

2( )
p a p b p c a b c

    
  

 

Bµi 3: 

Gi¶i 
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¸p dông bÊt ®¼ng thøc C«si , ta cã: 

1
22

1)1(
1 




aa
a  

T­¬ng tù : 1
2

1 
b

b      ;    1
2

1 
c

c  

Céng tõng vÕ cña 3 bÊt ®¼ng thøc trªn ta ®­îc: 

5,33
2

111 



cba

cba  

DÊu ®¼ng thøc x¶y ra khi a = b = c =0 tr¸i víi gi¶ thiÕt : a + b + c =  1 

VËy : 5,3111  cba  

Bµi 4: 

Gi¶i 

Theo bÊt ®¼ng thøc C«si ta cã: 

( ) ( )
( )( )

2 2

p a p b c
p a p b

  
     

( ) ( )
( )( )

2 2

p b p c a
p b p c

  
     

( ) ( )
( )( )

2 2

p c p a b
p c p a

  
     

 2 2 2( ) ( ) ( ) . .
2 2 2

c b a
p a p b p c     

 ( )( )( )
8

abc
p a p b p c    . §iÒu ph¶i chøng minh. 

D¹ng 4 � chøng minh b»ng ph¶n chøng 

Bµi 1: 

Gi¶i: 

Gi¶ sö c¶ 3 bÊt ®¼ng thøc ë trªn ®Òu ®óng, cã nghÜa: 
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1 1 1
(1 ) ; (1 ) ; (1 )

4 4 4

1
(1 )(1 )(1 ) ( , , (0;1))

64

a b b c c a

abc a b c Do a b c

     

     

 

Ta cã 

2

2

2

1 1
(1 ) ( )

2 4

1 1 1

4 2 4

a a a a a

a

  
         

   

 
    

 

 

T­¬ng tù ta cã: 
1

0 (1 )
4

a a    

                          

1
0 (1 )

4

1
0 (1 )

4

b b

c c

  

  

 

 

1
(1 ) (1 ) (1 )

64

1
(1 )(1 )(1 )

64

a a b b c c

abc a b c

    

    

 

Bµi 2: 

Gi¶i: 

Chøng minh b»ng ph¶n chøng. Gi¶ sö trong 25 sè tù hiªn ®¶ cho, kh«ng cã hai sè 

nµo b»ng nhau. Kh«ng mÊt tÝnh tæng qu¸t, gi¶ sö 

                            1 2 25...a a a    

Suy ra            1 2 251, 2,..., 25a a a    

ThÕ th× 
1 2 25

1 1 1...
a a a
   1 1 1...

1 2 25
              (1) 

Ta l¹i cã  

             
1 1 1...
1 2 25
   2 25 1 9                             (2) 
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Tõ (1) vµ (2) suy ra 
1 2 25

1 1 1...
a a a
    <  9, tr¸i víi gi¶ thiÕt. VËy tån t¹i 

hai sè b»ng nhau trong 25 sè 1 2 25, ,...,a a a . 

 

D¹ng 5 - Ph­¬ng ph¸p l­îng gi¸c 

Bµi 1: 

Gi¶i 

BiÕn ®æi ®iÒu kiÖn: a2 + b2 - 2a - 4b + 4 = 0 (a-1)2 + (b-2)2 = 1 

§Æt 
















cossin32cossinA

cos2b

sin1a

cos2b

sin1a 22  

A 2)
6

2sin(22cos
2

1
2sin

2

3
22cos2sin3 


  (®pcm) 

Bµi 2: 

Gi¶i: 

BiÕn ®æi bÊt ®¼ng thøc: a2 + b2 + 2(b-a)  - 1  (a-1)2 + (b + 1)2  1 

§Æt 








cosR1b

sinR1a
 víi R  0  222 R)1b()1a(

1cosRb

1sinRa









  

Ta cã: 137)1cosR(12)1sinR(5137b12a5   

 R
13

5
arccossinRcos

13

12
sin

13

5
R113cosR12sinR5 








  

Tõ ®ã  (a-1)2 + (b+1)2 = R2  1  a2 + b2 + 2(b - a)  - 1 (®pcm) 

Bµi 3: 

