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+ Chtrng minh tam giac OGK déng dang véi tam giac HGA =>

% = % = % => AG =2GK ,tu do suy ra G la trong tam cua tam giac ABC

12. PE TAY NINH

Cau 8: (/ diém) Cho tam giac ABC vuong tai A c¢6 duong cao AH (H thuoc BC), biét
ACB=60°, CH=a. Tinh AB va AC theo a.

Cau 9 : (I diém) Cho dudng tron tam O dudng kinh AB ¢b dinh, CD 1a duong kinh
thay doi cua duong tron (O) (khac AB). Tiép tuyén tai B cua (O) cit AC va AD lan
luot tai N va M. Ching minh t& gidc CDMN ndi tiép.

Ciau 10 : (/ diém) Cho tir giac ABCD ndi tép dudng tron tam O, ban kinh bang a. Biét
AC vudng goc voi BD. Tinh AB* +CD? theo a.

HD:
Cau 8:
A
GT| AABC, A=90°, AH 1 BC,
C Gga s B A/CTB:60°,CH=a

KL | Tinh AB va AC theo a?

AACH c6 cosC= i—lg nén AC = c(;:{C = cosa600 = % =2a.
2

AABC ¢6 AB = AC.tanC = 2a.tan 60° = 2a+/3 = 2+/3a.

Vay AB=23a, AC=2a.

Céau 9 : (I diém)
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c GT | (O) duong kinh AB ¢6 dinh,
5 o d@ng k’inh CD thay ddi, MN 1a
ti€p tuyen tai B cua (O).
N 5 M KL | Ta gidc CDMN ndi tiép

Chtng minh ttr giac CDMN noi tiép

Taco: A/D\C=%sd@.

N= %( dADB -sdBC) = %(sd,@—sdl’s?:) = %sd@.

— ADC =N (cing bang %sd@ ).

— Tt giac CDMN noi tiép duge (goc ngoai bang goc ddi trong).

Céu 10 : (I diém)

GT ‘ ABCD noi tiép (O;a), AC LBD

5 KL ‘ Tinh AB? +CD? theo a.

Tinh AB’ +CD’ theo a.: V& duong kinh CE cua duong tron (O).
Ta c6: EAC=90", EDC =90° (gbc ndi tiép chin duong kinh EC).

AC 1L AE

— AE||BD = ABDE l4 hinh thang can (hinh thang néi tiép (O))
AC 1 BD (g7)

— AB = DE (canh bén hinh thang can).
= AB’ +CD” = DE? + DC* = EC* =(2a)’ =4a’ (do AEDC vudng tai D).

Viy AB* +CD’ =4a’.
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13. PE BINH DUONG
Bai 5. (3,5 diém)
Cho duong tron tim O dudng kinh AB, trén tia AB 14y diém C bén ngoai dudng
tron. Ttr C ké doan CD vudng goc voi AC va CD = AC. Nbi AD cit dudng tron
(0) tai M. K¢ duong thang DB cit dudng tron (O) tai N.
1) Chtrng minh ANCD 14 tir gidc noi tiép. Xac dinh duong kinh va tam cta duong
tron ngoai tiép ttr giac ANCD.
2) Chimg minh CND = C4AD va MAB la tam giac vudng can.
3) Chtirng minh AB.AC = AM.AD

HD a) Tacd: AC L CD (gt)= ACD =90°
AND = ANB= 90° (goc ndi tiép chin nita duong
tron)
Xét ti giac ANCD ¢ : ACD = AND (= 90)

= Tu giac ANCD noi tiép duong tron duong

kinh AD va tdm dirong tron 13 trung diém AD.
(C6 2 dinh ké N, C cung nhin 1 canh AD néi 2

dinh con lai dudi goc bang nhau 1 90°)
b) Ta c6: CND =CAD (2 gbe ndi tiép cung chin cung DC)

AMB = 90° (gbc ndi tiép chan nita dudng tron)=> AAMB vudng tai M
Ta c6: CA = CD (gt) Va 4CD=90° (cmt)= ACAD vudng cén tai C
= MAB=45°= MBA= 45 vi AAMB vudng tai M)

Nén AMAB la tam giac vudng can.

