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CHUYEN PE BOI DUONG HOQC SINH GIOI TOAN
DA THUC

PHAN I: MUC TIEU

- Cung cip céac ly thuyet chung Ve da thac

- Van dung 1y thuyét giai mot sé dang toan vé da thire thuong gip trong cong tac boi

~ dudng hoc sinh gioi. )

PHAN II: LY THUYET CHUNG VE DA THUC

I. CAC PINH NGHiA
1/ Pa thue P(x) bac n 1a ham dugc xac dinh nhu sau:

P(X) = anx" + a,.1x™! + .. 4+ a;x + ag
Trong d6 a, a, ..., a, 1a cac hang s6 cho trudc va a_ =0
Khi d6 ay, ay, ..., a,dugc goi la cac hé s6 cua da thire
Nguoi ta dung deg P(x) dé ki hiéu bac cua da thirc P(x)
e Néu a; 1a cac s nguyén Vi=0,n thi P(x) goi 1a da thirc v6i hé s6 nguyén

e Néua; lacacsdhiruti Vi=0,7 thi P(x) goi 1a da thirc véi hé s hitu ti.
2/ S6 xo duge goi 13 nghiém cua da thirc P(x) néu P(xo) = 0
3/ Cho hai da thirc P(x) va Q(x). Ta n6i rang P(x) chia hét cho Q(x) néu t6n tai da thirc h(x)
sao cho P(x) = h(x). Q(x). Khi d6 da thirc Q(x) la uwoc cua da thirc P(x).
4/ Hai da thirc P(x) va Q(x) duoc goi 1a nguyén t6 cing nhau néu P(x) va Q(x) khong c6 uéc
chung bac duong
5/ Cho k 1a mét sb nguyén duong. S6 xo duoc goi 1a nghiém boi k cia da thie P(x) néu nhu
da thtrc P(x) chia hét cho da thirc (x — xo)* nhung khong chia het cho da thirc (x —xo)*"!
6/ Pa thirc nguyén thuy 1a da thic voi hé s6 nguyén va cac hé sd cia nd 1a nguyén td cung
nhau.
II. CAC TINH CHAT CO BAN CUA PA THUC
Ménh dé 1: Gia st P(x) va Q(x) 14 hai da thirc tuy y. Pat h(x) = P(x) + Q(x). Khi d6 h(x)
cling 1a da thtrc va
deg h(x) = max {degP(x),degQ(x)} néu degP(x) = degQ(x)
deg h(x) < max{degP(x),degQ(x)} néu degP(x) = degQ(x)
Ménh dé 2: Gia st P(x) va Q(x) 12 hai da thire tuy ¥. Pat h(x) = P(x).Q(x). Khi d6 h(x) ciing
1a da thire va néu P(x) = 0,0(x) = 0 thi deg h(x) = degP(x) + degQ(x).
Ménh dé 3: Gia st P(x) = h(x).Q(x), trong d6 P(x) va Q(x) 1a cac da thirc véi hé s hitu ti va
O(x) # 0 thi h(x) ciing 14 da thirc v6i hé s6 hitu ti.
Ménh dé 4: (Pinh ly Bezout) S x, 12 nghiém cua da thirc P(x) < P(x):(x—x,)

Hé qua 1: Moi da thirc P(x) bac n (72 2> 1) khong thé ¢6 qua n nghiém.
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e Néu da thic P(x)Béc khong quéa n lai ¢6 n + 1 nghiém thi tat ca cac hé s6 cua nd bang

0.
Hé qua 2: Néu P(x) 1a da thirc ma lai 12 ham tuan hoan thi P(x) =C, véi C 13 hang s6 nao
do
Ménh dé 5: (Pinh ly Viete) Gia sir da thitc P(x) = a,x" + a, 1 x™! + ...+ a;x + ap c6 cic
nghiém x, Xy, ..., X,. Khi d6 ta ¢6 cac dang thuc sau:
an—l
X+ X, + .+ X, =—
a
n
an—Z
XX, XX o+ X, X =
al’l
an—3
XXX, + XXX, 4o X, X, X, =—
al’l
a
xX,%;...x, = (=1)" =
a}’l
Meénh dé 6: (Pinh ]y Viete dio) Néu nhu céc sd thue Xy, Xa, ..., X, thod man hé:
= (=1} ek f=Tn
Khi 36 x1, X2, ..., Xplan nghlcm cua da thirc bac n: P(x) = a,x" + a,. x4+ ...+ a;x + ag