Gi¶i: 

Tõ ®k 1 - a2  0  |a|  1 nªn 
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§Æt a = cos víi 0      2a1  = sin. Khi ®ã ta cã: 

A=  2sin)2cos1(3sincos2cos32a1a2a32 222  

= 3
3

2sin232sin
2

1
2cos

2

3
2 







 









 2323  A (®pcm) 

Bµi 4: 

Gi¶i: 

Do |a|  1 nªn : 

§Æt a = 
cos

1
 víi  






 







 

2

3
,

2
;0   tgtg1a 22 . Khi ®ã: 

A = 2
3

sin2cos3sincos)3tg(
a

31a2








 



 (®pcm) 

Bµi 5: 

Gi¶i: 

Do |a|  1 nªn: 

§Æt a = 
cos

1
 víi  






 







 

2

3
,

2
;0   tgtg1a 22 . Khi ®ã: 

A = 
2

2

a

1a125 
= (5-12tg)cos2 = 5cos2-12sincos= 


2sin6

2

)2cos1(5
 

= 


















13

5
arccos2cos

2

13

2

5
2sin

13

12
2cos

13

5

2

13

2

5
  

 - 4 = 91.
2

13

2

5

13

5
arccos2cos

2

13

2

5
A)1(

2

13

2

5









  (®pcm) 

Bµi 6: 
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Gi¶i: 

§Æt a = tg, b = tg, c = tg. Khi ®ã bÊt ®¼ng thøc  

 
)tg1)(tg1(

|tgtg|

)tg1)(tg1(

|tgtg|

)tg1)(tg1(

|tgtg|
222222 












 

















cos.cos

)sin(
.coscos

cos.cos

)sin(
.coscos

cos.cos

)sin(
.coscos  

 sin(-)+sin(-)  sin(-). BiÕn ®æi biÓu thøc vÕ ph¶i ta cã: 

sin(-)= sin[(-)+(-)] = sin(-)cos(-)+sin(-)cos(-)  

sin(-)cos(-)+sin(-)cos(-)=sin(-)cos(-)+sin(-)cos(-) 

 sin(-).1 + sin(-).1 = sin(-) + sin(-)  (®pcm) 

Bµi 7: 

Gi¶i: 

(1)  1

d

b
1

a

c
1

ab

cd

d

b
1

a

c
1

1
1

)db)(ca(

cd

)db)(ca(

ab
















































 

§Æt tg2=
a

c
, tg2=

b

d
 víi ,  







 

2
,0   BiÕn ®æi bÊt ®¼ng thøc 

 1sinsincoscos
)tg1)(tg1(

tg.tg

)tg1)(tg1(

1 2222

22

22

22








 

 cos cos + sin sin = cos(-)  1 ®óng  (®pcm) 

DÊu b»ng x¶y ra  cos(-) = 1  =  
b

d

a

c
 . 
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Bµi 8: 

Gi¶i: 

§Æt a = tg, b = tg. Khi ®ã 
)tg)(tg(

)tgtg)(tgtg(

)b)(a(

)ab)(ba(









2222 11

1

11

1
 

= 









cos.cos

sin.sincos.cos
.

cos.cos

)sin(
.coscos 22  

=  
2

1
2

2

1
 )(sin)cos()sin(  (®pcm). 

D¹ng 6 � Ph­¬ng ph¸p qui n¹p 

Bµi 1: 

Gi¶i: 

Víi n =2 ta cã 
2

1
2

4

1
1      (®óng) 

Gi¶ sö B§T (1) ®óng víi n =k ta ph¶i chøng minh 

B§T (1) ®óng víi n = k+1 

ThËt vËy khi n =k+1 th×: 

      (1)    
1

1
2

)1(

11
....

2

1

1

1
2222 





kkk

 

Theo gi¶ thiÕt quy n¹p: 

   1

1
2

1

11
2

)1(

11
....

2

1

1

1
22222 








kkkkk  

   kkkk

1

1

1

1

1

)1(

1
....

