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MN MH+HN 8+4,5
2 2

Ban kinh R = =6,25cm

b) MDN =90" (g6c ndi tiép chan nira duong tron), MHE =90°
(MHLAB)
— MDE + MHE =180° = t{t gisc MDEH ni tiép.
ANBE va ANDB c6 goc N chung, NBE = NDB (cung chén hai cung
bang nhau 14 cung NA, NB — t/c duong kinh va day cung)

ANBE d6ng dang ANDB = % = N—i — NB? = NE.ND

Ta c6 cung NA bang cung NB (t/c dudng kinh va day cung) = goc
ADE bang goc EDB = DE la phan giac trong ctia AABD.
Vi ED L DC = Dc la phan giac ngoai A ABD

_ D4 _E4_cC4
DB~ EB CB

= AC.BE = BC.AE

¢) Ké EI // AM (IeBM) = AAMB dong dang AEIB = AEIB cén tai [ =
IE =IB.
Goi (O') 1a dudng tron tam I ngoai tiép AEBD'.
Ta c6 NB L BM (gbc ndi tiép chin ntra dudng tron tim O) = BN L
BI = BN la tiép tuyén duong tron (O') = EBN = ED'B (cing chén
cung BE)
Mat khac trén duong tron (O), EBN =EDB (cung chin hai cung bang
nhau NA, NB) = D nam trén dudng tron (O')

— NB tiép xuc véi duong tron ngoai tiép tam giac BDE.

Bai 10- P& Nam Pinh
Ciu 4. (3,0 diém)
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Cho tam gidc ABC vuong tai A duong cao AH. dudng tron tam E duong kinh
BH cit AB tai M (M khéac B), duong tron tim F duong kinh HC cit AC tai N
(N khac C)
1) Chirng minh AM.AB = AN.AC va AN.AC = MN?
2) Goi I 1a trung diém cua EF, O la giao diém cua AH va MN. Chiing minh
10 vudng goc v6i dudng thing MN
3) Chirng minh 4(EN? + FM?) = BC? + 6AH?

B

Ta ¢6: BMH = HNC = 90" (cac goc ndi tiép chin nira duong tron)
= HM 1L AB,HN L AC

Ap dung hé thirc lugng vao cac tam giac vuéng AHB va AHC, co:

K AH? = AM.AB va AH> = AN.AC= AM.AB = AN.AC
Mat khac, tir giac AMHN c6 ba géc vudng nén 1a hinh chir nhat
= AH=MN= AN.AC = MN*.
AMHN 14 hinh chit nhat, c6 O 1a giao diém ciia AH va MN
= O la trung diém cua AH va MN
. D& thdy A EMO = A EHO (c.c.c)

— EMO = EHO = 90° = EM 1 MN
Chung minh tuong tu dugc FN L MN
= ME //NF = MEFN la hinh thang vuéng
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Lai c6 OI 1a duong trung binh cta hinh thang vuéng MEFN
= Ol L MN..

3)

Dit MN = AH = h; x, y lan luot 12 ban kinh cta (E) va (F). Ta co:
4(EN? + FM?) = 4[(ME? + MN?) + (ME? + MN?)]
=4(x? +y* + 2h?)
BC? + 6AH? = (HB + HC)? + 6h* = HB2 + HC? + 2.HB.HC + 6h?
= 4x* + 4y* + 2h* + 6h* = 4(x* + y* + 2h?)
Vay 4(EN? + FM?) = BC2 + 6AH2.

Bai 11: Pé TP-HCM

Ciu 5. (3,5 diém) Cho tam giac ABC vudng tai A. Puong tron tim O
duong kinh AB cit cac doan BC va OC 1an luot tai D va I. Goi H 1a hinh chiéu
ctia A 1én OC; AH cét BC tai M.

a) Chung minh: Tt gidc ACDH néi tiép va CHD = ABC.

b) Ching minh: Hai tam gidc OHB va OBC dong dang véi nhau va HM
la tia phan giac cua goc BHD.

