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PHAN I - KIEN THUC CO BAN
1. Mot so bat dang thic can nhé:

a’>0; |a|>0; —|p|<b<]p|

o Bat dang thic Co sy:

a,+a,+a,+..+a, » B
2 4 a,a,a;...a, Vi a, >0

n

dau bang xay rakhi @, =a, =...=a

n
o Bat dang thic Bunhiacopski:
2 2
(a2 +a22 +....+a§)(x12 +x22 +....+i)2 (alx1 +a,x, +....+anxn)

A 2 2 3 a a a
D4u dang thic xay ra <=> —Lt=—2=_ . =—=%
X, x, X

o Bit dang thic Tré- bu-sép:

; as<bs<c aA+bB+cC a+b+c A+B+C
Néu = 2> .
A<B<LC 3 3 3

|la<b<c aA+bB+cC a+b+c A+B+C
éu = < .
A>B>C 3 3 3

a=b=c

D4u ba A khi
au bang xay ra 1{A=B=C

II - Mot'sobat dang thic phu da duoc chitng minh 1a ding.
o X +y’=2xy
o x*+y°>|xy|ddu(=)khix=y=0

O (x+y)2 > 4xy

o —+—2=2
a
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4
b+c

l+12 (Khi b,c >0)
b c

o %+b22 (khix>0)

1 4
—_>

be (b+c)

(Khix,y>0)

III (I Cac bat dang thirc trong tam giac

IV I Cac ham lugng giac thong dung

V O Cac tinh chat co ban

Tinhchat l1: a>b<=>b<a

Tinhchat2:a>bvab>c=>a>c

Tinhchat3:a>b <=>a+c>b+c

Héqua: a>b <=>a-c>b—c
atc>b <=>a>b—c

Tinhchat4:a>cvab>d =>a+c¢>b+d

a>bvac<d =>a-c>b—d

Tinh chat5:a>bva ¢>0 =>ac>bd

a>b vac<0 => ac <bd

Tinhchat6:a>b>0 ;c>d>0 =>ac>bd

a>b>0 =>a’>b"

a>b <=> a">b" véinle.

VIO Céc hing dang thic dang nhé

VII 00 Cac Kién'thic vé toa do vec to

VIII (I Cace’kién thitc vé tinh chat cua ti 1é thirc:

a . ¢ Ya,b,ce R"
a+b a+b+c
a.c54 ate ¢ Va,b,c,d e R"
b d b b+d d
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PHAN II (| CAC PHUONG PHAP CHUNG MINH BAT PANG THUC
Cac phuong phép chitng minh Bat dang thitc vo cling da dang & day toi xin

trinh bay nhitng dang phuong phéap thong dung nhat nhu sau:

Dang 1 [ Dua vao dinh nghia va cdc phép bién doi tuong duong

Dang 2 [0 St dung bdt dang thitc Bunhiacopxky va cdc bdt dang thiic phu.

Dang 3 [ Stz dung Bdt ddng thitc Cauchy

Dang 4 [ Chitng minh bang phdn chiing

Dang 5 || Phuong phdp luong gidc

Dang 6 [] Phuong phdp chitng minh qui nap

Dang 7 || Phuong phdp dp dung cdc tinh chdt cita edc day ti s6 bang nhau

Dang 8 U] Phuong phdp ding tam thiic'bdc hai

Dang 9 [ Phuong phdp diung tinh chdt bdc cdau

Dang 10 - Phuong phdp ding cdc bdt ddng thitc trong tam gidc

Dang 11 [IPhuong phdp doi bién so

Dang 12 [ Phuong phdp lam troi (chitng minh bdt ddng thitc c6 n s6 hang)
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Dang 1- Dua vao dinh nghia va cac phép bién doi tuong tuong duong

Day la phuong phdp co bdn nhdt, dua vao cdc tinh chdt co bdn cua bdt dang
thite don gidn dé bién doi cdc bdt dang thitc phitc tap ciia dé ra thanh cdc bdt ddng
thite don gidn va diing hodc cdc bdt dang thiic da dvoc chimg minh la diing: 0
phdn nay cdc ban chii y dén cdc hdng dang thiic:

o a’+2ab+b>=(a+b)’>0
o a’+b>+c’+2ab+2ac+2bc=(a+b+c) =0

Phuong phap:

— Khi bién doi tuong duong ta co gdng lamxudt hién cdc diéu kién da cho
trong gid thiét nham dp dung duoc diéu kién cua gid thiét dé chiing minh
duoc bdt dang thirc dé la diing!

—  Chuyén vé' dé chimg minh bdt dang thite dé (<0;>0; <0;>0)

— Chuyén vé cdc thita $6'vé dang hang dang thiic dé dé chiing minh

— Lam xudt hién cdc tich cdc thita sé' cé chita cdc yéu to ciia dé bai dé ta xét
ddu cdc thia so' dé

— Chia nhd timg vé~ dé chitng minh sau dé cong vé theo vé cdc bdt dang thiic
con dé ditoc diéu phdi chirng minh.

Mot s vi du:

Vidu 1:

Chiing t6 rang v6i Va,b >0 thi:
(ax+by)(bx+ay)>(a+ b)2 Xy (1

Giai
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(1) < abx” + a’xy + b’ yx +bay” > a’xy + 2abxy + b*xy
& ab(x* +y° =2xy)>0

& ab(x—y)* =0

Bat dang thitc luon ding vi Va,b =0,

Cho 0 < a <b < ¢ Ching minh ring;

a b c_ b ¢ a
——t—2>—+—+—
b ¢ a a c

Giai
a c b ¢ a 1 ) ) 2 2 2 2
= =——(ac+ba+c’b—bc~ca—a’b)
b ¢ a a b c¢ abc

= %[(aﬂc ~bc)+(ba=a’b)+(c’b—c’a) |
aoc

= %[c(az —b*)+ab(b-a)+c’(b-a)]
aoc

=L(b—a)(ca—cb+ab+cz)

abc

:L(b—a)(c—b)(c—a) >0
abc

vilO<a<bh<c.

Véi a,b,c>0 ching minh:
a b

_+_+i22(l+l_l)
bc ca ab a b c

Giai

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip Website hoc360.net — Tai tai liéu hoc tip mién phi

£+£+i22(l+l_l)
bc ca ab a b c
& a’+b° +c¢*22(bc+ac—ba) (do abc>0)

Sat+b*+c?=2bc—2ac+2ab>0

& (a+b—c)’ >0 Hién nhién ding.