1

1
222









  


2

2
)1()2(

1

)1(

11





kkk

kk

k
 k2+2k<k2+2k+1    

§iÒu nµy ®óng .VËy bÊt ®¼ng thøc (1) ®­îc chøng minh 

Bµi 2: 



Truy cập Website hoc360.net – Tải tài liệu học tập miễn phí 

 

 Group: https://www.facebook.com/groups/tailieutieuhocvathcs/ 
 

Gi¶i: 

Ta thÊy B§T (1)  ®óng víi n= 1 

Gi¶ sö B§T (1)  ®óng víi n=k   ta ph¶i chøng minh B§T  ®óng víi n=k+1 

ThËt vËy víi n = k+1 ta cã 

(1)   

1

2










 
k

ba
    

2

11   kk ba
 

      
2

.
2

baba
k









 
   

2

11   kk ba
       (2) 

VÕ tr¸i (2)     
242

.
2

1111  





 kkkkkkkk babbaabababa
 

 0
42

1111





  kkkkkk bbaababa

 

    0.  baba kk
        (3) 

Ta chøng minh  (3) 

(+) Gi¶ sö  a   b  vµ gi¶ thiÕt cho  a   -b     a   b  

  
kkk bba          

k k(a b )(a b) 0    

(+) Gi¶ sö a < b vµ theo gi¶ thiÕt   a < b     
kkkk
baba   

    0.  baba kk
 

VËy B§T (3)lu«n ®óng ta cã  (®pcm) 

Bµi 3: 

Gi¶i: 

Víi n = 1 ta cã 2 2 2a b c   (®Þnh lý Pitago). 

VËy víi n = 1 2 2 2a b c   ®óng 

Ta gi¶ sö B§T ®óng víi n= k nghÜa lµ ta cã: 

                   2 2 2k k ka b c   
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xÐt víi n = k +1 ta cã: 

2( 1) 2( 1) 2 2 2 2 2 2 2 2 2 2 2( 1)( )( ) .k k k k k k k ka b a b a b a a b b c c c           

VËy B§T ®óng víi n = k +1.  ®iÒu ph¶i chøng minh. 

D¹ng 7 - Ph­¬ng ph¸p ¸p dông c¸c tÝnh chÊt cña c¸c d·y tØ sè b»ng nhau 

Gi¶i 

Ta biÕt víi a, b, c d­¬ng vµ 1
a a a c

b b b c


  


 

V× 
a a c

b b c





 

1

ab ac ab bc

a c
ac bc

b c

   

    
 

 

VËy víi a, b, c, d > o th×: 

              1
a

a b c


 
    ,    1 , 1 , 1

b c d

b c d c d a d a b
  

     
        

Do ®ã ta ®­îc: 

a a a d

a b c d a b c a b c d


 

       
 

b

a b c d  

b b a

b c d b c d a


 
    

 

c c c b

a b c d c d a c d a b


 

       
 

d d d c

a b c d d a b d a b c


 

       
 

Céng tõng vÕ bèn ®¼ng thøc trªn ta ®­îc: 

1 2
a b c d

a b c b c d c d a d a b
    

       
 (®pcm). 
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Bµi 2: 

Gi¶i: 

Kh«ng mÊt tÝnh tæng qu¸t ta gi¶ sö :
c

a
 
d

b
   Tõ :

c

a
 
d

b
   

d

b

dc

ba

c

a





  

 1
c

a
  v× a + b = c + d 

NÕu: b  998   th×  
d

b
998    

d

b

c

a
   999 

NÕu: b = 998 th× a = 1  
d

b

c

a
 =

dc

9991
  §¹t gi¸ trÞ lín nhÊt khi d = 1; c = 999 

VËy gi¸ trÞ lín nhÊt cña 
d

b

c

a
  = 999 + 

999

1
khi a = d =1; c = b = 999. 

Bµi 3: 

Gi¶i: 

Tõ 
b

a
<
d

c
22 d

cd

b

ab
   

d

c

d

cd

db

cdab

b

ab







2222  

VËy     
b

a
<

d

c

db

cdab





22  ®iÒu ph¶i chøng minh. 