Ménh dé 7: (Pinh ly vé nghiém hiru ti ciia da thirc v6i hé so nguyen)
Gia st da thac P(x) = a,x" + a,. X" + ...+ a;x + a 1a da thire vdi hé s6 nguyén, trong do

n>1.Khi d6, néu P(x) c¢6 nghiém hiru ti thi moi nghiém hitu ti ctia P(x) c¢6 dang ~, trong
S

do r 1a udce cua ay, s 1a udc cua a, va (r,s) =1
Hé qua 2: Néu da thic P(x) = x" + a,. x™! + ...+ ajx + ap , trong d6 a;
nguyén Vi = 0,7 —1. Khi d6 néu P(x) c6 nghiém hiru ti thi moi nghiém hitu ti cua P(x) déu
1a s6 nguyén va la mot trong cac udc sd ciia hé s6 ag.
III. LUQC PO HORNER
1/ Tinh gid tri cia da thirc P(x) = a,x" + a, 1 x™! + ...+ a;x + ap khi x = « ta dung bang
Horner

an An-1 adn-2 - gk . a ao
(04 bn bn 1 bnz .. bk b1 b()
2/ Chia da thtrc cho nhi thtrc bac nhat x - «
Néu nhu trong bang Horner by = 0 thi P(«) = 0 nén P(x): x - «
IV. CONG THUC NOI SUY LAGRANGE
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Gia st cho cac sd khac nhau by, by, ..., by va céc gia tri tuy ¥ Co, C1, ..., Cn. Khi dO tdn tai duy
nhat da thirc P(x) c¢6 bac khong vuot qua n thoa méan cac dang thuc:
P(bo) =Co , P(bl) =C1 45 .ee s P(bn)
DPa thuc nay c6 dang nhu sau:
P(x) = (x—b))(x—by)..(x—b,) e, (=b)x-b)..x=b) . _(x=b)x=b)..(x=Db)
(b —b,)(b, = by)...(b,=b,) (b, = b, )(b, = by)...(b, = b,) " (b, =b)(b, =b,)..(b,~b,.)
V. PA THUC BAT KHA QUY
Dinh nghia: Gia sir P(x) la da thirc voi cac hé sO hitu ti. P(x) dugc goi 1a bat kha quy trén Q
néu P(x) khong biéu dién duoc duéi dang tich cta hai da thic bac duong véi cac hé sé hiru
ti.
Ménh dé 8: Néu P(x) 1a da thirc véi cac hé s hitu ti thi nd co thé biéu didn mot cach duy

nhat du6i dang P(x) = %Q(x)

Trong do: % 1a phan s tbi gian

Q(x) 1a mdt da thirc nguyén thuy

B6 d& Gauss: Tich cta hai da thirc nguyén thuy 1a mot da thirc nguyén thuy.
Ménh dé 9: Néu da thirc P(x) v6i cac hé sb nguyén c6 bac degP(x) > 1 ma bat kha quy trén
Z thi cling bat kha quy trén Q.
Ménh de 10: Cho da thirc P(x) = anx" + a1 x™ "'+ ..+ a;x +a v6i hé sd nguyén van > 1.
Gia str ton tai s6 nguyén td p thoa mén céc diéu klen sau:

Da,lp

ay,,a,,....,a,: p(0<k <n)

3)a,/p”
Néu P(x) c6 thé biéu dién duoc dudi dang tich cua hai da thirc véi hé sd nguyén thi bac cua
mot trong hai da thirc d6 khong nho hon k + 1
Ménh dé 11: (Pinh Iy Eisenstein vé tiéu chuin bt kha quy ciia da thirc véi hé sb
nguyén) Cho da thirc voi hé s6 nguyén P(x) = apx" + ap x™' + ...+ ajx + ay, n>1

Da,/p

Biét rang ton tai s nguyén t6 p sao cho  2)a,,a,,...a_ i p
3)ay/p’

Khi d6 P(x) bat kha quy trén Q.
Ménh de 12: Gia su Q(x) 1a mét da thirc voi hé sO hitu ti c6 bac > 1. Khi d6 voi moi da thirc
v6i hé s6 hitu ti P(x) t6n tai duy nhat mét cip da thirc R(x), S(x) vOi hé s6 hiru ti sao cho ta
6 biéu dién sau: P(x) = R(x).Q(x) + S(x) va deg S(x) < degQ(x) néu S(x)=0
Ménh dé 13: Cho da thirc P(x) £ 0 véi hé s hitu ti. Gia st a 1a mot nghiém cua P(x). néu

P(x) 12 bat kha quy trén Q thi P(x) 1a mot da thirc c6 bac nho nhat véi cac hé sb hiru ti va co
modt nghiém 13 a.
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~ PHAN III: CAC DANG TOAN VE PA THUC
I.  DANG TOAN XAC DPINH BAC CUA PA THUC