¢) Xét AABM(A/AE =9o°) va AADC (A/cb =9o°) o :

DAC chung

— AABM déng dang AADC (g-g)
AB _ AM
AD  AC
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15. PE HUNG YEN
Céu 4 (3,0 diém).Cho tam giac ABC c6 ba goc nhon ndi tiép trong dudng tron tim
O, ban kinh R. Ha c4ac duong cao AH, BK cua tam giac. Cac tia AH, BK lan luot cit
(O) tai cac diém thir hai 1a D va E.
a) Chimg minh ttr gidc ABHK ndi tiép mot dudng tron. Xac dinh tim cua duong
tron do.
b) Chung minh rang: HK // DE.
¢) Cho (O) va day AB c6 dinh, diém C di chuyén trén (O) sao cho tam giac ABC
¢6 ba goc nhon. Chimg minh rang do dai ban kinh dudng tron ngoai tiép tam
giac CHK khong doi.
HD: Huwéng dan ciu 4 b,c.
b) Theo cau a) Tt gidc ABHK néi tiép (J) vé6iJ 1a trung diém ctia AB
Nén BAH = BKH (hai gbc ndi tiép cing chin cung BH cua (J) )
Ma BAH=BAD (A, H, D thing hang)
BAD =BED (hai goc ndi tiép cung chin cung BD cua (O))
Suy ra BKH=BED. Hai gbc nay & vi tri déng vi nén HK // DE.
c) - Goi T la giao cua hai duong cao AH va BK.
Dé& CM duoc tir gidc CHTK ndi tiép duong tron dudng kinh CT.
(do CHT =CKT =90"). Do d6 CT 1a DK duong kinh ciia duong tron ngoai tiép tam
giac CHK. (*)
- Goi F Ia giao cua CO véi (O) hay CF 1a duong kinh cua (O).
Ta c6 CAF=90"( goc ndi tiép chin nira (0)) => FA 1L CA
Ma BK 1 CA (gt). Nén BK // FA hay BT // FA (1)
Ta c6 CBF =90 ( goc ndi tiép chan nira (0)) =>FB L CB
Ma AH 1 CB (gt). Nén AH // FB hay AT // FB (2)
Tir (1) va (2) ta c6 tir gidc AFBT 14 hinh binh hanh ( hai cap canh dbi /)
Do J 14 trung diém cua duong chéo AB
Nén J ciing 13 trung diém cta dudng chéo FT( tinh chat vé dudng chéo hbh).

Xét tam giac CTF ¢6 O 1a trung diém cua FC, J 14 trung diém cua FT
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Nén OJ 1a dudng trung binh => OJ = %CT (*%)
Tir (*) va (¥*) ta c6 d6 dai ctia OJ bang do dai ban kinh ctia dudng tron ngoai tiép
tam giac CHK.
Ma d6 dai ciia OJ 1a khoang cach tir tim O dén day AB (J 1a trung diém cta diy AB).

Do (O) va day AB c¢6 dinh nén do dai cia OJ khong doi.
Viy do dai ban kinh dudng tron ngoai tiép tam giac CHK khong doi.

16 PE THANH HOA
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Ciu 4 (3.0 @) Cho dudng tron tam O duong kinh EF = 2R. Goi C 14 trung diém cua
OE; qua C ké duong vudng goc voi OF cét duong tron do tai hai diém phén biét M
va N. Trén cung nho FM lay diém K ( K#F va K# M), trén tia KN lay diém I sao
cho KI=KM. goi D 1 giao diém ctia EK va MN. Chitng minh rang;

a. Tu giac FCDKIa ttr giac noi tiép. M K
b. EK.ED=R2
c. NI =FK.

D

Ll o‘l Ll Iy
E ff c ™o F
|
N
P

a) C/M: Tt giac FCDKIa tir giac noi tiép.

Xét tir giac FCDK:  C6 CD_LEF => FCD = 90°,

FCK = 90°(g6c noi tiép chén nira duong tron)

=> FCD + FCK = 180°. => Tt giac FCDK néi tiép duoc trong dudng tron duong
kinh FD.