 

D¹ng 8 � Ph­¬ng ph¸p dïng tam thøc bËc hai 

Bµi 1:                                                   Gi¶i: 

Ta cã:            (1) 2 2a 2(b 3c d)a (b c d) 8bd 0 (2)          

XÐt tam thøc  2 2f(a) a 2(b 3c d)a (b c d) 8bd         

Tam thøc f(a) cã: 
2 2(b 3c d) (b c d) 8bd

8(c b)(c d)





       

   
 

Theo gi¶ thiÕt ta cã: 0   

Suy ra:                      f(a)>0 

Suy ra (2) ®óng vËy nªn (1) còng ®óng. 
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Bµi 2: 

Gi¶i: 

Theo gi¶ thiÕt ta cã: 2 2 2 2 2 2(p a b )(q c d ) 0      

Ta cã thÓ gi¶ sö: 2 2 2(p a b ) 0    Vµ p 0  

§Æt 2 2 2 2 2 2 2f(x) (p a b )x 2(pq ac bd)x (q c d )          

Ta cã: 2 2 2f(x) (px q) (ax c) (bx d)       

§Æt: 0

p
x

q
  Ta cã: 2 2

0 0 0f(x ) (ax c) (bx d) 0         

Suy ra 0  , tøc lµ (1) ®óng. 

D¹ng 9 � Ph­¬ng ph¸p dïng tÝnh chÊt b¾c cÇu 

Bµi 1: 

Gi¶i 

Ta cã: (1 )(1 ) 1 1 (1)a b a b ab a b          

V× 1 0c   nªn: 

(1 )(1 )(1 ) (1 )(1 ) (2)

(1 )(1 ) 1 ( ) 1 (3)

a b c a b c

a b c a b c c a b a b c

      

            
 

Tõ (2) vµ (3) ta suy ra: (1 )(1 )(1 ) 1a b c a b c        

VËy: (1 )(1 )(1 )(1 ) (1 )(1 ) 1a b c d a b c d a b c d               

 V× ( ) 0d a b c    

Bµi 2: 

Gi¶i 

V× 3a b c    nªn cã Ýt nhÊt mét trong 3 bé sè a, b, c kh«ng nhá h¬n 1, gi¶ sö 

1a   

V× 1 2a   nªn 2( 1)( 2) 3 2 0 (3 ) 2a a a a a a          

Suy ra ( ) (3 ) 2ab bc ca a b c bc a a bc             (1) 
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VËy 
2 2 2 2( ) 2( )

9 2( ) 5

a b c a b c ab bc ca

ab bc ca

       

    
 theo (1). 

Bµi 3: 

Gi¶i 

¸p dông c«ng thøc Hª - r«ng  vÒ tÝnh diÖn tÝch tam gi¸c: 

( )( )( )S p p a p b p c     Víi 
1

2 2

a b c
p

 
   theo gi¶ thiÕt. 

Do ®ã: 2 1 1 1 1
( )( )( )

2 2 2 2
S a b c     

216 (1 2 )(1 2 )(1 2 )

1 2 2 2 4 4 4 8

1 4( ) 8 0

S a b c

a b c ab ac bc abc

ab bc ac abc

   

       

      

 

Suy ra: 
1

4 2 2 2
2

abc ab bc ca     

Mµ 2ab+2bc+2ca= 2 2 2 2 2 2 2( ) ( ) 1 ( )a b c a b c a b c          

Nªn 2 2 2 2 2 21 1
4 1 4

2 2
abc a b c a b c abc           

Bµi 4:  

Gi¶i 

NÕu 1a   th× tõ 1b c a    suy ra a+b+c >2, v« lý. VËy 0 < a < 1. 

T­¬ng tù ta cã: 0 < b < 1 vµ 0 < c < 1. 

Ta cã: (1 )(1 )(1 ) 1 0a b c a b c ab bc ca abc             suy ra 

1abc ab bc ca     v× 2a b c      (1) 

Mµ 2 2 2 24 ( ) 2( ), :a b c a b c ab bc ca suy ra          

 2 2 21
2 ( )

2
ab bc ca a b c         (2) 

Tõ (1) vµ (2) ta suy ra: 
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2 2 2 2 2 21
1 ( ) 2 2

2
abc a b c a b c abc          

D¹ng 10 - Ph­¬ng ph¸p dïng c¸c bÊt ®¼ng thøc trong tam gi¸c 

Bµi 1: 

Gi¶i 

Ta cã: a b 2 2 2( ) ( ) (2 )a b c b b c b c         

Ta chøng tá 
2 2 2(2 ) 9 4 5 0

( )(4 ) 0

b c bc b bc c

b c b c

     

   
 

KÕt qu¶ trªn lu«n ®óng v× 0b c b c     vµ 4 2 0b c b b a c do b a        

vµ c a b  . 