Bai 1: Cho da thirc P(x) = (1 —3x + 3x%)20%(1 + 3x — 3)(2)2003
Tim tong cac hé sb cua da thirc c6 duoc sau khi khai trién , bo cac dau ngodc va ude luong
céc s6 hang dong dang.
Huéng dan: S=P(1)=1
Bai 2: Cho da thirc P(x) = (x?7 + x7 - 1)092
Tim téng cac hé s cla céc 1¥ thtra bac 1€ cua da thuc sau khi khai trién , bo cac ddu ngoac
va ude luong cac sd hang dong dang.
Hudng dan:
degP(x) = 27.2002 v6i hé s6 cua luy thira cao nhat 1a 1=> da thirc P(x) 1a da thtrc bac chin
Gia str sau khi khai trién va rat gon da thitrc P(x) dé cho c¢6 dang
P(x) = x*"22 + g, 1Xp1 + ... Fa;x + ag
P(l)=1+a,;+a2t...+ta +a
P(-1)=1-ap1t+tan-...-a;+a

= P(1)-P(-1)=2(an1tans+...+ap)
batS=a,;ta,;+...ta (téng cac hé s6 cua cac 1y thira bac 1¢)
Matkhac P(1)=(1+ 1 1)202 =1

P(-l) — (_1 )2002 32002

2002
= 1-32002zzs=>s=1 3

Bai 3:Cho da thire P(x) = (x2 + x + 1)!', Goi ay, a1, as, ... , 82002 12 cac hé sd cua da thic noi
trén (trong dang chinh tic P(x) = a000x*°2 + a5001x>°' + ...+ a;x + ao ). Pat:
m=ag+ay+as+ ...+ aymn
n=a; +az+as+ ... T ao
Xéc dinh tinh chén, 1é cta céc s6 m va n
Bai 4:Cho P(x) va Q(x) 14 hai da thtic ¢6 bac n. ching minh rang hodc 13 P>(x) = 0*(x) hoic
la P*(x)-Q°(x) la da thirc ma deg(P’(x)-Q*(x))>n
Bai 5:Cho da thic P(x) = x2" + ap,. x> + ... + a;x + ap. Ching minh rang ton tai hai da thirc
Q(x) va R(x) sao cho degQ(x) = n, degR(x) <n va P(x) = Q*(x) + R(x)
Bai 6:Gia sir n nghiém x,, Xa, ... , X, ctia da thitc P(x) bac n v6i hé sb hitu ti co tinh chat sau:
Xn = Xn-1 7 Xp-1 = Xp27 ... T X2 = X
Biét rang da thirc P(x) khong thé phan tich thanh tich cta hai da thic véi hé sb hiru ti ¢6 bac
>n. Chung minh réng degP(x) <2 ?
Bai 7:Cho ay, a, ... , a; la n nguyen d61 mot khac nhau. Xét da thire P(x) = (x —ai)(x — a2) ..
(x -ay) — 2. Biét rang P(x) c6 thé bleu dién dugc dudi dang tich cua hai da thirc v6i hé s6
nguyén va cd bac > 1. Chirng minh rang degP(x) = 3?
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1. TINH CHIA HET CUA PA THUC
Phuong phap chinh:
- Dung dinh 1y Bezout va cac h¢ qua ctuia n6
- Luoc d6 Horner
Dang 1: Tim dw ctia phép chia ma khong thuc hién phép chia
1/ Pa thuce chia c6 dang x — a (a: const)
- Dung dinh ly Bezout
- f(x)cod tong cac hé so bang 0 thi chia hét chi x — 1
- f(x) co tong cac hé sd cua hang tir bic chin bang tong cac hé s6 ctia hang tir bac 1é thi
chia hét cho x + 1
2/ Pa thuc chia c6 bac 2 trd 1én
Cach 1: Tach da thirc bi chia thanh téng cua cac da thirc chia hét cho da thic chia va du.
Cach 2: Xét gia tri riéng: goi thuong cua phép chia Q(x), du la ax + b thi f(x) =g(x).Q(x) +
ax +b
Cach 3: Dung so d6 Horner
Vi du: a/ Tim du khi chia da thtre x'%° — 2x°' + 1 cho x> — 1
b/ Tim du khi chia da thic x'% — 2x3" + 1 cho x* + 1
Giai : a) Ta co: f(x) =x'9-2x31+1 = (x>-1).q(x) +ax + b
f(1)=0=a+b
f(-1)=4=-a+b=>b=2 ; a=-2. Vaydula: -2x+2
b) Ta c¢6 f(x) = (x!%%+x?) - 2x>14+2x) - (x*+1) + (2x+2)
f(x) = x2(x%+1) - 2x(x*%+1) - (x*+1) + (2x+2)
Vi x2(xB+1) 1(x* 1) ;0 2x(x0+1)  (x3+1) ;0 (X3  (xHHD).
=> (2x+2) chia cho (x*+1) du la 2x+2
Dang 2: Chirng minh mét da thirc chia hét cho mét da thirc khac
Céach 1: Phan tich da thtrc bi chia thanh nhan tir c6 mét thira sd 13 da thirc chia
Céach 2: Bién d6i da thic bi chia thanh mét téng cac da thirc chia hét cho da thirc chia
Cach 3: Bién ddi tuong duong f(x) :g(x) & f(x)+g(x) g(x)
Céch 4: Chting to moi nghiém cua da thuc chia déu 1a nghiém cua da thuc bi chia.
Vi du: Ctimg minh rang f(x) = x*+x% + ... + x'' +1 chia hét cho g(x) =x*+x%+ ... +x + 1
Tacd: f(x)—gx)=x? - x"+x3¥ - x%+ . +x-x+1-1
=x2(x* - 1) + x3(x* - 1) + x(x'° - 1) chia hét cho x'° — 1
Max0—1=x-1)x+x+...+x+1)chiahétchox®+x*+ ... +x+1
Suy ra f(x) — g(x) chia hét cho g(x) =x°+x®+ ... +x + 1
Vay fix) =x¥+x¥ + ... + x'! +1 chia hét cho g(x) =x°+ x* + ... +x + 1
Bai tap van dung:
Bai 1:Tim du cta cac phép chia:
a/x’+ x>+ x>+ 1 cho x>-1 b/ x* cho x?+1
¢/ x*7 +x° + x> + x cho x*-1 d/ x*° + x>° + x! + x +7 cho x?*+1
Bai 2: Chtrng minh rang:
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a/ x¥ + x* + | chia hét cho x2 + x" + 1