¢) Goi K 1a trung diém cua BD. Chting minh: MD.BC = MB.CD va
MB.MD = MK.MC.

d) Goi E 1a giao diém cua AM va OK; J 13 giao diém cua IM va (O) (J
khac I). Chtrng minh: Hai duong thang OC va EJ cit nhau tai mot diém

nam trén (O).
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Ta c6: ADB =90° (goc ndi tiép chin nira dudng tron)
— ADC =90° (ké bl v6i ADB)

Tt gidc ACDH ¢6 AHC = ADC = 90°

= Tu giac ACDH noi tiép

TG gidc ACDH ndi tiép = A, = H,
Ma A, = ABC (cung phu voi goc ACB)

:>ﬁ1=®

b)

Ap dung hé thirc luong vao A vudng AOC, cb:
OA%?=0H.OC

= OB? = 0OH.OC (vi OA = OB)
OB OH

> —=—
OC OB

AOHB va AOBC c6: BOC chung ; %:O_H

OB
= AOHB ©» AOBC (c.g.c)
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AOHB @ AOBC = i = OBC = fi. =l (do fl, = ABC|
Ma ﬁ1+ﬁ2 =ﬁ3 +ﬁ4(=900)

:>ﬁz=ﬁ3

= HM Ia tia phan giac cuia goc BHD.

AHBD c6é HM la dudng phan giac trong tai dinh H
Ma HC 1L HM

= HC la duong phan gidc ngoai tai dinh H

Ap dung tinh chat duong phan giac trong tam gidc, c6:

MD _HD . CD_HD
MB HB CB HB
MD CD
->——=—
MB CB

= MD.BC =MB.CD

Goi N 14 giao diém th hai cia AH va (O).

A OAN can tai O, c6 OH la duong cao = Cﬁi02i>\AONC =AOAC (cgc)
= ONC = OAC =90’

(0) ¢6 K 1a trung diém cuia day BD khac duong kinh

= OK L BD = OKC =90°

Do do, 5 diém A, C, N, K, O cung thudc duong tron duong kinh OC

D& chimg minh bai todn phu: Néu hai ddy AB va CD ciia (O) cat nhau tai I thi

IA.IB = IC.ID.
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Ap dung bai toan trén, ta co:

(O) ¢6 hai day AN va BD cit nhau tai M nén MA.MN = MB.MD
DPuong tron dudng kinh OC c6 hai ddy AN va CK cét nhau tai M nén
MA.MN=MC.MK Do d6 MB.MD = MC.MK.

d)

(O) ¢6 hai day AN va IJ cat nhau tai M nén MA.MN = ML.MJ

N MI.MJ=MC.MK:>%=M—? — AMIC ® AMKJ = =1,

Ma 61 =E1(=900 —(T()\E):ﬁl :jl

= T gidc EJKM ndi tiép=> EJM = EKM = 90’
Goi F 1a giao diém thir hai cuia CO véi (O)

— IUF =90° (gbc noi tiép chin nira duong tron)

— EJF=180° = E, J, F thdng hang
— OC va EJ cét nhau tai diém F thudc (O).

Bai 12: P& Thanh Hoéa-
Cau IV:(3,0 diém)
Cho ntra dudng tron (O) duong kinh MN =2R . Goi (d) 1a tiép tuyén cua (O) tai

N. Trén cung MN lay diém E tuy ¥ (E khong trung véi M va N), tia ME cit (d)

tai diém F. Goi P 1a trung diém ctia ME, tia PO cit (d) tai diém Q.
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1. Ching minh ONFP 14 t&r giac noi tiép.
2. Chung minh: OF L MQ va PM.PF = PO.PQ.
3. X4c dinh vi tri diém E trén cung MN dé téng MF +2ME dat gia tri nho nhat

N
C

A B
H

D

HD

1. Ching minh t&r giac OBNC ndi tiép:

Ta c6 20BN =90°( Goc tao bai tiép tuyén véi duong tron)

ZOCN =90 ( Pudng kinh di qua trung diém ctia mot day khong di qua tam)
Tir d6 ta 6 LOCN +Z0BN =180°. Ma chung & vi tri d6i nhau nén ta c6 tir giac
OBNC ni tiép

2, Chttng minh ON L 4D, CA.CN=CO.CD

Xét AANDco AB va CD 1a hai dudng cao cit nhau tai O nén NO 1a duong cao
thir ba ctia tam gidc = NO L ADtai H

Xet ACAD , ACON

c6 LACD = ZOCN =90°, mit khac ZCNO = ZCDA(phu véi goc O)

= ACAD ¥ ACON nén 4c_oc = AC.CN = OC.CD = dpcm
CD CN
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3. Xéc dinh vi tri diém M trén cung AB dé AN+2AM nho nhét

Xét tam gidc vuéng ABN c6 AM 1a dudng cao. Ap dung hé thtrc lugng trong
tam giac vudng nay ta c6: AB* = AM .AN =4R?