Vay ba—c+%+£22(é+%—%).
Vi du 4: Ching minh rang moi a,b,c,d thi :
a+b+c’+d*+1>2a+b+c+d (1)
1) od+b++d*+1-(a+btc+d)=0
& (d* —a)+ B -b)+(c~c)+(d’ -d)+120

N (a—%)2 +(b—%)2 +(c—%)2 +(a’—%)2 >0

vay: a+b +cC+d#lza+b+c+d
Vi du 5: Chiing minh ringnéu: @ +b>2 thi a’ +b> <a* +b* (1)
(1) a+b*-a’-b>0
sa(a-)+b(b-1)=0
o da-D+bb-D-(a-D)=b-)+(a-)+bB-1)=0
S @)@ -D+b-D)E - +a+b-220
sa-D) (@ +a+D)+B-1)’G* +b+)+a+b-2>0
Suy ra diéu phai chiing minh.
Vi:
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(a-1°>20 < (a-1D)*@ +a+1)>0
(b-1>20 < ((B-1B"+b+1)
a+b=>2 < a+b-220

Bai tap ap dung:

Bai 1: Cho a + b = 2. Chting minh ring: a” +b* >2

Bai 2:Chiing minh riang v6i moi s6 nguyén duong n ta cé:
1 + 1 +.t _ <2
2 32 (n+D\n

Bai 3: Chitng minh Vm,n,p,q ta déu ¢6

m’+n’+p’+q’+l>2mn+p+q+1)

Bai 4: Chiing minh ring: (a'° +b'*)(@’ +b’) > (a®+b*)(@* +b*)

Bai 5: Chitng minh bét dang thiic :

a’+b’ 2(a+b
2 2

3
) Trongdé:a>0,b>0

Bai 6: Ching minh rang: V.6i moi s6 duong a, b, ¢, d ta cé:

a’ b? c’ d? a+b+c+d
2 > T2 > T T 72
a“-+b b +e¢ c”+d d° +a 2

Dang 2 — Sur dung bat dang thiic Bunhiacopsky va cac bat dang thiic phu

Day la phuong phdp pho bién nhdt trong viéc chiing minh Bdt ddng thitc. Chiing ta
dua vao diéu kién da cho ¢ dé bai dé ta lua chon phuong phdp cho thich hop.
Ngoadi ra,ta can phdi chii y dén ddau cia BDT dé cé thé s dung bdt ddang thirc nao
dé chitng minh. Khi ap dung cdc BPT dd dvoc chitng minh la ding thi ban nén tdch
nho BDT cdn chitng minh ra thanh cdc vé nhd sau doé cong vé'theo vé'dé dioc
BDT can chitng minh.

Mot so vi du:
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Vidu 1:

Chiing minh riang v6i moi s6 thuc duong x,y,z ta c6:

xyz(x+y+z+\/x2+y2+22 <3+\/§
(X*+y +2)xy+yz+2zx) 9

Giai

3(X2 +y2+z2)2(x+y+z)2

:>x+y+zS\/3(x2 +y +2°
ox’ + 1’ +2° <3}Yxyz’
oxy + yz +zx > 33 xyz°

Do do ta co:

xyz(x+y+z+\/x2+y2+zz)<xyz((\/§+1)\/x2+y2+zz)
(X + "+ 2 )y + yz+2x) (x* + " +22)(33xyz’

V341 Yz BT 3443
3 Jifoz 3 A3 9

Dau “=" xay ra khi x=y=z

Vi du 2: Ching minhrang:  1994*°" +1995*% < 1996*"" (1)
Giai

(1) & (1994)2000 1< (1996)2000 _(1+ 1 2000
1995 1995 1995

Theo bat dang thitc Becnuli ta cé:

a 1 )2000 S 14 2000 S 1+(1994)2000
1995 1995 1995

2000 (1994)2000
1995 1995
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Vidu 3:
Cho a + b = 2 Ching minh ring: a* + b* > 2
Giai
Ap dung bat ding thic Bunhiacopxki cho 4s6 1,1,a,b ta c6:
(lLa+1.b)* < (1* +1%)(a’® + b?)
& (a+b)? <2(a% +b%)
o 4 < 2(a% +b?)
o 2<a’+b?

Ap dung bt ding thiic Bunhiacopxki cho 4s6 1,1,a%,b? ta c6:

(1.a? +1.b%) < (1* +1%)(a* +b*)
= 2<(a’+b%) <2 4 b?)
= 4 <2 +1")

= at+bt>2

1 1 1 9
Vi du 4: Cho a,b,c>0 Ching minh'réng: —+—+—2 ————
a b ¢ a+b+c

Ta co:
(a+b+c)(l+l+1)=1+E+E+E+1+E+£+£+1
a b ¢ b ¢ a c a
I S S B B B
a a c c b
Vi: +—2>2
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Ci259
a C
E+£22
c b
Nén: 3+(i+E$+(9+§)+d3+£)39
b a~ 'a ¢ ¢ b

Vidu 5: Cho 4 s6 duong a,b,c,d chitng minh rang:

a b ¢ d
+ + + > 2
b+c c¢c+d a+d a+b
Ap dung bat ding thic phu:
1 1
—> (x,y>0)
xy  (x+y)
Ta co:
a_ ¢ _a(d+a)+c(b+c)>4a2+02+ad+bc
b+c d+a (b+c)(d+a)  (a+b+c+d)?
Tuong tu:
b d b’ +d® +ab + cd
+ >4 5
c+d a+b (a+b+c+d)
Cong vé theo vé taco:
a b C d a?+b*+c?+d*+ad+bc+ab+cd
+ + + >4 5
b+c e¢+d “a+d a+b (a+b+c+d)

Ta chitng minh:

a2+b2+§4wf+ad+bc+ab+ai>2
(a+b+c+d) -

o da’+b?+ct+d”+ad+be+ab+cd > 2@ +b+c+d)

4

< 2a% +2b% +2¢2 +2d% —4ac—4bd > 0
o (a-c)P+(b-d* =0
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Bai tap ap dung:

Bai 1: Chox,y,zthodméan x(x —1)+y(y—1)+z(z—1) <

GUN I

Chidng minh rang: X+y+2z<4
Bai 2: Cho a>b>c>0 va a® +b° +¢* =1.Chiing minh rang

3 3 3
a b c 1
+ + >—
b+c a+c a+b 2

Bai 3: Cho x , y 1 2 s6 thuc thoa man x* + y? = x\/1-p? + yy/1-x?

Chiing minh rang : 3x +4y < 5

Bai 4: Choa,b,c > 0;a+b+c=1.Ching minh ring:

Ja+b++b+c+Ac+a S\/g

Bai 5:Cho a, b, ¢ 1a do dai 3 canh mot tam gidc, p 1a nita chu vi.