b/ x3™! + x3*2 4 | chia hét cho x2 + x + 1 v&i moi m, neN
o/ (x2+x- 1)+ (x2-x + 1)!°= 2 chia hét cho x* — x

d/ (x+1)* —x2" — 2x — 1 chia hét cho x(x + )(2x + 1)

Bai 3: Timm ; n; p sao cho da thirc f(x) = x>+ 2,734152x*- 3,251437x* + mx*+ nx + p
chia hét cho da thire g(x) = (x>-4)(x+3)
Bai 4: Cho hai da thitc P(x)=x*+5x>-4x>+3x+m va Q(x)=x*+4x>-3x>+2x+n
a) Tim cac gia tri cia m va n dé P(x) va Q(x) chia hét cho x-2
b) Hay chimg t6 da thirc R(x)=P(x)-Q(x) c6 mdt nghiém duy nhit v6i gia tri ctia
m va n vua tim duoc
Bai 5: Tim a va b sao cho hai da thirc f(x) = 4x> —3x*>+2x +2a+3b
va g(x) = 5x* — 4x3 + 3x2 — 2x —3a + 2b cung chia hét cho (x — 3)
Bai 6: Cho P(x) 1a da thirc bac 4 voi hé sb nguyén. Gia sir da thitc P(x) chia hét cho 7 véi
moi x nguyén. Ching minh rang tat ca cac hé sé cua da thirc P(x) déu chia hét cho 7?
Bai 7: Cho p va q 1a cac s6 nguyén. Tim diéu kién d6i voi p va q dé da thiic bac ba P(x) = x>
+ px + q nhan gia tri chia hét cho 3 v&i moi x nguyén.
Bai 8: Chtg minh rang véi moi gia tri nguyén duong ciia n, ta ¢6 da thirc P(x) = (x + 1)>!
+ x™*2 chia hét cho da thirc Q(x) = x>+ x + 1
Bai 9: Cho da thirc P(x) = x™ + x" + 1. Biét rang P(x) chia hét cho x> + x + 1. Ching minh
rang da thire Q(x) = x2™ + x" + 1 chia hét cho da thirc x* + x2 + 1
Bai 10: Cho da thire P(x) = (x -2).(x? -3). (x2-6)
Chtrng minh rang v6i moi s6 nguyén té p déu tim duogc sd nguyén duong n dé P(n) chia hét
cho p.
[II. DANG TOAN XAC PINH PA THUC
Dang 1: Tim da thirc thwong biang phwong phap dong nhit hé sé, phwong phap gia tri
riéng, thuc hién phép chia da thuc
Phuong phap 1: Néu hai da thirc P(x) va Q(x) thi cac hang tir cung bac ¢ hai da thic phai
c6 hé s bang nhau
Vi du: P(x) =ax*+2bx —3 Q) =x*>—4x —
Néu P(x) = Q(x) thitacé:a=1 (hé sd cua luy thira bac 2)
2b = -4 ( hé sd cua luy thira bac 1)
c=3 (‘hang ttr ty do)
Phuong phap 2: Cho hai da thuc P(x) , Q(x) va deg P(x) > deg Q(x)
Goi thuong va du trong phép chia P(x) cho Q(x) lan luot 1a M(x) va N(x)
Khi d6 ta c6 P(x) = M(x).Q(x) +N(x) ( Trong d6 degN(x) < deg Q(x)) (*)
Vi (*) ding véi moi x nén ta cho x 1dy mot gia tri bat ki x =k (k : const)
Sau d6 ta di gia pt hodc hpt dé tim cac hé s6 cta cac hang tir trong da thirc.
Vi du: Cho da thirc A(x) = ax® + 3ax? — 6x — 2a (ac Q). xac dinh a sao cho A(x) chia hét cho
x+17?
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Goi thuong cuia phép chia A(x) cho x + 1 1a Q(x), ta cd: a>x> + 3ax®> — 6x —2a = (x + 1). Q(x)
Vi déng thirc dung v&1 moi x nén ta cho x = -1, ta dugc:
-a?+3a+6-2a=0-a’+a+6=0 @{aa__;
Vé&ia=-2thi A(x)=4x> - 6x>—6x +4 va Q(x) =4x>~ 10x + 4
Véia=3thi AX)=9x>+9x> - 6x -6 vaQ(x) =9x> -6
Phwong phap 3: Thuc hién phép chia da thuc
Dang 2: Phwong phap ngi suy Newton
Dé tim da thirc P(x) c6 bac khong qué n khi biét gia tri cua da thuc tain + 1 diémecy, ¢, ... ,
Cur1 ta ¢ thé biéu dién P(x) dudi dang:
P(x) =by +b; (x —¢1) + ba.(x-¢1)(X-C2) + ... + bn.(X-C1)(X-C2)...(X - Cp)
Vi du: Tim da thtrc bac hai P(x) biét P(0) = 25; P(1) = 7; P(2) = -9
biat P(x) = by + bix+ bax(x-1) (*)