VËy 2( ) 9a b c bc    

Bµi 2: 

Gi¶i 

V× a, b, c lµ ®é dµi 3 c¹nh cña tam gi¸c nªn: 















bac

cab

cba

0

0

0

  

0

0

0

a b c P

a c b Q

b c a R

   


    
    

 

Theo bÊt ®¼ng thøc Cosi ta cã: 

2

2

2

P Q
PQ

P R
PR

R Q
Q R










 

2 2 2. .
2 2 2

P Q P R R Q
P Q R PQR

  
    

( )( )( )bca a b c b c a a c b          §iÒu ph¶i chøng minh. 

Bµi 3: 
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Gi¶i 

§Æt   2 2 2f p pa qb pqc    v× p + q = 1 1q p    

2 2 2

2 2 2 2 2 2

( ) (1 ) (1 )

( )

f p pa p b p p c

c p a b c p b

     

    
 

Lµ mét tam thøc bËc hai theo p  cã biÖt sè  

 

2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2

( ) 4

( 2 )( 2 )

( ) ( )

( )( )( )

a b c b c

a b c bc a b c bc

a b c a b c

a b c a b c a b c a b c

    

      

          

        

  

 

Trong mét tam gi¸c ta cã: 















bac

cab

cba

0

0

0 0

0

0

a b c

a b c

a b c

  


   
   

 

  ( )( )( )a b c a b c a b c a b c         <0 

   < 0 

 ( ) 0f p p   

 2 2 2pa qb pqc   víi mäi p, q tho¶ m·n: p + q = 1. 

Gi¶i 

Ta cã: 

3 2 2 3 2 2 3 2 2( ) ( ) ( ) 0a b c b c a c a b         (1) 

3 2 2 2 3 3

3 2 2 2 2 2

2 2 2 2 2

2 2

( )( ) ( ) ( ) 0

( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

( )( ) ( ) ( ) 0

a b c b c b c b c a b c

b c a b c b c a b bc c

b c a b a c a c a c b a c

b c a c ab a b c a b

       

         

         

        
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( )( )( )( ) 0 (2)a b b c a c ab ca cb        

KÕt qu¶ (2) lu«n ®óng víi 0 < a < b < c. Nªn bÊt ®¼ng thøc (1) ®­îc chøng minh. 

 

Gi¶i 

Ta cã: 

2 2 2 2 2 2(1) [( ) ] [( ) ] ( ) 0

( )( ) ( )( ) ( )( ) 0

a b c a b c a b c a b c

a b c a b c a b c a b c a b c a b c a b c

           

               
 

 
2 2 2

2 2

( ) ( ) ( ) ( ) 0

( ) 2 0

( ) ( ) 0 (2)

a b c a b c a b a b c c a b c

a b c c a b ab

a b c c a b

           

        

       

 

V× a, b, c lµ 3 c¹nh cña mét tam gi¸c nªn  

2 2

0

( ) 0

a b c a b c

c a b c a b

     
 

    
 

VËy (2) ®óng nªn B§T (1) ®­îc chøng minh. 

 

D¹ng 11 � Ph­¬ng ph¸p ®æi biÕn sè 

Bµi 1 

Gi¶i: 

§Æt : a = 
)1)(1( 22

22

yx

yx




        vµ  b = 

)1)(1(

1
22

22

yx

yx




 

=> ab = 2222

2222

)1()1(

)1)((

yx

yxyx




 

Ta cã dÔ thÊy víi mäi a, b th× :  - 
22 )(

4

1
)(

4

1
baabba   

Mµ : (a - b)2 = 

2

2 1

2
1 











x
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        (a + b)2 = 

2

2 1

2
1 











y

 

Suy ra : - 
4

1
   ab   

4

1
. 