Chiing minh rang:

NP <AJp—a+Jypb+yp—e<JY3p (1)
Bai 6: Cho a, b,c 1a 3 s6 khac 0. Chitng minh rang:
a b ¢ la b, c
—2+—2+—22—+—+—
b ¢ a b c/ a
Bai7 Chobaso a,b,c>0.Thoa man ab + bc + ca = abc

Chtng minh rang:

2 2 2 2 2 2
\/b 4;)2a +\/cb+2b +\/a +2¢ 2«/5 *)
a c ca

Dang 3 [ Sir dung bat dang thitc Cauchy

Day la phuong phdp chitng minh BDT ma hoc sinh THCS dé nhdn dang dé chiing
minh dé la sit dung Badt déng thitc Cauchy . Ta cdn phdi chii y dén ddu ciia BPT dé
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c6 thé s dung bdt ddng thitc nao dé chitng minh. Khi dp dung cdc BPT da duoc
chitng minh la diing thi ban nén tdch nho BDT can chitng minh ra thanh cdc vé nho
sau dé cong vé'theo vé dé dugc BPT cdn chitng minh.

Vidu 1: Cho 3 s6 duong a,b,c chitng minh rang:

Giai
Van dung bat dang thitc Cosi, ta c6:

3 3
221232 (1)
b’ \b’ b
/ b’ |b’ b
— + —§+123—-@)
C C C

3 3
S i S 4123 (3)
a’ a’ a

Cong vé theo vé (1) (2) va'(3) ta co:

3 3 3
a b (@ a b ¢. a b c
24— ta|—= =) +t3 22—+ —+—)+ —+—+—
(\/b?’ \/63 \/a3) (b C a) b ¢ a
a

Yo \/a3+\/b3+\/c?’>a+b+c
ay: — —a — 22 —+—+—
Y b3 3 a> b ¢ a

1 > 1 > ! > 2
1+a 1+b 1+c

Vi du 2: Cho a,b,c >0 thoa man
Ching minh rang: abc > 3
Giai
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1>1 1 | 1 b C

>1— +1- = +
1+a 1+Db l1+c 1+b 1+c¢

Ap dung bat ding thic Cosi:

Ta co:

1 S 9 bc
I+a \(1+b)(1+c)

1 22\/ ac
1+a (1+a)(1+c)

1 S 9 ab
I1+c  \(1+a)1+b)

Nhan lai ta duo L > ®°
an lail ta C. =
' " (I+a)1+b)(1+¢) (IT+a)l+b)(1+c)

:>abc£l
8

Vidu 3: Giasu a,b,c d, 1a 4 s6 duong thoa man:

1 1 1 1
+ + + >3
l1+a 1+#b 1+c 1+d

Chiing minh ring: abed <

81
Giai
Tie gia thiétta co:
L —1+—l——1+ L —1+—l——123—4
1+a 1+b 1+c¢ 1+d

a b C d
+ +

+ <1
l1+a 14+4a 1+a 1+a
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>a(1+b)+b(1+a)+c(1+d)+d(1+c)
(I+a)(1+Db) (1+c)(1+d)
_ a+b+2ab N c+d+2cd
l+a+b+ab 1+c+d+cd

Ap dung bat ding thic Cosi ta c6:

2/ab + 2ab 2/cd + 2cd 2/ab 2Jed

1> + = +
1+2Jab+ab 1+2Jcd+cd 1++ab 1++/ed
1399 \/ vabced 4 HYabed
B 1++/ab + +ed + +abed 1+ ab + Afed + abed
1> 4¢/abed 3 4%/abed
" 1+ 2¥abed + abed \/(1 + Yabed )?
= 1+ Yabed > 4Yabed
= 1> 3¥abced
= abcd < l

Bai tap ap dung:

Béli1:Ch1’1ngminhr§1ng:(a+b+c)(l+%+l )>9vé6iab,c>0
a C

Bai 2: Cho a,b,c 1a d0 dai 3 canh ctia mot tam giac véGi chu vi 2p

Chiing minh rang:
a)(p —a)(p—b)(p-c)

b) L + L + L 22(l+l+l)
p-a p—-b p-c a b c

< abc
8

Bai 3: Choa,b,c > 0;a+b+c=1.Ching minh ring:

Na+1+b+1+A+c+1 <35
Bai 4:Cho a, b, ¢ 1a do dai 3 canh va 2p la chu vi ctia mdt tam giac.

Chitng minh rang:
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(p—a)(p—b)(p—c)ﬁ%bc

Dang 4 [1 Chitng minh bang phan ching

Day la phuong phdp chitng minh BPT dua vao cdc phuong phdp chiing minh phan
chitng trong Todn hoc. D€ chitng minh ménh dé A diing thi ta gid sit ménh dé A sai
va chitng minh rang tix ménh dé A sai ta suy ra mot diéu mau thudndé két luan A la
diing. Mudn chitng minh bdt ddang thitc A> B dung, ta gid sit A> B sai, titc la
A< B diing, tir dé chitng minh nhitng Idp ludn chinh xdc ta suy radiéu mdu thudn
tir gid thiét. Két ludn A> B diing. Piéu vo 1y ¢6 thé la trai véi gid thiét, hodc la
nhitng diéu trdi nguoc nhau , tir dé suy ra dang thite can chitng minh la diing.
Mot s6” hinh thitc chitng minh bang phdn chiing:

e Ding ménh dé ddo.

e Phii dinh roi suy ra diéu trdi voi'gid thiét.

e Phii dinh roi suy ra ftrdi voi diéu diing.

e Phii dinh roi suy ra hai diéu trdi nguoc nhau.
Mot s vi du:

Vidu 1: Cho a,b,c,d e R vaa+b =2cd

Chitng minh rang it nhat mot trong hai bat dang thifc sau day 1a ding
2>a,d>>b
Giai
Gia st hai bat‘dang thitc trén déu sai, c6 nghia ta dugc :
F<avad®<b

—=c?—a<0vad’-b<0
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= —a+d’-b<0
= +d*-(a+b)<0
= +d*-2cd <0
Vi a+b =2cd
= (c—d)* <0 Mau thuin
Nén s& c6 it nhat mot trong hai bat dang thic da cho la diing
Vidu2: Cho 3 s6 duong a,b,c nhé hon 2. Chiing minh ring ¢6 it nhat mot trong

céc bat dang thitc sau 1a sai:

a(2—a)>1
b(2-b)>1
c2-¢c)>1

Giai
Gia st c4c bat dang thic sau déu diing, nhan ba dang thic lai ta dugc
a(2—a)b(2-c)c(2-¢e)>1
Ma 0<a(2-a)=2a-a’=1-(a—1)7*<1

Tuong tu ta co:

0<b(2-Db)<1
0<c2-e)<1
Suy ra:

abc(2=a)(2-b)(2-¢) <1
Mau thuan
Vay c6 it nhit mot trong céc bat dang thitc da cho 12 sai
Vidu 3: Cho 6 s6 tu nhién khac 0 nh6 hon 108. Chitng minh rang c6 thé chon
duoc 3 trong 6 so do, cheztng han a,b,c sao cho a<bc, b<ca, c<ab
Giai
Giastt6sotrnhiénkhicOlal<a, <a, <...<az; <108
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Rérang a, 22; a5 23 V6i3s0x,y,zthoamin 1<x<y<z
Ta Iuon cé x<yz va y<xz. Néu trong cac so ai, a»,[ ], as khong c¢6 3 s6 nao thoa
min a<b<c vac<abthicé a, = azas = 0,
as = asa3 = 6.3 =18
ag = asa, = 18.6 = 108
Trai v6i gia thi€t as <108. Vay phai ¢6 3 s6 a,b,c thod man a<bc; b<ca; ¢<ab
Vidu 4: Cho cdc s6 thuc a,b,c thod man diéu kién:
a+b+c>0 (1)
ab+bc+ca>0  (2)
abc>0 (3)