b, =25 by =25

Thay x 1an luot bang 0, 1, 2 vao (*) ta dugc: by+b=7 <{b=-18
b, +2b,+2b, =-9 b, =1

Vay da thirc can tim c6 dang P(x) = x* — 19x + 25
Bai tip van dung:
Bai 1: Xac dinh gia tri ctia k dé da thire f(x) = x* — 9x> + 21x% + x + k chia hét cho da thuc
gx)=x>—-x-27?
Bai 2: Tim cac héng s6 a, b, ¢ sao cho x* + ax + b chia cho x + 1 thi du 7, chia cho x — 3 thi
du-57?
Bai 3: Tim cac hang sd a, b, ¢ sao cho ax’ + bx? + ¢ chia hét cho x + 2, chia cho x> — 1 thi du
Xx+57?
Bai 4: Cho da thirc bac bon P(x) thoa man P(-1) = 0 va P(x) — P(x -1) = x(x+1)(2x+1).
a/ Xac dinh P(x)
b/ Suy ra gia tri cia tong S=1.2.3 +2.3.5+ ... +n(n+1)(2n+1) véineN*
Bai 5: Cho P(x) 12 da thitc v6i hé sd nguyén khong am va khong 16n hon 8. Gia str P(9) =
32087. Hay tim da thurc P(x)?
Bai 6:Cho da thic P(x) =ax?+ bx + ¢ (a, b, c#0 ). Cho biét 2a + 3b + 6¢ =0

a/ Tinh a, b, ¢ theo P(0); P(%); P(1)?

b/ Chirg minh rang P(0); P(% ); P(1) khong thé cung 4m hodc cung dwong?

Bai 7:Tim mdt da thic bac hai biét:, P(0)=19; P(1)=85; P(2) = 19857

Bai 8: Cho P(x) la da thurc vo1 hé s6 nguyén khong am va khong 16n hon 8. Gia st P(9) =
32087. Hay tim da thurc P(x)?

Bai 9: Tim da thurc hé sb nguyén bac nho nhat nhan 1++/2 ++/3 lam mot trong cac nghiém
cua no?
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Bai 10: Tim moi da thirc P(x) £ 0 thoa man diéu kién: x.P(x - 1) = (x - 3).P(x)
IV. NGHIEM CUA PA THUC
Bai 1: Cho f(x) 1a da thirc v6i hé sé nguyén. Biét f(0), f(1) 1a cac sb 1&. chirmg minh rang f(x)
khong c6 nghiém nguyén?
Gidi: Gia st x = a la nghiém nguyén cua f(x) thi f(x) = (x-a).Q(x). Trong d6 Q(x) la da thirc
c6 hé s6 nguyén, do do:
f(0) = a.Q(0) va f(1) = (1-a).Q(1)
Do f(0) 1a sb 1é nén a la sol¢, f(1)lasdolenénl-ala s6 1é
Ma 1- a 12 hiéu cua hai s6 1& khongthé 13 s6 1& (mau thuan)
Vay f(x) khong c6 nghiém nguyén.
Bai 2: Cho da thirc P(x) = 6x° + ax* + bx® + x? + cx + 450, biét da thic P(x) chia hét cho cac
da thirc x — 2; x — 3; x — 5. Hay tim a, b, ¢ va cac nghi¢ém cua P(x).
Giai:  P(2)=192+16a+8b+4+2¢+450=0 c+4b+8a=-323
P(3)=1458+81a+27b+9+3¢+450=0 c+9b+27a=-639
P(5)=18750+625a+125b+25+5¢c+450=0 c+25b+125a=-3845
Két qua:a=-59;b=161;c=-495
Ta c6: P(x)=(x-2)(x-3)(x-5)(mx*+nx+q) m=6 ;n=1; q=-15
P(x)=(x-2)(x-3)(x-5)(6x*+x-15)= )=(x-2)(x-3)(x-5)(3x+5)(2x-3)
-
372
Bai 3: Gia st P(x) 1a da thirc véi hé s6 nguyén. Biét rang da thirc P(x) khong chia hét cho 3
v6i 3 gia tri nguyén lién tiép nao d6 cua x. Chirng minh rang da thirc P(x) khong c6 nghiém
nguyén?
Bai 4: Cho P(x) 1a da thirc vi hé sb nguyén sao cho |P(a)|=|P(b)|=|P(c)|=1 vdi a, b, ¢ 14 cac

