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Vecto trong khong gian

A. CHUAN KIEN THUC
A.TOM TAT GIAO KHOA.
1. Pinh nghia.
Cac khai nién va cac phép toan cua vec to trong
khong gian d}r(_yc dinh nghia hoan toan giong nhu . r
trong mat phang.Ngoai ra ta can nhé thém:
1. Qui tac hinh hop : Néu ABCD.A'B'C'D' la ~o
hinh hop thi AC'=AB+AD+AA' =a+b+c. S~

2. Qui tic trong tam ti dién. - c
G la trong tam tit dién ABCD khi va chi khi mot 7
trong hai diéu kién sau xay ra: A o
¢ GA+GB+GC+GD=0

° M—A+@+M—C+1\TD=4M—G,VM

3.Bavécto a,b,c dong phing néu gia cia chitng song song véi mot mit
phang,

biéu kién can va du dé€ba véc to a,b,c dong phang la 6 cac s6 m,n,p khong

dong thoi bing 0 sao cho ma+nb+pc=0.

Cho hai vec to khong cung phuong khi d6 diéu kién can va du dé ba vec to
a,b,c dong phing la ¢6 céc s3 m,n sao cho c=ma+nb.

Néu ba véc to Q,B,E khong dong phéng thi mdi vec to d déu c6 thé phan tich
mot cach duy nhat dwéi dang d=ma+nb+ pE .

B. LUYEN Ki NANG GIAI CAC DANG BAI TAP.
Bai toan 01: CHUNG MINH PANG THUC VEC TO.
Phuwong phap:
Str dung qui tac cdng, qui tac trit ba diém, qui tac trung diém doan thang, trong
tam tam gidc, trong tam t¢ gidc, qui tic hinh binh hanh, qui tic hinh hop...dé
bién doi v€ nay thanh vé kia.
Cacvidu

Vi du 1. Cho hinh chép S.ABCD c6 day ABCD la hinh ch@ nhat . Chttng minh
ring SA” +5C° =55+ 50",

Loi giai.
Goi O la tam cua hinh ch® nhat ABCD
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Ta c6 ‘ﬁ‘ = ‘@‘ = ‘&‘ = ‘oﬁ‘ .

—2 — ——\2 —=2 —2 [

SA =(SO+OA) =SO +0A +2S0.0A (1)
—2 - —\2 ——2 —2 RS

SC =(SO+OC) =50 +0OC +2S0.0C (2)

Tw (1) va (2) suy ra
§2+§2=2%2+a2+&2+2%(@+&)
:2%2+C7A2+Cf2 (vi a+&=6).

Tuong tw §32 +§Dz :25732 +§32 +(TD2 .

Tt d6 suy ra SA +SC =SB +SD .

Vi du 2. Cho t¢ dién ABCD, M va N Ian lwot 1a cac diém thudc cdc canh AB
va CD sao cho MA =-2MB,ND =-2NC ; cac diém I,],K Tan luot thudc
AD,MN, BC sao cho IA =kID,JM =kJN, KB =kKC.

Chiing minh véi moi diém O ta c6 Of = %& + %O?

Loi giai.
Vi MA = -2MB nén véi diém O bat ki ta cé6 OA —OM = —2(& —oTv[)
= (ﬁ/{ = M . A

Twong twe ta co :

(ﬁ:ODJrZOC , a:OA—kOD ,

3 1-k

CY(zOB_kOC,CT]:OM_kON.
1-k 1-k

Tt &6 ta co
— 1 1

O]=—.—(a+2@—k®—2k072)
1-k'3

. — 1 — R
[(1-K)OI+2(1-k)OK] = -(OI +20K)

W

O
1-k

Vay Of = ~Oi+20K.
33
’. DN <2 N ~ g
Bai toan 02: CHUNG MINH BA VEC TO PONG PHANG VA BON PIEM

PONG PHANG.
Phwong phap:
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D& chiing minh ba vec toa,b,c dong phing ta c6 thé thyc hién theo mot trong
cac cach sau:

e Chttng minh gia ctia ba vec to a,b,c cling song song v4i mot mat phang.

e Phan tich c=ma+nb trong do a,b 1a hai vec to khong cuing phuong.

Dé chitng minh bon diém A,B,C,D dong phéang ta c6 thé chitng minh ba vec to
AB,AC,AD dong phing. Ngoai ra c6 thé st dung két qua quen thudc sau:
Diéu kién can va du d€ diém De (ABC) l1a véi moi diém O bat ki ta cd
CY):XCTA+y€B+z& trong d6 x+y+z=1.