Chiing minh rang: a,b,c >0
Giai
Gia sur trong 3 s6 thuc a,b,c d4 cho ¢6 mot s6 am hay bang 0, gia stts6 dé1a a < 0

ma khong 1am mat di tinh t6ng qudt cta bai toan. Ta co:

a<0 a<0
abc >0 a<0
4 <0 et be <0 < <b>0 v <b<0
c<0 c>0

Xét kha nang a < 0; h>>0; c<0 = a+c<0

Ta co:
()sa+b+c>0 < b>-(atc) < (atc)b<-(atc)
< (a+c)b+ca<—(a+c) +ac=—(a’+ac+c?)
< ab+bc+ca<0

Vi: (a* +ac+c* >0 Vab,ceR)

Diéu nay mau thuan véi gia thiét.

Vay 3 s6 a,b,c déu la s6 duong.
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Bai tap ap dung:
Bai 1:

Cho 0 < a,b,c <1 .Chitng minh ring it nhat c6 mot bat dang thitc sau day 12 sai:

1 1 1
1-b)>—; b(l-c)>—; c(l—a)>—
a( )4 (I-¢) p c(1-a) 1

Két qua nay mau thudn véi két qua cta gia thié€t da néu ra & trén.

Vay it nhat phai c6 mot bat dang thiic sai.

Bai 2:
Cho 25 s6 tu nhién a,,d,,...,a,, thoa man di€u kién

1++1—9.

1
e+ =
Ja  Jar a5

Chidng minh rang trong 25 s6 tu nhién do, ton tai hai s6 bang nhau.

Dang 5 [J Phuong phap luong giac

Day la mot truong hop ddc biét ciia phiong phdp doi bién sé. Poi véi hoc sinh
THCS thi viéc sirdung phuong phdp nay la khd maoi vi kién thiic co bdn cua phdn
luong gidc chua duoc nghién ciiu sau. Cho nén o phuong phdp nay toi xin trinh bay
mot.so kién thiic Iy thuyét va cdc dang phuong phdp mot cdch chi tiét hon.

Kién thiic can nho:

1. Cdc hé thitc co ban

+ cos” o +sin’ a =1 +1+tga=—

(o= +kn)
cos” o 2

+ tga . cotga = 1 (oc;t%) + 1 + cotg’a, =

(o # km)

sin? o

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip Website hoc360.net — Tai tai liéu hoc tip mién phi

2. Cong thiic cong, cong thiic ha bac, cong thitc nhan doéi, cong thic bién tich thanh
tong va cong thic bién téng thanh tich. Chuing ta dua vao céc truong hop duéi day
dé c6 thé do6i bién luong gidc mot cach chinh xdc.

Mot s6 phuong phap luong giac thuong gap:

o X =sino. .
— Néu thay x*> + y*> =1 thi dat { voi o € [0, 27]
y =coso
o X =asino.
— Néu thay x* + y*> = a% (a > 0) thi dat { véi o € [0, 2n]
y=acosa

x=sina khi ae[—z;z}
2 2

— Néu thay Ixl < 1 thi dat
x=cosa khi a€|0;r]

T

x=msina khi ae[——,—}
— Néu thdy Ixl <m ( m>0) thi dat 22
x=mcosa khi ae[O;ﬂ]

— Str dung cong thie: I+tQa ==—— <1g’a=—

1 (e#Z+kn)
cos” o cos” a 2

— Néu Ixl > I-hodc bai todn c6 chita biéu thic vVx* —1

1 . [ TE\J [ 37:)
voroe| 0;— |U| T,—
coS ol 2 2

— Néu Ix] = m hoac bai todn c6 chia biéu thic Vx> —m

m .. [ TE\J [ 37:)
voioe| 0;— |U| T,—
cosa 2 2

— Slr dung cong thitc 1+ tg’o. =

thi dat x =

2

thi dat x =

0082 (04
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— Né&u x € R vi bai todn chia (1+x%) thi dit x = tgo, Véi o e [— gg)

. R ., N £ T
— Neéu x € R va bai toan chita (x*+m?) thi dat x = mtga. véi o € (— 5

Vidu1: Cho a,b,c,d e R Véia=cVl—d? Vab=dvl-c?

Chiing minh rang lal +|b| < 1

Vi a=cvVl—d>Vab=dvl-c?> Tacé:
1-d2>0 d><1 (-1<d<1
=
1-¢2>0 2<1 |-1sce<d

Do d6 ta dat: |d| = cosP valc| = cosa v6i o, B € [O;g}

= lal = c]V1—d? =cos a1 =cos’ B = cosasin
b = |d|V1 - ¢* = cosBy1—=cos” o = cosBsina

= lal+ |b| = coseusin B + cosBsin

Va

=sin(B+a)<1
Vay:  lal+)b[<1
Vi du 2: Chitng minh rang:

— 2 1
(1 X)Snf1a+2}s:cosaSl vx.acR

1+ x>
Giai
Pat x = tga = Y Vi a e (—3;3) Thi
COS (¢ 2 2
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2

sin” « sin o

9y . — sina + 2 cos a,
(1-x")sina + 2x cosa _ cosQ(x) COS Qv
1+x2 sin® &
1+—5)
cos” o

9 . 9 . .
_ (cos” o —sin” a)sina + 2sinacosacosa

- 2 s 2
COS (x +s1n”

= cos2a sina + sin 2o cos a

=sin(a+2a) <1
Vi du 3: Chiing minh rang néu |x| < 1 va n 1a s6 nguyén 16n hon 1 thi ta cé bat
dang thiic:
I+x)"+(1-x)"<2"
Giai:
Vi: |x| < 1néntadit x = cost véi
t e (—m;m)
= 1+x)"+(1-x)" =(1+eost)" +(1—cost)"

t t
— (2¢cos” ) + (2sin 2 )"
eo 17 2o 1)

t .2 by n
< 2" |:(COS2 — ) (sin® =) } <2" (1)
2 2
t t t
0 < cos® =<1 cos” = > (cos §>n
t = t t
Do |0<sin®=<t sin® = > (sin® =)"
2 2 2

= (1) ding
Vay bit dang thitc da duoc ching minh.
Vidu4:

Chiing minh ring: \1++/1—a [J(1+ a)’ —+/(1-a)’ ]s 272 142 =222 (1)
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Giai:
Tu dk lal < 1 nén

bat a=cosa v6i ae[0,n] = +1—a =x/§sin%;«/1+a :x/Ecos%;\/l—a2 =sina

(Hhe \/1+2singcosg.2\5 cos3g—sin32 S2x/5+2x/§singcosg
2 2 2 2 2 2
.o o o . o b0 .0 O . ,0 .o o
@(sm— +cos —)(cos— —sin —j(cos —+sin—cos— +sin —j <1+sin—cos—
2 2 2 2 2 2 2 2 2 2

& [ sinE +cos s | cos E—sin | =cos® X —sin®> > = cosa <1 ding = (dpcm)
2 2 2 2 2 2

Bai tap ap dung:
Bai 1:

Cho a* + b* - 2a - 4b + 4 = 0. Chitng minh rang:
A= ‘az—b2+2\/§ab—2(1+2\/§)a+(4—2\/§)b+4\/§—3‘32
Bai 2: Cho a, b thoa man : ‘5a+12b+7‘= 13

Chiing minh ring:a’ + b>+2(b-a) > - 1
Bai 3:

Chting minh ring: V3 -2<A =2+/3a%+2av1-a> </3+2

Bai 4:
[ 2
Chdng minh rang A = Va’-1+y3 <2 V|a|21
a
Bai 5:
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5- 12\/

Ching minh ring: -4 < A = < 9 V|a|21
Bai 6:
Chiing minh rang: [a—b [b—c| > [c—a| Va,b,c

J(+a?)(1+b%) \/(l+b2)(1+c )+ (+ad)

Bai 7:

Chiing minh ring: v/ab ++/cd < /(a+c)(b+d) (1) Va,b,c,d>0 (1)
Bai 8:

[(a+b)(1-ab)| _1
((1+a%)(1+b )\

Chiing minh ring: Va,beR

Dang 6 [] Phuong phap chitng minh qui-nap

Phuong phdp qui nap thuong sit dung dé chitng minh mot bdt ddng thitc phu thudc
vao so nguyén duong n. Ta thuc hién cdc budc sau:

— Kiém nghiém dé chiing to BDT ding vdi diéu kién nhd nhdt.

— Gid su BPT diing voi mot so nguyén duong k bdt ky

— Cdn chitng minh BPT ciing diing véin =k + 1
Vidu 1: Chung minh rang: 2" > 2n + 1 Véi moi s6 duong n > 3

Giai:
Vé6in=3thi 2° =8 > 2.3+1 =7 diing
Gia st bat dang thifc ding véi n=k bat ki c¢6 nghia la:
25 > 2k +1=2k2 > (2k +1).2

Ta can ching minh:
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2 S ok +1)+1

Theo gt quy nap ta co6:

2 > (2k+1)2 =4k +2 =2k +2k+2> 2k +1)+1

Diéu phai chiing minh.

Vi du 2: Chiing minh rang v6i moi s6 tu nhién n > 2

Ta co:
1 1 1 13
+ o> —
n+1 n+2 2n 24
Giai:
a. Voin=2 taco:
1 1 13 14 13 ..
—+—>—<& —>— ding
3 4 24 24 24
Gia su véi n=k ta co: 1 + 1 +...+i>
k+1 k+2 2k
Ta can chiing minh:
1 1 1 13
+ +. o+ > —
k+2 k+3 2k+2 24
Ta co:
1 1 1 1
+ +ot = ( +
k+2 k+3 2k +2 k+1
Vi:
1 1 13
S >
k+1 2k 24
Nén:
13 1 1 1 13

24 2k+1 2k+2 k+1 24

13
24

1 1 1 1
=)+ + —

2k" 2k+1 2k+2 k+1

Vi du 3: Chitng minh bat dang thitc Cosi trong trudng hop tong quat.

Véi a,a,...a, e R ,n>2 thi
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a—+a,..~+a, ZW
n 172 n

Giai:

e V6i n=2 bat dang thitc di duoc chitng minh & 1. (bdt dang thiic Oclit)

Neu x<x,<x" Ty, VX, Xy € Rt

Vay Vx,, X5 € R thi ta luon c6 (chuyén mot bo phan sang vé phai, ta
duoc)

(xll’l—l - xzn_l)(xl - xz) 20

n—1 n—l'

x+ x> x " +xx,
Lay n so6 thuc khong am Xpp XXy eR™, vietcdc bat dang thiic twong tng
roi cong lai ta dugc:
(xln +x2n)+ (xln +x3n)+...+ (xln +x,")+
+(x2” + x3”)+...+ (x2” + X, )+ + (xn—ln +x,")
1x2n_1 +x2x1”_1)+
+(x1x3n_1 +x3x1”’_1)+...+(xlxnn_1 +xnx1n_1)+...

> (x

n—1 n—1
+(xn_1xn XX ) (1)
Tu do:
_ n n n n—l1 n—l1 n—1
(n 1)()61 Xy ety )le(x2 X Xy )
+X5 (xln_1 +x3n_1 +...+xn”_1) +x, (xln_1 +xz”_1 +...+xn_ln_1) (2)
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Bay gio theo gia thiét quy nap, ta thira nhan riang déi v6i n—1 s6 thuc khong am
bat ki , trung binh cong khong nho hon trung binh nhan cua ching. Thé thi néi

riéng ta co:

-1 -1 -1
x2” +x3” +..+x," Z(n—l)x2x3...xn

xln_1 +x3n_1 +...+xn”_1 > (n —1)x x5y

Jooooooougdoooooooo

n—l1 n—l1 n—1s¢,_
AT e, (T2 (n l)xlxz...xn_1

St dung céc bat dang thifc nay, ta cé thé ting cuong cic bat dang thic
(2)

(n—l)(xln +x2” +...4x,1)> n(n—l)xlxz...xn)

A thite nav dat v 7 — n_ n_
Trong hé thuc nay dat X\ =Xy =0y, X" =ay ta duoc

a+ay...+
. 2n & > a1.apea, (dpem)

G__%

Trong tat ca qua trinh 1y luan trén, ddu “=" xay ra khi va chi khi

X] =Xy =...= X, tiuc lakhi vachi khi g =a, =...=aq,

Mot so bai tap:

Bai 1:
Chdng minh.rang
liz+%+....+nl—2<2—% Vne N;n>1 (1)
Bai 2:
Cho neN vaa+tb>0.Ching minh ring [4F2] < @00 (q)
2 2
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Bai 3: Cho a,b 1a hai canh géc vuong cua mot tam gidc vuodng véi ¢ 1a canh huyén

Ching minh ring: @™ +b*" <" Vne N
Dang 7 - Phuong phap ap dung cac tinh chat cua cac day ti s6 bang nhau