Vay nghiém cua P(x) la:xx=2; 3 ;5 ;

s6 nguyén doi mot khac nhau. Chu'ng minh rang da thic P(x) khong c6 nghiém nguyén?
Bai 5: Chiing minh rang v&1 moi sO a nguyén , da thirc

P(x) = x* — 2005x> + (2004 + a)x* — 2003x + a
khong thé ¢ 2 nghiém nguyén phan biét.
Bai 6: Ching minh rang khong ton tai da thirc bac 2 véi hé s6 nguyén P(x) = ax> + bx + ¢
nhan /3 lam nghiém.
Bai 7: Cho dathic  P(X) = anx* + an. x> + ...+ a;x + ag
Trong d6 cac hé sb a; déu 1a cac sb nguyén 1é. Ching minh rang da thirc P(x) khong co
nghiém htru ti.
Bai 8: Cho da thire P(x) = x® + ax® + bx + ¢, trong d6 a, b, ¢ 13 cac s6 hiru ti. Biét rang /3 1a
mot nghiém cua da thirc, tim cac nghiém khac cua da thirc P(x) (néu co)
Bai 9: Gia sir da thirc P(x) = x® + ax? + bx + ¢ ¢6 3 nghiém phan biét. Ching minh rang

O(x) = x* +ax’ +i(a2 +b)x+ab_

€ cling ¢6 3 nghiém phén biét.
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Bai 10: Cho da thic P(x) = X" + a,.,x™" + ...+ a;x + 1, trong d6 moi hé s cua da thirc déu
khong am. Gia su cac hé s6 cua da thirc con thoa man cac diéu kién sau:
a+a,+..+a >3 vaay, <2
Chtrng minh rang da thire P(x) khong thé c6 n nghiém.
V. GIA TRI CUA PA THUC
Bai 1: Chtng minh rang tam thic bac hai P(x) = ax® + bx + ¢, a= 0 nhan gia trj nguyén voi
moi gia tri nguyén cia x khi va chi khi 2a, a + b, ¢ 14 cac sd nguyén.
* Gia st P(x) nhan gia tri nguyén véi moi gia tri nguyén cia x
Ta c6 : P(0) =c => ¢ nguyén
P(1)=a+b+c=>a+b+ cnguyén =>a+ b nguyén ( vi c nguyén)
P(2)=4a+2b +c=>4a+2b+ cnguyén =>2a+2(a+b)+ c nguyén => 2a
nguyén
*Gia sir 2a, a + b, ¢ 1a cac sb6 nguyén

Viét lai P(x) dudi dang sau: P(x)=(a+b)x+c+
(

2ax(x—1)
2

Lay x nguyén tuy y khi 6 ==~ D 1256 nguyén => P(x) nguyén khi x nguyén

Bai 2: Cho P(x) 1a da thuc voi he s6 nguyén, voi degP(x) = n. Biét rang P(k) = 2* véi
k=1,n+1.Tinh P(n +2)?

Bai 3: Cho tam thirc bac hai P(x) = x2 + px + q trong d6 p va q 1a cac s6 nguyén. Chimng
minh rang ton tai sb nguyén k sao cho P(x) = P(2005).P(2006)

Bai 4: Chtng minh rang khong ton tai da thire P(x) véi cac hé s6 nguyén thoa man dong thoi
hai diéu kién sau: P(7) = 5; P(15) =9

Bai 5: Cho P(x) 1a da thirc v6i hé sd nguyén. Ching minh rang khong ton tai 3 sd nguyén
phan biét a, b, ¢ sao cho P(a) =b; P(b) =c; P(c) =a

Bai 6: Cho P(x) la da thire v6i hé s6 nguyén. Biét rang P(x) nhan gia tri bang 7 v6i 4 gia tri
khac nhau cta x. Chirng minh ring v6i moi x nguyén thi P(x) = 14

Bai 7: C6 ton tai hay khong mot da thic P(x) voi hé s6 nguyén thoa man diéu kién

P(26) = 1931 va P(3) = 2002

Bai 8: Pa thic P(x) bac 4 ¢6 hé sb bac cao nhat 1a 1 va thoa man diéu kién P(1) = 3; P(3)=11
va P(5)=27. Chtrng minh rang P(-2) + 7P(6) = 1112