Ap dung bat dang thirc CoSi ta c6 2AM+AN> 24/2AM AN = 2V/8R* =42R
Vay 2AM+AN dat gia tri nhét 13 44/2R khi AN=2AM c6 nghia 1a M 1a trung
diém ciia AN hay M 1a diém chinh giita ctia cung AB

Bai 13: Pé Chuyén Lam Son

CAu IV (3.0 diém):

Cho hinh binh hanh ABCD véi BAD<90°, tia phan gidc gbc BCD<90° cit
duong tron ngoai tiép tam giac BCD tai O (Khac C), ké duong thang (d) di qua
A va vudng goc v6i CO. Puong thang (d) cat duong thang CB, CD lan luot tai
M vaN.

a/ Chimg minh OBM = ODC

b/ Ching minh AOBM = AODC va O la tdm dudng tron ngoai tiép tam gidc
CMN

¢/ Goi K 1a giao diém cia OC va BD, I 1a tAm dudng tron ngoai tiép tam giac

N B> — IK?
MB KD?

BCD. Chiing minh rang:

Cau Hinh
v
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a/ Chimg minh OBM = ODC; Ta c6 tt giac OBCD noi tiép (gt)
=> OBC + ODC =180° (d/l) (1a) Taco: OBC + OBM =180° (Hai goc ké bu) (2a)

Tir 1a,2a=> OBM = ODC (DPCM)

a/ + Ching minh AOBM = AODC

xét AOBM va AODC ¢6: C, =C, =>0B=0D=>0B=0D (1b)

OBM = ODC (C/m ciu a) (2b)

Do AD//BC (gt) => AD//MC => NAD = NMC (dong vi) (3b)

Do ACMN c6 dudng cao vira 1a dudng phan gidc => MNC = NMC (4b)

Twr 3b, 4b => ADAN céan tai D => AD = ND ma CN = CM (Do tam giac CMN can)
=>CN - ND=CM - BC=>BM =DC (5b)

Tur 1b, 2b, 5Sb => AOBM = AODC (c.g.c) (BPCM)

+ Chtrng minh O 1a tim duong tron ngoai tiép tam giac CMN

xét AOCM va AOCN c6

OC 14 canh chung (6b) ; C, = 52 (gt) (7b) va CM = CN (c/m trén) (8b)

Tur 6b,7b,8b => AOCM = AOCN (c.g.c) => OM = ON ma ON = OC

=>OM = ON = OC => O 1a tAm dudng tron ngoai tiép tam giac CMN (DPCM)

. .. 3 ND IB’ - IK’
¢/ Chtrng minh rang: = S
MB KD
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Goi giao diém cia IK voi duong tron tam 112 G va H. Ta co

B’ - IK* (IB-IK)(IB+IK) (IG-IK)(IH+IK) KGKG

KD? KD? KD? KD?
2 2
ma KG.KH=KDKB=> 2 —I& _ADAS_FB
KD KD KD
Do ND = AD = BC va MB = CD (chung minh trén)
— ND _ BC 3 BC KB Tinh chét tia phan gidc)=> N2 - KB (5¢)
MB CD CD KD MB KD
2 2
Tir lc,2c=> 22 _ B = & ppey)
MB KD

Bai 14: Pé Tuyén sinh Ha Noi

Bai 4: Cho dudng tron (O) ngoai tiép tam giac nhon ABC. Goi M va N lan luot
1a diém chinh giira ciia cung nho AB va cung nhé BC. Hai diy AN va CM cit
nhau tai diém L. Day MN cit cac canh AB va BC lan luot tai cac diém H va K.
1) Chirng minh bén diém C, N, K, I cing thuéc mot dudng tron.

2) Chirng minh NB? = NK. NM

3) Chuing minh t&r gidc BHIK 14 hinh thoi.