Day la phuong phap ddc trung cho hoc sinh THCS vi phuong phdp nay ap dung
cdc tinh chdt ciia day ti s6'bang nhau da dvoc hoc & l6p 7. Cdc tinh chat ddc biét
thuong gdp trong loai nay ta can luu y nhu:
Kién thiic:

a a

a+b a+b+c

g>£:>g>a+c>£ Vasb,c,d e R*
b d b b+d d

Mot so vi du:

Ya,b,ce R"

Vidu 1: Cho 3 s6 duong ajb,c chiing minh rang 1 < 24 b +—% <9
a+b b+c c+a
Giai:
Vi: <1 nén: < 2 < arc
a+b a+b+c a+b a+b+c
Tuong tu:
b b b+a

< <
at+b+¢c b+c a+b+c

C C c+b
< <
a+b+c c+a a+b+c

Cong céc bat dang thitc trén lai ta duoc diéu phai chiing minh.
Vidu 2: Cho a,b,c,d 1a cdc s6 duong, chiing minh rang:

a+b N b+c N c+d N d+a
a+b+c b+c+d c+d+a d+a+b

A:

Giai:
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. a+b . a+b a+b a+b+d
Vii —— <1 nén < <
a+b+c a+b+c+d a+b+c a+b+c+d
Tuong tu:
b+c b+c b+c+a

< <
a+b+c+d b+c+d a+b+c+d
c+d < c+d - c+d+b

a+b+c+d c+d+a a+b+c+d
d+a d+a d+a+c

< <
a+b+c+d d+a+b a+b+c+d

Cong lai ta dugc 2<A<3. Suy ra A khong thé 1a s6 nguyén .
Bai tap ap dung:

Bai 1:

Cho a, b, ¢, d > 0 . Chling minh rang:

a b c a
+ + +
a+b+c b+c+d c+d+a d+a+b
Bai 2:
Cho a;b;c;d 1a cac s6 nguyén duong thoamén : a+b=c+d =1000
b

a
tim gia tri 16n nhat cta p> +—.

d

1< <2

Bai 3:

a ab+cd c

a c
a ¢ . . S e <
Cho: 7<= vab,d >0 . Chiing minh rang b <b2 +d2 d

b d
Dang 8 L1 Phuong phap dung tam thirc bac hai

Kién thiic:
Cho tam thitc bac hai f(x)=ax® +bx +c

Néu A<0 thi a.f(x)>0 VxeR
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b
Néu A=0 thi a.f(x)>0 Vx # ——
a
Néu A>0 thi a.f(x)>0 voi X <X, hoic x>x, (x,>x)
a.f(x)<0 VoI X, <x<X,

Mot so vi du:

Vi du 1: Chéng minh ring: x* + 5y* — 4xy + 2x — 6y + 3 > 0 Vi moi gid trictia
X,y.
Giai:

bat: f(x) = x* - (2y = 1)2x + 5y* — 6y + 3

A =(2y —1)* = 5y° + 6y -3

A = —y* +2y -2
Taco: (0)=1-2=-1
A'<0 f(x)>0
Vy e R {Vx,y e R

(8) <0 :{

Vidu2: Cho hai day s6: aj, a2 ... an
Bl, b2,... bn

n

Chiing minh-réng: (O a:b,)? < (i a2i)(i b%) (1)

Giai:
Ta c6: e Olab)- %) b)) <0 (2)
1 1 1
bat: f(x) = (Z a2i)X2 - Q(Zaibi)X + (Z bQi)
1 1 1
Ta c6: f(X) = Z(aiX ~b,)* 20 V6i moi X nén tam thitc (X) c6A' < 0
1
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n

Suyra: (Dab) ~(Da% )X <0

1
Ttc 1a (2) ding nén (1) dung.
Vi du 3: Vx,y € R, chiing mih bat dang thic sau:
X2yt +2(x2 +2)y? +4xy+x% >4x3 (1)
Giai:
(1) < (P +1)2x%2 +4y(1—y?)x+4y> >0
bat F(x)=(? +1)?x? +4y(1—y?)x+4)?
A =4y (1=y?Y =42 (2 +1)?
A =-16)>

A'<0 {f(X)ZO
—

VyeR Vx,yeR

Bai tap ap dung:

Bai 1: Cho a,b,c,dthoamanb < c < d.

Chiing minh ring (a +b + ¢ +d)* > 8(ac + bd) (1)
Bai 2: Chocacsoa,b,c,d,p,qsaocho:

p*+q’ —at=b*=e?—d* >0

Chdng minh rang:

(p"=a” —P*)(a’ —¢" - d") < (pq —ac—bd)* (1)

Dang 9 [1Phuong phap dung tinh chat bac cau

Day la phuong phdp chitng minh bdt ddng thitc sit dung tinh chdt bdc cdu trong
Toan hoc.

Chang han: a>b va b>c thi a>c
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Mot so vi du:

Vidu 1:
Cho a, b, ¢ ,d >0 thdéa médn a > c+d , b >c+d. Chiing minh ring: ab >ad+bc
Giai
a>c+d a-c>d>0
Ta co: {b>c+d - {b—d>c>0

= (a-c)(b-d) > cd
<ab—ad—bc+cd >cd
< ab>ad + bc diéu phai chiing minh.

5
Cho a,b,c>0 théamin a’ +b*+c° = 3

I 1 1
e minh —+—+—<—
Ching minh 0 b e abe
Giai
Taco:(a+b—c)’= a’+b’>+c?+2(ab—ac—bc) >0
:>ac+bc—ab(%(a2+b2+cz)

1 1 1
= ac + bc — ab s§< 1 Chia hai v€ choabc >0 tacé —+———¢ L
6 a b ¢ abc

Vidu 3:
Cho 0 < a,b,c < 1. Chiing minh rang:

2a° +2b° +2¢° <3+a’b+b’c+c’a
Giai
Doa<l = a’° <1 va
Taco (1-a*)(1-b)<0 =1-b- a’ + a’b>0
S 1+a’ b > a’ +b
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mal0<ab <1 = a’>a’, b>°>b’

Tir d6 ta suy ra 1+a’b’> >a’ + b’

Vay a’+b’ <1+a’b’

Tuong tu ta c6:b> +¢* <1+b’c

Va c+a’<l+c’a

Cong céc bt ding thiic ta cé: 2a’° +2b° +2¢> <3+a’b+b’cAcla

Vidu4:
Cho 0<x,y,z <1 Ching minh rang:

a. 0<x+y+z-—xy—yz—zx<1
b. x>+ )"+ 27 <1+ X’y + Y’z +2°x
Giai
a.Tacé: x+y+z—xy—yz—zx=x(1—-p)+y(1-2)+z(1-x)=>0 (1)
Maitkhac: 1-x)1-py)(1-z)=l-x=p+xy+yz+zx—xyz=>0
Suyra: x+ y+z—xy—yz—zx<l=xpz<1 (2)
Tu(l)va@)suyra 0<x+y+z—xy—yz—zx<I
b. Ta chiing minh: x* % y* +z' —x’y—y’z - z’x <1

x* +y2 +22—xzy—yzz—zzx:xz(l—y)+y2(1—z)+zz(1—x)
<x(1-p)+yd-z)+z(1-x)