Bµi 2: 

Gi¶i 

Ta cã :
zyx 2

1
 = 

)()(

1

zxyx 
  

                                 ≤  
4

1
(

yx 

1
 + 

zy 

1
) ≤  

16

1
 (
x

1
 + 

y

1
 + 
z

1
 + 
z

1
) 

T­¬ng tù:  

zyx  2

1
≤  

16

1
 (
x

1
 + 

y

1
 + 
z

1
 + 
z

1
) 

zyx 2

1


≤ 

16

1
 (
x

1
 + 

y

1
 + 
z

1
 + 
z

1
) 

Céng theo vÕ 3 B§T trªn: 

zyx 2

1
 + 

zyx  2

1
 + 

zyx 2

1


 ≤  

16

1
 . 4 ( 

x

1
 
y

1
 + 
z

1
) 

Mµ 
x

1
 
y

1
 + 
z

1
 = 4 

VËy 
zyx 2

1
 + 

zyx  2

1
 + 

zyx 2

1


 ≤  1 

DÊu “=” x¶y ra khi x = y = z = 
3

4
. 

Bµi 3: 

Gi¶i 
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Ta ®Æt 

1

1

1

a
x

b
y

c
z














  víi , , 0x y z   v� do 1abc   nªn 1xyz   

Nªn B§T 

2 2 2 3

2

x y z

y z z x x y
   

  
 

MÆt kh¸c theo B§T Cauchy- Schwarz ta cã: 

       
2 2 2

2x y z
y z z x x y x y z

y z z x x y

 
                

 

2 2 2 33 3

2 2 2

xyzx y z x y z

y z z x x y

   
      

   
 

VËy B§T ®­îc chøng minh. 

DÊu “=” x¶y ra 1a b c     

 

Bµi 4:    

Gi¶i 

Tõ gi¶ thiÕt ta cã thÓ ®Æt:  

a
x

a b c

b
y

a b c

c
z
a b c


  





 

  

  víi a,b,c >0 

Nªn B§T   CM  4. 9. 36
a b c a b c a b c

a b c

     
    
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                               4. 4. 9. 9. 22
b c a c a b

a a b b c c
        

                               

4. 9. 4. 9. 2 .4. 2 .9. 2 4. .9. 22
b a c a c b b a c a c b

a b a c b c a b a c b c

     
              
     

 (®óng) 

 

DÊu “=” x¶y ra 

1

6
2 1

3 3

1

2

x

b a
y

c a

z





 

   
 






 

Bµi 5: 

Gi¶i 

Từ 
1 1 1

2 1
1 1 1

xyz x y z
x y z

       
  

 

Ta đặt 
1 1 1

, ,
1 1 1

a b c
x y z
  

  
    với , , 0a b c   

 
1 1 1

, ,
a b c b a c c a b

x y z
a a b b c c

     
        

Nên BĐT cần CM CM BĐT 
3

. . .
2

a b b c c a

b c c a c a a b a b b c
  

     
 

Mặt khác ta có: 
1

.
2

a b a b

b c c a a c b c

 
  

    
 

                          
1

.
2

b c b c

c a a b b a c a

 
  

    
 

                          
1

.
2

c a c a

a b b c c b a b

 
  

    
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Nên 

1 3
. . .

2 2

a b b c c a a b b c c a

b c c a c a a b a b b c a c b c b a c a c b a b

 
         

            
 

 Vậy BĐT luôn đúng 

Dấu “=” xảy ra 2x y z    . 

D¹ng 12 � Ph­¬ng ph¸p lµm tréi (chøng minh bÊt ®¼ng thøc cã n sè h¹ng). 