4) Goi P, Q lan luot 14 tdm cua cac duong tron ngoai tiép tam giac MBK, tam
giac MCK va E 1a trung diém cua doan PQ. V& duong kinh ND cua duong tron
(0). Ching minh ba diém D, E, K thang hang.
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Ta c6 Ni,Ci 1 cac gdc ndi tiép chin lan luot cac cung nho MA, MB

Ma MA = MB (GT)

1) = I/\\II = 61
— Bén diém C, N, K, I cing thudc mot dudng tron (theo bai toan cung
Bai IV .
chtra goc)
3.,5d)

Ta c6 Bi,M; 1a céc goc ndi tiép chan 1an luot cac cung nho NC, NB

Ma NC = NB (GT)

= Bi= M,
2) | ANBK va ANMB cé: BNM chung, Bi = M,
= ANBK @ ANMB (g.g)
:%:%:NBZ = NK.NM
Xét duong tron di qua bon diém CNKI co:
N, =Ki (hai goc ndi tiép cung chan cung CI)
3) Ma N, = ABC (hai gbc ndi tiép cing chin cung AC cua (0O))

= 121 = A/]\%
Do hai goc & vi tri dong vi nén KI // BH
Chung minh tuong tu ta dugc HI // BK
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Tt giac BHIK c6 cac canh ddi song song nén 1a hinh binh hanh.

Cach 1:

Vi MA = MB nén C =Ci, hay CM Ia tia phan gidc cua goc ACB
Tuong tu, AN la tia phan giac cua goc BAC

A ABC c¢6 hai dudng phéan gidc AN va CM cét nhau tai [

= BI la duong phan giac thir ba cia A ABC

Hinh binh hanh BHIK c¢6 BI 1a duong phan gidc ciia goc B nén 1a hinh
thoi.

Vi H1,K: 1a cac gbc c6 dinh ¢ bén trong dudng tron nén:

~ sdl\//[_A+sdI/\ITB ~ sdl\//FB+sdI/\Ie
H = 2 , Ko = >

— — — /—\)

—H =K, (doMA:MB,NB:Nc

= ABHK cantaiB = BH=BK
Hinh binh hanh BHIK ¢6 BH = BK nén la hinh thoi.

Nhan xét: Phan ndy c6 nhiéu cach chimg minh.

4)

o
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Ma APBK can tai P (vi PB = PK)

— O_A ~ —~
:>PBK=18()TP1=9O°—%P1:9O°—M1 (D)

(0) c6 duong kinh DN di qua N 14 diém chinh giita ctia cung BC
— DN L BC va DN di qua trung diém cua BC
= ADBC cantai D

— O_/\ —
:DBCzw:%O—%BDC

Trong (O), d& thiy M = %B/D\C

= DBC =90° - M, (2)
Tur (1) va (2) = PBK = DBC

= ba diém D, P, B thang hang

Laico P, = BDC (= 21\711) va hai goc & vi tri déng Vi

= PK //DC

Do d6, PK // DQ va QK // DP
= Tu gidc DPKQ 1a hinh binh hanh

duong chéo DK
Vay ba diém D, E, K thang hang.

C6 thé ching minh ba diém D, P, B thang hang theo cac cach sau:
Cach 2:

T APBK can va M, =%131 — PBK + M, =90°

T DN 1 BC = DBK + BDN = 90°

— DBK + M, =90° (do BDN = M)
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— PBK = DBK = ba diém D, P, B thang hang.
Cdch 3:

(P) c6 gbc M, Ia goc ndi tiép nén M, = %sd}/B_I\(
Ma My =Bi nén B =--sdBK

Suy ra BN 1a tiép tuyén tai B cua (P)

= BN 1L PB

Lai c6 DBN =90° (gdc ndi tiép chin nua (0))

= BN L DB
Do d6 ba diém D, P, B thang hang.

BAI 15: Cho tam giac ABC (AB<AC) ndi tiép duong tron tam O. M 1a diém
nam trén cung BC khong chtra diém A. Goi D, E, F 1an lugt 13 hinh chiéu cuia M
trén BC, CA, AB. Chirng minh réng:

a) Bébn diém M, B, D, F cung thudc mot duong tron va bon diém M, D, E, C
cung thugc mét duong tron.

b) Chirng minh D, E, F thang hang.
BC _ AC N AB

MD ME MF

c)

Chtng minh:Ta c6: MF L AB nén MFB =90°
MD L BC nén MDB =90’

T gidc MDBF ¢6 MFB+MDB =90 +90° =180°

Do d6 tir giac MDBF nét tiép

Suy ra 4 diém M, D, B, F cung thudc 1 duong tron. F
Tacd : MD L BC nén MDC =90
MF L AC nén MFC =90°

Suy ra MDC = MFC =90’
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Suy ra D, F cuing nhin MC duéi 1 goc bang nhau.