7z

Ta co:

VIi(X'<x,p <y,z22<z2)
<x+y+z—xy—yz—zx<1 (theo cau a).
Bai tap ap dung:

Bai 1:

Cho 0<a,b,c,d <1. Chiing minh rang:
(1-a)1-b)(A-c)1-d)>1-a—-b-c—-d
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Bai 2:

Cho 0<a,b,c<2 thod man a+b+ ¢ =23 Ching minh ring:

a’+b’+c* <5

Bai 3:

Cho a, b, ¢ 1a do dai 3 canh cua tam gidc c6 chu vi bang 1. Chiing minh rang:
1

a’+b*+c +4abc<§

Bai 4:

Cho a, b, ¢ 1a do dai 3 canh cua tam giac ¢6 chu vi bang 2. Chiing minh rang:

a’+b*+c* +2abc<?2
Dang 10 [ Phuong phap dung cac bat dang thirc trong tam giac

Day la phuong phdp si dung cdc bdt ddng thite trong tam gidc lam cdc gid thiét dé
chitng minh cdc bdt ddng thitc.
0 phuong phdp chitng minh nay cac ban nén chii y mot so kién thiic co ban sau:
Kién thiic:
1. C4c bat dang thiic trong tam gidc:
Véi a, b, ¢ 1a 3/canh cia mét tam giac thi a,b,c >0
b—c|<a<b+e
M—d<b<a+c
M—M<c<a+b
Néu a>b>c thisé docta3 géc A, B, C cling ding véi bat dang thic trén.

2. Cong thic lién quan dén tam giac
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_a_b+c—a
P 2
a+b+c c+a->b
2 2
_C_a+b—c
P 2

Mot so vi du:
Vidu 1:
Cho a, b, ¢ 1a 3 canh cua tam gidc. Chiing minh rang:

a+b +c+2abc<a’(b+c)+b(c+a)+c’(a+b) (1)

Giai
Ta co:
< a’+b +c +2abc—a’(b+c)—b’(c+a)—c’(a+b)<0
(1)<:> a’(a—b)+b*(b—a)+c(2ab—a’> —b*)—c*(a+b—c)<0
< (a+b)a-b) —cla-b) —c*(@+b—-c)<0
S(a+b-c)a—-b+c)a—-b—c)<0 (2)

K&t qua (2) luon ding vitrong tam giac ta luon co.
a+b>c a+b—c>0
at+tc>bsyatc—>b>0
b+c>a b+¢c—a>0
Vay bat dang thitc (1) duoc chiing minh.
Cho a;b;cla s6 do ba canh ctia tam gidc ching minh rang:
a. a’+ b?+c*<2(ab + bec + ac)
b. abc>(a+b-c).(b+c-a)(c+a-b)
Giai

Vi a, b, ¢ 1a s6 do 3 canh cua tam giac nén ta c6
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O<a<b+c a’ <a(b+c)
O<b<a+c _ b2<b(a+c)
O<c<a+b ¢’ <cla+b)

Cong ting vé c4c bat dang thic trén ta c6:
a’+b’+c’*< 2(ab+bc+ac)
Tacé a>lbc| = a*>a*-(b-¢)*>0
b>lac| = b>b'—(c—a)’>0
c>|ab| = ?>c*—(a-b)*>0

Nhan timg vé& clia dang thic lai ta duoc:
= a’b’c’ > [az — (b — c)ﬂ[bz —(c ~ a)z}[cz —(a —b)z}

= a’b’c’ >(cH—b—c)z(la—kc—cz)z(C’4-cl—b)2

:>abc>(a+b—c).(b+c—a).(c+a—b)

Vidu 3:
Trong A ABCcéchuvia+b+c=2p(a,b,cladodai3canh).
CMR: —— + Aoy 1 S L1
p—-a [p—-b p-e a b ¢
Giai
b+c—-a

Taco:p-a = >0 ( vib + ¢ > a bat dang thifc tam gidc )

Tuongtu: p-b>0;p-c>0.
Mitkhac:p-a +p-b =2p-a-b=c
p-b+p-c=a
p-c+p-a=b

, , 2, 2 ’, 2 2 1 1 2,
ta 4p dung tinh chat cua Bat dang thuc: —+—2> ta co:

X y x+Yy
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1 1 4

+ > :i
p-a p-b = (p-a)+(p-b)
1 1 4
>
p—-b  p-c~4
1 1
+ >4
p—¢ p—a b
Cong theo v€& clia bat dang thiic ta c6 :
1 1 1 I 1 1

p—a - p—b+ p—c 22(;+Z +Z)

Dau ‘=" xay ra khiA’ABC déu
Vidu4:
Cho a, b, ¢, 1a d0 dai ba canh cia mgt tam giac
(a+b-c)(b+c-a)(c+a-b) <abc
Bat déang thitc vé ba canh clia tam giéc :
‘b—c‘ <a=0<a’ —(b—c)’ <d’
c—al<b=0<b—(c—a)’ <b’
‘az—b‘<c:>0<c2 ~(a-b)y <c’
Tirds |@* = - V|p* - (c—ay’||c* —(a—b)’| < a’p’c’
<s(a+b—c)(a—b+c)(b—c+a)(b+c—a)(c—a+b)(c+a—Db)
<a’b’c’
o@+b—cX(b+c—a(c+a—bP<a’b’c’

<((@+b—c)(b+c—a)(c+a—D>b) <abc

Via, b, c 1a 3 canh ctia mot tam gidc nén
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at+b—c>0
a+c—b>0 vaabc>0
b+c—a>0

Bai tap ap dung: Cho a, b, ¢ 1a do dai 3 canh cua tam giac
Bai 1:

Chiing minh rang:

Néu véi a<bh<c thi (a+b+c)* <9bc

Bai 2:

Chidng minh rang:

(a+b—-c)b+c—a)a+c—-b)<abc

Bai 3:

Chitng minh rang: Véi moi p, q sao cho p +q = 1 thi pa’ +gb* > pqc’
Bai 4:

Cho a, b, ¢ 1a do dai 3 canh ctia mot tam gidc voi a < b < ¢. Chiing minh rang:
@b -c)+b (¢’ —a*)+c’(a” =b>) <0

Bai 5:

Chiing minh ring: véi a, b,c 1a dodai 3 canh clia mot tam gidc thi ta c6:

a(b—c)’ +b(c—a) +e(a+b)Y >a’ +b’ +c (1)