¢/m:EK .ED=R?*  Xét tam giac KFE va tam giac CDE
C6 FKE = DCE =90°. va E chung => AKFE vaA CDE dong dang véi nhau

RF _RE_FE =>KE.DE=CE.FE (1)
CD CE DE
. OFE R, . . .. 2, . A pas
Ma CE = - = E(Vl C 1a trung diém cua OE) va EF = 2R(d¢ bai cho) (2)

Tu (1) va (2) suy ra: KE . DE = R2,
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NI =FK

Goi P 1a giao diém cua tia MI vdi (O).

Vi C 14 trung diém ctia OE (dé bai0

va do MN L EF nén C ciing 1a trung diém cia MN (Dinh Iy duong kinh va day)
Do d6 tir giac MENO 1a hinh thoi ( ddu hiéu vé dudng chéo)
=>O0M=ME=EN=NO=R ___

=> A OME déu => OME = 60° => MON = 120°.

Ma MON = sd MN (gbc & tam)

va 1\@ = %sd]\//—ﬁ\\f ( gbc ndi tiép chin m)

Do d6 suy ra MKN = 60°. _
Xét AKMI c6 IK = KM (dé cho) MKN = 60° (cm trén)
=> AKMI 1a tam giac déu.

Do d6 I\EI?= 60°, nhung M@% (sdj\,l—lz +sd PN ) ( goc co6 dinh & bén trong dudong

tron) =>%(sd]\//[_12+ sdPN)=60 (3).

—

Lai c6 Tu gidc OMEN la hinh thoi va MEN = 120° => MEO = 60° hay MEF = 60°.

—

Nhung MEF = %sdAﬁ:%(sdA//l—lz +sdKF)
— %(sd]\//l_lz +sd KF ) = 60%4) Két hop (3) va (4) => KF = PN =>KF = PN (*)

—~ —~ .. —~ 1 —
Mit khac: AINP c¢6 NIP = MIK = 60° (d6i dinh), NPI = sd MN = 60°.

Nén n6 1a tam giac déu , do vay IN = NP (**)Tur (*) va (**) suy ra IN = FK

17. DPE TP HCM

Bai 5: (3,5 diém)Cho tam gidc ABC c¢6 ba goc nhon, ndi tiép duong tron tim O (AB
< AC). Cac duong cao AD va CF ciia tam gidc ABC cit nhau tai H.
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a) Chirng minh tt giac BFHD noi tiép. Suy ra AHC =180° — ABC

b) Goi M la diém bat ki trén cung nhé BC cua dudng tron (O) (M khac B va C) va N
1a diém d6i xtng ctia M qua AC. Ching minh t&r gidc AHCN noi tiép.

¢) Goil la giao diém ciia AM va HC; J 1a giao diém cua AC va HN.

Chimg minh AJI=ANC

d) Chimng minh rang : OA vudng goc véi IJ

HD.
a) Ta co tr giac BFHD noi tiép do c6 2 goc ddi

F vaD vuéng = FHD = AHC =180° — ABC

b) ABC=AMC cung chian cung AC

ma ANC = AMC do M, N déi xtng

Vayta co AHC va ANC bu nhau

— ti gidc AHCN noi tiép
¢) Ta s& ching minh t&r gidac AHIJ ndi tiép
Ta c6 NAC = MAC do MN dbi xtrng qua AC ma NAC =CHN (do AHCN néi tiép)
= [AJ =IH] = tir gidc HIJA noi tiép.

— AJI bd véi AHI ma ANC bu v6i AHI (do AHCN i tiép)

— AJI= ANC
Cach2:

Ta sé& chimg minh IJCM ndi tiép

Ta c6 AMJ = ANJ do AN va AM déi ximg qua AC.