Bai 9: Pa thic P(x) bac n thoa man cac dang thuc:

P(k)zL voik=0;1;...;n
k+1
n+1+(=1""
n+2

Bai 10: Cho da thirc P(x) = x* + ax’ + bx* + cx +d
Biét P(1)= 10 ; P(2) = 20 ; P(3) = 30

erzz:zo%
10

Chtng minh ring P(n+1) =

Chtng minh rang
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VI. PA THUC KHA QUY, PA THUC BAT KHA QUY
Bai 1: Cho P(x) = 220032 + a3002x2%2 + ... + a;x + ag 1a da thic voi hé s6 nguyén. Biét rang
phuong trinh |P(x)|=1 c6 2003 nghi¢m nguyén khéac nhau. Ching minh ring da thirc P(x)
khong thé biéu dién thanh tich cta hai da thirc voi hé sb nguyén.
Gia st P(x) c6 thé biéu dién dugc dudi dang: P(x) = Pi(x). Pa(x)
Trong d6 Pi(x), Pa(x) 14 hai da thtrc v6i hé sb nguyén. Ta co:
deg Pi(x) + deg P2(x) = deg P(x) = 2003 => min(deg P(x),deg P2(x)) <1001
khong giam tinh tong quat, gia st deg Py(x) <1001
gia str x; voi i=1,2003 1a 2003 nghiém nguyén khac nhau cua phuong trinh |P(x)| =1, tirc 1a
[P(x)] =|R ()] | (x)| =1, Vi =1,2003
=> |P(x,)|=1,Vi=1,2003 (Vi Pi(x;) va Pi(xi) la céc s6 nguyén) (1)
Tir (1) => mot trong hai pt Pi(x) = 1 hodc Pi(x) = -1 ¢ it nhat 1002 nghiém nguyén khac
nhau
Trong moi truong hop déu dan dén vo 1y vi deg Pi(x) <1002 ( vi mdt da thirc P(x) khong
phai 1a hang bac n khong thé nhan ciing mot gia tri tai n gia tri khac nhau ciia x) => vo ly
Suy ra dpcm
Bai 2: Cho da thuc P(x) = x™ + x+ + 1 trong d6 degP(x) =m > 3. Gid st m.n : 3. Ching
minh rang P(x) 14 da thic kha quy trén Z.
Bai 3: Cho da thirc P(x) = x?222 + 2x2220 + 4x2218 + || +2218x* + 2220x> + 2222
Chutng minh rang P(x) khong thé phan tich thanh tich cta hai da thic voi hé s6 nguyén
Bai 4: Chitng minh rang néu da thirc P(x) 1a da thirc khong dong nhat bang 0 c6 bac khong
vuot qua 3 va thoa min dong thoi hai diéu kién sau:
1/ P(x)>0,Vx
2/ Tén tai xo ma P(x0) =0
thi P(x) c6 thé biéu dién dudi dang P(x) = a.(x — Xo)?, v6ia >0
Bai 5: Cho ay, ay, ... , a, 1a n s6 nguyén phan biét. Xét da thirc
P(x) (x—a))(x—a)...(x—an)—1
Chtng minh rang khong thé biéu dién dugc P(x) dudi dang tich cuia hai da thirc v6i hé s6
nguyén.
Bai 6: Chitng minh rang v4i moi s6 nguyén aj, ay, ... , a, d6i mot khac nhau, thi da thirc
P(x) =(x—a1)® (x —a2)* ... (x —a,)* + 1 khong thé biéu dién thanh tich cta hai da thirc (bac
duong) véi hé sé nguyén.
Bai 7: Cho da thirc P(x) = (x —a1) (x —a2) ... (X —an) T 1, trong d0 aj, ay, ... , a, la cac sO
nguyén d61 mot khac nhau. Véi dleu kién nao thi P(x) c6 thé biéu dién du’oc du’m dang tich
cta hai da thire bac > 1 véi hé sé nguyén.
Bai 8: Cho da thtrc P(x) = x" + 5x™! + 3, trong d6 n 13 mot s nguyén 16n hon 1. Chirng minh
rang da thirc P(x) khong thé biéu dién duoc dudi dang tich cta hai da thic véi hé sé nguyén
va co bac > 1
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VII. CUC TRI CUA PA THUC

A. Ly thuyét:
1. Pinh nghia gid tri Ién nhdt (GTLN): Cho da thirc P(x) xac dinh trén R. Ta n6i M 1a gia tri
16n nhét cua P(x) trén R. Ki hiéu M= max P(x), néu hai diéu kién sau dugc thoa man.

+Voi moi x thude R thi P(x)< M, M 1a hang sé.

+T0n tai x, thudc R sao cho P(xo)= M.
2. Dinh nghia gia tri nho nhdt (GTNN): Cho biéu thire P(x) xac dinh trén R. Ta néi m la gia
trj nho nhat cua P(x) trén R, ki hiéu m = min P(x), neu hai diéu kién sau duoc thoa man:

+V i moi x thudce R thi P(x) > m, m 14 hang sé.