Dang 11.L]1 Phuong phap doi bién so

Khi ta gdpmot so bdt ddang thitc ¢6 bién phiic tap thi ta c¢é thé ding phuong phdp
doi bién so'dé dua cdc bdt ddng thitc cdn chitng minh vé dang don gidn hon, tiic la
ta ddt cdc bién mdi biéu thi duoc cdc bién cii sao cho bién mdi ¢é thé gon hon hodc
dé chitng minh hon. Sau khi doi bién so6 ta sit dung cdc phuong phdp chitng minh &

trén dé chitng minh bdt ddng thiic.
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Phutong phdp luong gidc ciing la mot dang ciia phuong phdp doi bién so.
Mot so vi du:

Vidu 1:

a b c
Cho a,b,c >0 Ching minh ring: P + + == (1)

3
c+a a+b 2

Giai

y+z—x Z+x-—Yy X+y—z

bit x=b+c ; y=c+a ;z=a+b tacd azT . b=———:¢=

y+z—x+z+x—y+x+y—z
2x 2y 2z

Taco (1)

>

N | W

®X+£_1+f+i_1+f+l_123

X x y oy z Z

®(1+£)+(£+f)+(£+1)26
X y X z Yy /z

\ Y Xsh zox z
Bit ding thic cudi cing diing vi-( L * . 2, 4o 2 i ) di
X Yy X z y z
phai chitng minh.
Vidu2:
Cho a,b,c >0 vaa+b+c < 1. Ching minh rang:
1 1
2 + 2 + 2
a“+2be b +2ac c”+2ab

>9 (1)
Giai
Patx = a>#2bc ; y=b"+2ac ;z=c’+2ab

Tacé x+y+z=(a+b+c) <1

(1) ©;+;+;29 Véi x+y+z< 1 vax,y,z>0

Theo bat dang thitc Cosi ta cé:
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X+y+z2>33/xyz

/ 1
l+l+123 .3 e
X y z xyZ

:>(x+y+z).(l+l+lJ29

X y z

Ma x+y+z < 1

vay  ++14159 diéu phai ching minh.

X y z
Vidu 3:
a b c
+

Cho a, b, ¢ 1a cdc s6 thuc duong. Ching minh rang: bt c + z

3
c+a a+b 2

Giai

Pay 1a vi du 1 nhung ta sir dung cach déi bién khac:

R et
x=b+c 2
X+z-
Ta dat y=ct+a=><b= 5 4
z=a+b v\ 2
o=
2
. l{y+z—x x+z-y x+y—-z|_3
Bat dang thiic @_( + + Z =
2 X y z 2

@(LZHLEHLEJZZ \/1.1+2\/Z.5+2 526 ine.
y X z y X z y X zy X z

Vay Bat dang thitc dugc chiing minh.
Dau “="xayra < a=b=c
Vidu4:

Cho céc so6 thuc duong a, b, ¢ sao cho abc = 1
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Chidng minh rang:

oo tfees)

Giai

~

N
I

Do abc =1 nén ta c6 thé dat: véi x,y,z>0.

o o~
[l [l
2 IN N < |x

Nén bat dang thifc ta c6 thé viét lai nhu sau:

(ﬁ—1+ij(1—1+f](5—1+1j31
y y 4 4 X X

o xyz2(x+y—z)(y+z—x)(z+x=y) (Tadaching minh dugc)
Vay BDT da duoc ching minh. Dau “=” xayra < a=b=c=1
Bai tap ap dung:
Bai 1:

Chitng minh ring ; véi moi s&'thuc x, y ta ¢ bat dang thic:

1_ (7 —y)aip?) L
47 (1+x)1+y7)2 4

Bai 2:
Cho X, y, z la cdc so6 duong thoa man:t+ Lyl =g
X y z
1 1 1
CMR: 2x+y+z ¥ X+2y+z ¥ x+y+2z ©
(Pai hoc khoi A — nam 2005)
Bai 3:

Cho a, b, ¢ 1L cac s6 thuc duong thoa man abc=1 .
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MR : + + >
¢ a’(b+c) b(c+a) c(a+b) 2
Bai 4:
1 4 9
Chox,y,z>0thoém5nx+y+z:1_CMR—+—+—236
X y z
Bai 5:

Cho x, v, z 14 cac s6 thuc dwong thod min: XYz =X+ y+z+2,

CMR: \/;JF\EJF\ES%\/X;

Dang 12 - Phuong phap lam troi (chitng minh bat dang thiic c¢6 n s6 hang)

Diing cdc tinh bdt ddang thitc dé’ dua motveé eiia bdtddang thirc vé dang tinh duoc
tong hitu han hodc tich hitu han.

Phutong phdp chung dé tinh tonghitu han : S = u, +u, +....+u,

Ta c6 gang bién doi s6 hang tong quat u, vé hiéu cia hai s6 hang lién tiép nhau
U =dy =y

Khido : S = (al —a2)+ (az —a3)—|—....+ (an _an+1): a,—d,,

Phuong phdp chung vé tinh tich hitu han:

P=wl,.. .U,

Bién doi cdcso hang u, vé thuong cua hai s6 hang lién tiép nhau.:

G
Mk =
ak+1
a, dad a a
.l 172 n_ __"1
Khido P= """+ -
a, d, a,. d,q
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Mot so vi du:

Vidu 1:

1 1 1
Ching minh rang: 1+ —=+—+....+—=>2\Wn+1-1) Vi n 1a s6 nguyén
g g \/5 ﬁ \/— ( ) guy

n
Giai:

Ta co:

1 2 2
T Ty e )

Khi cho k chay tir 1 dén n ta c6

1>2(«/§—1)
|
$>2(\/§—\/5)

Joooon

1
ﬁ>2(«/E—«/;)

Cong ting vé c4c bat dang thic trén ta c6:

1+%+%+....+ﬁ>2(ﬁ—1)

Vidu 2:

1
Chitng minh rang: k_2<2 VneZ
=
Giai:
Ay 1 11
Taco 32 k1) k-1 &

Cho k chay tir 2 dé€n n ta c6
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1 1

— <l-=

2 2

1 11

3 2 3

t_t 1

n’ n-1 n

1 1

:>2—2+3—2+...+?<1

Vidu 3:

Chfrng minh rang:
<
\/_ f T

Ta co:

12
TS \/%N_ =2(Jk =k-1) VkeZz'

.....

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip Website hoc360.net — Tai tai liéu hoc tip mién phi

\/_ \/_ \/_Sl 2+2dn=2Jn-1

Vidu4:
Chiing minh rang:

135221 2 e

246 2n  2n+l1

Giai:
Ta co:
, 1735 (2n-1)
22476 (2n)
§ >3 2n-1% 1
221417 2n-)2n+1) 2n+l

Vaylggznl 2

2467 2n an+1
Bai tap ap dung:

Bai 1:
Ching minh BDT sau:
1 1 1 1
a —+—+...+ <=
1. 5 2n'=1).2n+1) 2

1 | 1
b l+—+——F. F—x<2
1.2 1.23 1.23....n
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