Do d6 4 diém M, D, E, C cung thugc mét duong tron.

b) Vi ttr giéc MDBF noi tiép

Nén: M, =D, ( cing chin cung BF) Vi tir gidc MDEC ndi tiép nén

M, = 52
Mit khéc tir gidc MBAC ndi tiép Nén B =C ( gbc ngoai ctia tir giac noi tiép)
Do d6 M, =M, (cung phu véi B;C) Suyra: D,=D, Ma D,+BDE =180°Nén
D, + BDE =180°
Hay D, E, F thang hang.

AC AB AE+EC AF-FC AE EC AF FC
¢)Tacé ME MF ME MF ME ME MF MF

= tanAME+tanM\2 +tanA/1\E‘—tanM1

—~

Ma M, =M, nén£+ﬁ=tanA/l\HE+tanzm
ME MF

- ... AME=AFE=BMD
Mat khac: tor gidc AFME ngitiépnén _~~ ~ (Bandocty
AMF = AEF = DMC

nhin vao hinh v¢&)

£ + & =tan AME + tan AMF
ME MF
Do do =tanB/l\E)+tanl\7D\C

BD DC BD+DC BC
MD MD  MD

(dpcm)

Bai 16: Cho dudng tron (O; R) c6 dudng kinh AB. Piém C 1a diém bat ky trén
(0), C khong tring véi A, B. Tiép tuyén tai C cia (O; R) cit tiép tuyén tai A, B
cta (O; R) 1an luot tai P, Q. Goi M 1a giao diém cuia OP voi AC, N 1a giao diém
cua OQ voi BC.

a) Ching minh: Tur gidc CMON 14 hinh chit nhat va AP. BQ = MN2.
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b) Ching minh: AB 13 tiép tuyén cua duong tron dudng kinh PQ.
¢) Chirng minh: PMNQ 14 tir giac noi tiép. Xac dinh vi tri diém C dé duong

tron ngoai tiép tr gidc PMNQ ¢6 ban kinh nho nhét.

Ta c6: OA = OC = R va PA = PC (tinh cht cta hai tiép tuyén cat nhau)
= OP la duong trung truc ciia AC= OP L AC = OMC = 90"

Chirng minh twong tu dugc ONC = 90"

Lai c6: ACB =90° (g6c ndi tiép chin nira dudng tron)

TG gidc CMON c¢6 OMC = ONC = MCN =90’ = Tir giac CMON 1a h.chi¥ nhat.

Vi CMON 14 hinh chi nhat nén POQ = 90°
Vi PQ 12 tiép tuyén tai C cua (O) nén OC L PQ
A OPQ vudng tai O, dudng cao OC. Ap dung hé thirc vé canh va duong cao trong
A vudng, tacd: PC.QC =0C?
Ma PA =PC, QB = QC (tinh chit cua hai tiép tuyén cat nhau)
MN = OC (CMON la hinh chit nhat)= AP.BQ = MN".

b)

Goi I 1a trung diém ciia PQ A OPQ vuéng tai O, c6 OI 1a dudng trung tuyén

=0l = ? =0¢ (I;?J Vi AP, BQ la céc tiép tuyén cua (O) nén

AP 1L AB,BQ L AB = APQB la hinh thang vuong
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Ma OI 1a duong trung binh cta hinh thang APQB

= OI//AP = OI L AB = AB Ia tiép tuyén tai O cua (I%)

A OCP vuong tai C, duong cao CM. Ap dung h¢ thtrc vé canh va duong cao trong
A vudng, tacd:  OC?=OM.OP Tuong tu ta c6: OC*=ON.OQ

— OM.OP = ON.0Q = M _ ON OMN va A OQP cé: POQ chung, oM - ON
0Q Op 0oQ Op

= AOMN ® AOQP (c.g.c)= N =P, = PMNQ Ia tir giac ndi tiép.

D

A’ B
0]

Goi D 1a tAm ctia dudng tron ngoai tiép tr giac PMNQ, E 1a giao diém ctia OC va
MN.
(D) ¢6 I 1a trung diém cua day PQ va E 1a trung diém cua day MN

= DI 1L PQ,DE L MN .
Q = Tu giac OEDI I hinh binh hanh= DI = OE = R
= DI//OE , DE//OI 2

Ap dung dinh 1i Py-ta-go vao A vudng DIP, ta co:

iR CEC R OEC Ry

Déu “=" xay ra < PQ = AB < OC L AB < C la diém chinh giita ctia nira dudng
tron (O)

Vay khi C 1 diém chinh giita ctia nira dudng tron (O) thi duong tron ngoai tiép tir

giac PMNQ c6 ban kinh nho nhét bang RT\B
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