H­íng dÉn: 

Bµi 1: 

a. Ta cã: 

    
 2 1 (2 1)1 1 1 1 1

.
2 1 . 2 1 2 (2 1).(2 1) 2 2 1 2 1

k k

n n k k k k

    
   

      
 

Cho n ch¹y tõ 1 ®Õn k .Sau ®ã céng l¹i ta cã 

1 1 1 1 2 1
... . 1

1.3 3.5 (2 1).(2 1) 2 2 1 2n n n

 
      

   
 

b. Ta cã: 

 
1 1 1 1 1 1

1 ... 1 .....
1.2 1.2.3 1.2.3..... 1.2 1.2.3 1 .n n n
        


 

1 1 1 1 1 1
1 1 .... 2 2

2 2 3 1n n n

     
              

     
 

C¸c BT øng dông cña BÊt ®¼ng thøc 

I - T×m GTLN � GTNN 

Gi¶i 

V× x,y,z > 0 ,¸p dông B§T C«si ta cã: 

x+ y + z 33 xyz  

3
1 1

3 27
xyz xyz     

¸p dông bÊt ®¼ng thøc C«si cho x+y ; y+z  ;  x+z ta cã: 
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           3. . 3 . .x y y z z x x y y z x z        

     32 3 . .x y y z z x      

DÊu b»ng x¶y ra khi x=y=z=
1

3
 

VËy  S   
8 1 8

.
27 27 729

  

VËy  S cã gi¸ trÞ lín nhÊt lµ  
8

729
 khi x=y=z=

1

3
. 

Bµi 2: 

Gi¶i 

¸p dông B§T Bunhiacèpski cho 6 sè  (x,y,z) ;(x,y,z) 

Ta cã              
22 2 2 2xy yz zx x y z      

                      
2

2 2 21 x y z     

¸p dông B§T Bunhiacèpski cho ( 2 2 2, ,x y z ) vµ (1,1,1) 

Ta cã: 

2 2 2 2 2 2 2 4 4 4

2 2 2 2 4 4 4

( ) (1 1 1 )( )

( ) 3( )

x y z x y z

x y z x y z

      

     
 

Tõ (1) vµ (2) 
4 4 41 3( )x y z     

4 4 4 1

3
x y z     

VËy  4 4 4x y z   cã gi¸ trÞ nhá nhÊt lµ  
1

3
 khi  x=y=z=

3

3
  

Bµi 3: 

Gi¶i 

A = x2 – 2xy + 3y2 – 2x – 10y + 20 
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    = (x- y -1 )2 + 2(y- 3)2 + 1 

mµ (x- y -1 )2 ≥ 0 vµ (y- 3)2 ≥ 0  

vËy x2 – 2xy + 3y2 – 2x – 10y + 20 ≥ 1  

dÊu ‘ =’ x¶y ra  <=>








03

01

y

yx
  <=>









3

4

y

x
 

VËy Amin =1 khi x= 4 , y = 3 

Bµi 4: 

Gi¶i 

Cã  D = 
1

1
2

2





x

xx
 x¸c ®Þnh víi mäi x vµ lu«n d­¬ng 

Ta cã: A(x2+1) = x2 +x +1 

<=>   (A-1)x2 - x +A -1 =0 

+ NÕu A=1 th× x =0 vµ ng­îc l¹i 

+ NÕu A 1 muèn tån t¹i x th× ®iÒu kiÖn cÇn vµ ®ñ: 1- 4(A-1)2   0 

4A2 -8A + 3 0 <=> 
2

1
 A   

2

3
 

VËy  Amax= 
2

3
                           Amin=

2

1
 

(Khi x=1)                        (khi x=-1) 

Bµi 5: 

Gi¶i 

Gäi a lµ sè tù nhiªn cÇn t×m 

 Ta cã   a= 29 q +5 =31 q’ =28     (q, q, N ) 

 232)(29 ,,  qqq  

 ,qq  lµ sè lÎ ; q-q, 1  

 A nhá nhÊt khi q, nhá nhÊt. Lóc ®ã 

 2q, =29(q-q,) -23 còng nhá nhÊt 

 Hay q-q, nhá nhÊt 
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 q-q, =1 vµ  2q, = 29-23 =6 

 VËy :  q, =3 vµ a =121 lµ sè cÇn t×m 

II - Gi¶i ph­¬ng tr×nh vµ hÖ ph­¬ng tr×nh: 

Bµi 1: 

Gi¶i 

¸p dông : NÕu a, b > 0 th× : 2
a

b

b

a
 

(2)  36)23)(
123

(  zyx
zyx

 