Ma ACH = ANH (AHCN néi tiép) vay ICJ = IMJ

— IJCM noi tiép = AJI=AMC=ANC

d) Ké OA cit duong tron (O) tai K va IJ tai Q ta c6 AJQ= AKC
vi AKC = AMC (cung chin cung AC), viy AKC = AMC=ANC
Xét hai tam giac AQJ va AKC :

Tam gidc AKC vudng tai C (vi chin nira vong tron )= 2 tam giac trén dong dang
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Vay Q=90". Hay AO vudng goc v6i IJ
Ciach 2 : Ké thém tiép tuyén Ax véi vong tron (O) ta c6 xAC =AMC
ma AMC = AJI do ching minh trén vy ta c6 xAC =AJQ = JQ song song Ax

vay 1J vuong géc AO (do Ax vudng géc vai AO)
18. PE DONG NAI

Cau 4 : ( 1,25 diém) Cho tam giac vudng c6 dién tich bang 54 cm? va téng do

dai hai canh goc vudng bang 21 cm . Tinh do dai canh huyén cua tam giac vuong da

cho .

Céu 5: (3,75 diém) Cho tam giac ABC c6 dudng cao AH , biét

BCA <ABC< CAB <90° . Goi duong tron (O ) 1a dudng tron ngoai tiép tam giac

ABC . Goi I 12 tAm dudng tron ndi tiép tam giac ABC . Goi D 1a giao diém cua tia Al

v6i duong tron (O ), biét D khac A . Goi E va F 1an luot 13 giao diém cua dudng

thang AH véi hai dudng thing BD va CI, biét E nim giita hai diém B va D .

1 )Chimmg minh BH = AB.cos ABC Suyra BC= B.cosABC +AC.cos BCA

2) Ching minh bén diém B, E, 1, F cung thuéc mot duong tron.

3 ') Xéc dinh tim duong tron ngoai tiép tam giac IBC

HD

Cau 5: (3,75 diém)

1 )Chirng minh BH = AB.cos ABC Suy ra BC = AB.cos ABC +AC.cosBCA :
Xét AAHBvuong tai H c¢6: BH = AB.cos ABC ( quan h¢ gitra cac canh trong

tam giac vuong )

Churng minh tuong ty : CH = AC.cos BCA

Suyra: BC=BH+CH= AB.cosABC + AC.cos BCA

2 ) Chikng minh bon diém B, E, I, F ciing thudc mét dwong tron:

Goi M, N lan luot 1a giao diém céc tia phan giac B ,
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A
M
N
F
°
o
B H K C
E
D

C voi(0); K 1a giao diém cua AD va BC .
Ta c6 : BEF=EAD+ADB (tinh chit goc ngoai cuia AAED)

ma sdEAD=90"—sdAKB ( AAHK vudng tai H )

— sdE/A\D:90° _ SdAB;—SdCD

( goc c6 dinh ¢ bén trong dudng tron )

va sdADB=392B (56c ngi tidp )

suyra: sdBEF=90°— SdAB;SdCD ; SdzAB —90° Sng ~90° — sdCAD

:>sd§\EF=90°—% (1)

~

) ,
Bte_1807-4 =90°—% ( tinh chit géc ngodi cia ABIC) (2)

Ta c6 : BIF=
aco 3 3

Ta(1l)va(2)suyra: BEF=BIF Suy ra : tir gidc BEIF ndi tiép duoc dudng tron
( E,I cung nhin BF dudi hai goc bang nhau )

3 ) Xdc dinh tém dwong tron ngogi tiép tam gidc IBC :

Chung minh ABID céan tai D

Chimng minh DK 1a duong trung truc ctia Bl (3)
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Chung minh DB=DC
Chimng minh DO la duong trung truc cia BC (4)
T (3) va(4)suyra: D 1a tdm duong tron ngoai tiép AIBC

19. PE NAM PINH

Céu 4. (3,0 diém) Cho tam gidc ABC vudng tai B. Trén canh BC 1ay diém E (E khac
B va C). Puong tron duong kinh EC cit canh AC tai M va cit dudng thang AE tai N
(M khéc C, N khac E).

1) Chimg minh céc tir gisc ABEM, ABNC 14 céc tir gidc ni tiép.

2) Chirng minh ME 14 tia phan giac cua goc BMN.

3) Ching minh AE.AN+CE.CB=AC’.
HD

Hinh vé:

M thudc dudng tron dudng kinh EC nén gMC =90° = AME =90° .
— AME + ABE =180°
suy ra tir gihc ABEM ndi tiép
(tr gidc c6 tong 2 goc ddi bang 180°).