+Ton tai X, thudc R sao cho P(xo) = m.
Vi du : Xét biéu thic A = (x — 1)2+ (x — 3)~
Maic du ta c6 A > 0 nhung chua thé két luAn Min A = 0 vi khong ton tai gia tri nao cua x dé
A=0.
Céch giai dung nhu sau :

A=x2-2x+1+x>-6x+9=2(x*-4x+5)=2(x—-2)*+2=>2,

A=2<x-2=0<x=2.Vay Min A =2 khi va chi khi x = 2.
B. Phuong phap:
1. Dinh Iy vé ddu ciia nhi thirc bdc nhat.

Nhi thirc ax + b (a = 0) cung dau voi a véi cac gia tri cua x 16n hon nghiém cta nhi
thure, trai diu vai a véi cac gia tri x nho hon nghi€ém cua nhi thic.

X | -bla
ax +b | Trai ddu voi a 0 Cung diu voia
2. Sir dung cdc ménh dé twong dwong:
* A nho nhit < — A 16n nhét.
* B 16n nhat < B2 16n nhét. (B > 0)

% C nho nhét < é 16n nhét. (C > 0)

3. Cdc hang ddang thire dang nhd, cdc bat dang thire dd hoc, cdc quy tdc so sanh phdn s6...

4. Trong cdc hang dang thirc can chii y dén 2 ménh dé sau cho ta GTLN cua tich, GTNN ciia
téng.

a) Néu hai s6 co tong khong doi thi tich cia chung 16n nhét khi va chi khi hai s6 d6 bang
nhau:

Ié A 14 2
Chirng minh: Néu a, b co a +b =k ( k 1a hang so ) thi (a + b)> > 4ab ta co a.b < % do do
2
max(a.b) = kT khi v chi khi a = b.

b)Néu hai s6 dwong c6 tich khong doi thi tong cua ching nhé nhat khi va chi khi hai s0 d6
bang nhau:
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Chtrng minh: Néu hai s6 duong a va b ¢6 a.b = h (hing sd) thi (a + b) nho nhét khi va chi khi
(a + b)? nho nhit. Ma (a + b)? > 4ab = Min (a + b)? = 4h, (khi va chi khi a=b) = Min (a +
b) = 2vh, (khi va chi khi a = b).
5.Phuong phdp tim GTLN, GTNN cia biéu thirc nguyén cé bdc chan:
a/ Tam thirc bac hai: P(x) =ax®+bx + c. (a, b, c la hang s6, a= 0).

b b’ b — (b* —4ac)

Taco: P(x)=ax’+bx+c=a(x>+ =x+ )-—+C=a(x+i)2+ (b
a 4q* 4a 2a 4a

14 J— 2 — J—
e Néua>0 ,GTNN cia P(x) Ia w o x= 2—b va khong ¢6 GTLN.
a a

14 — 2 —
e Néua<0,GTLN cua P(x) la w =S
a

Vidu:a/ Tim GTNN cia A =3x*>—4x + 1
b/ Tim GTLN cia B=- 5x>+ 6x — 2

X = ;—b va khong c6 GTNN.
a

Giai ;

2
a) A=3(x2—ﬂx+ij—l=3(x—zj —12—1.\/2f1yminA=—l khix:%
3 9) 3 3 3 3 3 3

25) 5 5 5 5

2/ Pa thitc bdc cao hon hai: Ta cé thé d6i bién dé dwa vé tam thire bac hai
Vidu: Tim GTNNcua A = x(x-3)(x—4)(x—7)
Giai: A =(x*- Tx)(x>=T7x + 12)
batx>-7x+6=ythiA =(y - 6)(y + 6)=y> - 36 >-36

> minA = -36 © y=0 < xX>-7x+6=0 < x;=1,x, = 6.
B. Bai tap:
Bai I: Tim gia tri nhé nhét ctia céac biéu thic sau:

2
b) B= —S(JC2 —gx+ij—l=—5(x—gj —lS—l. Vay maxB = —% khixz%

1/3x? - 5x—2 6/ (x*+5)?
2/ (x-2) (x—-5)(x*-7x +10) 7/ x6—2x3 +x*—2x+2
3/ (2x - 1) + (x - 3) 8/ x*—4x3 + 6x° —4x +5
4/ x* — 6x* + 10 9/ x* — 4x3 +8x +20
4 )
X HE=x) 10/ @x+ 3) - 1
Bai 2: Tim gié tri 16n nhat ctia cac bicu thirc sau:
1/ 3x% (5 — 3x%). 5/ 11 —10x* — x?
2/ x —x? 6/ x-x°
3/-x*+3x 4 2\
4/ -2 +x— | W'(g*gj +3

8/5-3(2x — 1)
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