       6 22)(2)(3)( 
y

z

z

y

x

z

z

x

x

y

y

x
 

MÆt kh¸c : v× x, y, z > nªn       6 12)( 
x

y

y

x
 

 Vµ 6)(3 
x

z

z

x
        ;     4)(2 

z

y

y

z
 

Nªn 22)(2)(3)( 
y

z

z

y

x

z

z

x

x

y

y

x
 

DÊu '' = '' x¶y ra khi x = y = z  , thay vµo (1) ta ®­îc: 

x + x2 + x3 = 14  <=>  (x - 2)(x2 + 3x + 7) = 0 

<=>  x - 2 = 0   <=>  x = 2 

VËy hÖ ph­¬ng tr×nh cã nghiÖm duy nhÊt : x = y = z = 2 

Bµi 2: 

Gi¶i 

Ta cã  23 6 19x x 
23.( 2 1) 16x x     

                              
23.( 1) 16 16x     

             
225 10 14 5. 1 9 9x x x       
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VËy    
2 24. 3 6 19 5 10 14 2 3 5x x x x         

DÊu ( = ) x¶y ra khi x+1 = 0    x = -1 

VËy    
2 2 24 3 6 19 5 10 14 4 2x x x x x x         khi x = -1 

VËy  ph­¬ng tr×nh cã nghiÖm duy nhÊt x = -1 

Bµi 3: 

Gi¶i 

      ¸p dông B§T BunhiaCèpski ta cã: 

 2 2 2 2 22 1 1 . 2 2. 2 2x x x x         

DÊu (=) x¶y ra khi x = 1 

MÆt kh¸c    
224 4 3 2 1 2 2y y y       

DÊu (=) x¶y ra khi   y = -
1

2
 

VËy  2 22 4 4 3 2x x y y           khi x =1 vµ y =-
1

2
 

VËy nghiÖm cña ph­¬ng tr×nh lµ 
1

1

2

x

y




 

. 

Bµi 4: 

Gi¶i 

¸p dông B§T Cosi ta cã: 

4 4 4 4 4 4
4 4 4

2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2

 x
2 2 2

2 2 2

x y y z z x
y z

x y y z z x

x y y z z y z z x z y x

  
    

  

  
  
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2 2 2

.( )

y xz z xy x yz

xyz x y z

  

  
 

V× x+y+z = 1 Nªn 4 4 4x y z xyz    

DÊu (=) x¶y ra khi  x = y = z =
1

3
 

VËy 4 4 4

1x y z

x y z xyz

  


  
   cã nghiÖm  x = y = z =

1

3
 

Bµi 5: 

Gi¶i 

Tõ ph­¬ng tr×nh  (1)    28 0y     hay  8y   

Tõ ph­¬ng tr×nh  (2)    2 2 . 2 2x x y x     

                                    

2 2

2

2 2 2 0

( 2) 0

2

2

x x

x

x

x

   

  

 

  

 

NÕu x = 2  th× y = 2 2 , nÕu x = - 2  th× y = -2 2  

VËy hÖ ph­¬ng tr×nh cã nghiÖm    
2

2

x

y

 

 

   vµ    
2 2

2 2

x

y

 

 

. 

III � T×m nghiÖm nguyªn cña ph­¬ng tr×nh: 

Gi¶i 

Kh«ng mÊt tÝnh tæng qu¸t ta gi¶ sö     x y z   

Ta cã  
1 1 1 3

2 2 3z
x y z z

       

Mµ  z nguyªn d­¬ng vËy z = 1 
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Thay z = 1 vµo ph­¬ng tr×nh ta ®­îc   
1 1

1
x y
   

Theo gi¶ sö  xy nªn 1 = 
1 1

x y
  

1

y
 2y    mµ y nguyªn d­¬ng 

Nªn y = 1 hoÆc y = 2 

Víi y = 1  kh«ng thÝch hîp 

Víi y = 2 ta cã x = 2 

VËy (2 ,2,1) lµ mét nghiÖm cña ph­¬ng tr×nh 

Ho¸n vÞ c¸c sè trªn ta ®­îc c¸c nghiÖm cña ph­¬ng tr×nh lµ (2,2,1) ; (2,1,2) ; 

(1,2,2). 

 

 

 

 

 

 

 

 

 

 

 

 

 