N thudc duong tron duong kinh EC

nén ENC =90° hay ANC =90° .
Suy ra ANC = ABC =90° N
do @6 tir gisc ABNC noi tiép

(hai diém B, N cung nhin doan AC dudi mot goc vudng).

Trong dudng tron ngoai tiép ABEM: EAB=EMB (*) (2 gdc ndi tiép cung chan
cung BE).
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Trong dudng tron ngoai tiép MENC: EMN = ECN (**) (2 goc ndi tiép cung chin
cung EN ).

Trong duong tron ngoai tiép ABNC: BAN = BCN (2 gbc ndi tiép cung chin cung

BN) hayEAB=ECN . (**%)

Tir (%), (¥*) va (***) suy ra EMB = EMN . Do d6 ME 1a tia phan gi4c ctia goc BMN

(dpcm).

Ta cd ABC =CME =90°;ECM = ACB .Do d6 ACME va ACBAddng dang ( g.g)

:C_M:(é_i: CM.CA=CECB.

CB

Chtng minh duwoc A4EM va AACN ddng dang (g.g)

AE  AM
:>_—_

= = AE.AN = AM .AC.
AC AN

Do d6 AE.AN +CE.CB=CA.CM +CA.AM

= CA(CM + AM) = CA.CA=CA* .

Vay AE.AN +CE.CB = AC* (dpcm).

20. PE TIEN GIANG
Céu 4: (2,5 diém)
Cho duong tron (O) va diém M nam bén ngoai dudng tron (0). K¢ hai tiép tuyén
MA, MB véi dudng tron (O) (A, B 1a céc tiép diém). Mot duong thang d di qua M cit
duong tron tai hai diém C va D (C nam giira M va D, d khong di qua tam O).
a) Chimg minh rang: MA2 = MC.MD.
b) Goi H 1a giao diém cia AB va MO. Chirng minh t& giac CHOD ndi tiép
trong duong tron.
¢) Cho MC.MD = 144 va OM = 13 (d6 dai cac doan thang di cho c¢6 cing don
vi do).
Tinh d6 dai duong tron (O) va dién tich hinh tron (O)
Céu 5: (1,0 diém)
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Mot qua bong World Cup xem nhu mot hinh cau c6 dudng kinh 14 17cm. Tinh

dién tich mat cau va thé tich hinh cau.

HD:

Caiu 4.

a) Chirng minh MA? = MC.MD
Néi AC, AD.

Hai tam gidc MAC va MAD cé:

AMC = DMA (gbc chung)
MAC = MDA (cting chin cung AC)
Do d6: AMAC - AMDA (g-g)

Suy ra: XA _MD 1y 46: MA2 = MC.MD
MC MA

b) Chirng minh tir gidc CHOD ndi tiép.
+ OA = OB (= ban kinh); MA = MB (t/c hai tiép tuyén cit nhau)
Suy ra: MO la trung truc AB. Suyra: AH 1 OM tai H.

+ Trong tam gidc MAO vudng tai A (gt) c6 AH la duong cao nén: MA? = MH.MO

Két hop két qué cau a), ta c6: MC.MD = MH.MO. Tir do: 1€ _ %.

Lai c6: CMH = OMD (gbc chung) Suy ra: ACMH « AOMD (c-g-c)

Tir d6: ODM = CHM (*) Tir (*) suy ra t giac CHOD ndi tiép (c6 mot goc trong bang
gdc ngoai tai dinh dbi dién)

¢) Tinh C(o) va S0) Tr cdu a) ta c6: MC.MD = MA? = 144

Tam gidc MAO vudng tai A cho: OA =+OM? —MA” =+/13*-144 =5 hay R=0A =5
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Ttr d6: Chu vi duong tron (O) (d0 dai duong tron (O)) 1a: C,, = 22R =275 =107 (d.v.d.d)

Dién tich hinh tron (O) la: S, =R’z =57z =257 (d.v.d.t)

Céu 5. Ban kinh hinh cau: r= :%(cm)

d
2
Dién tich mit cau: S=4zr’ = (%) =2897(cm’)

Thé tich hinh ciu:
3
vt ziﬂ(ﬂj zi,{@] SO )
3 3 2 3 8 6
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