Cacvidu

Vidu 1. Cho ti dién ABCD, cac diém M, N lan luot la trung diém cta AB,CD .
Goi P,Q Ian luot Ia c4c diém thoa man PA =kPD, QB=kQC(k#1). Ching
minh M,N,P,Q ddng phéng.

Loi giai.
Ta 6 ﬁ:kﬁ:m—ﬁ):k(l\ﬁ—ﬁ))

QﬁzMA—kMD'
1-k

Tuong tu @=k®3@=%ﬁwc

Suy ra W+1\T(Q=MA—lel)+li\/IB—kMC

:L(MT:H\E)(DO MA + MB=0)
k-1

Mit khac N 1a trung diém cua CD nén

m+@:zm3ﬁ+@:;—ﬂm suy ra ba vec to MP,MQ,MN dong

phang, hay bon diém M, N,P,Q dong phang.

Vi du 2. Cho tt dién ABCD, cac diém M,N xac dinh boi MA = xMC,NB = yND
(x,y # 1) . Tim diéu kién gitta x vd y dé&ba vecto AB,CD,MN dong phing.

Loi giai.
D3t DA=a,DB=b,DC=c thi a,b,c khong dong phang.
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MA =XMC = DA - DM =x(DC - DM) A
:>W=DA—XDC=a—xc (1)
1-x 1-x
Lai c6 NE=yND=DN=—DB=——b (2)
-y 1-y
Tk (1) va (2 °
u()va()suyra b
MN=DN-DM=-"ta+ b+~ c.
1-x 1-y 1-x
Ta 6 AB=DB-DA=b-a,CD=~c ; AB va CD la c
hai vec to khong cuing phuong nén AB,CD,MN
dong phémg khi va chi khi MN =mAB +nCD, ttic la
Lo+ L b+ X c=m(b-a)-nc
1-x  1-y 1-x
1
m=——-o
1-x
1 )= 1 - X )z = 1
o|lm-——la+|—-m b+ n+— |c=0 & {im=—— =x=y
1-x 1-y 1-x 1-y
X
n=-———
1-x
Vay ba vec to AB,CD,MN déng phang khi va chi khi x=y .
Luu ¥ : Ta c6 thé sit dung diéu kién dong phang ctia ba vec to d€ xét vi tri tuong
d8i ctia duong thang véi mat phang:
Cho ba duong théng d,,d,,d, lan lwot chita ba vec to u,,u,, u, trongdo d,,d,
catnhauva d, & mp(dl,dz) .

Uz

Khi d6:

e d,/ (dl,dz) = 1?1,;2,;3 la ba vec to dong phang. d
e d,nmp(d,d,)=M< ;1,;2,12 la ba vec to khong dong
phang m
A" W™

Vi dy 3. Cho hinh hgp ABCD.A'B'C'D', M,N 1a cac diém
thoa WA=—%W, M:-éﬁ.cm’mg minh MN // (BC'D). |

Loi giai.
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Dit BA=a,BB'=b,BC=c thi a,b,c laba vec to khong déng phing va
BD=BA+AD=BA+BC=a+c A M

BC' =b+c,BA'=a+b.

|
el e s/ N
Ta 6 MA=—--MD=BA-BM=—-(BD-BM) ———(C
4 4 | v
B o 1o It
=>BM=BA+-BD Al ]
4 4 ,
—— 4BA+BD 4a+( E) 5a+c .
=BM= = . B' c
5 5 5
Tuong tw ﬁ\]=%b+k,
MN=BN-BM="2"C_ 20, 0), 3(6540)=-2BD+ 2BC
5 5 5 5 5

Suy ra W,ﬁ,ﬁ dong ph:fmg ma N %(BC'D) =MN/ (BC'D) .
Nhan xét: C6 thé stt dung phurrong phap trén d€ chitng minh hai mit phang song
song.

Vi du 4. Cho lang tru tam giac ABC.A'B'C". Goi M, N Ian luot la trung diém cua
AA',CC' va G latrong tam ctia tam giac A'B'C".
Chting minh (MGC') / (AB'N).

Loi giai.
Djit AA'=a,AB=b,AC=c
Vi M,N lan luot la trung diém ctia AA',CC' nén
AM=2aA' =12, AN= (AC+AC)=—a+b

2 2 2
Vi G la trong tamm ctia tam giac A'B'C' nén
AG=1(AA+AB'+AC)=a+ b+ +c

3 3 3

Ta cé

MG =AG-AM= %5+ b+3c:>MG LN ANsuyra MG, AB', AN dong

phéng, Mét khéc G ¢(AB'N) =MG // (AB N) (1)
Tuong ty MC'=AC' - AM = a+c—%u—%u+k AN =MC'//(AB'N) (2).

\ \ MG/ /(AB'N) ' '
Tux (1) va (2) suy ra {MC, (AB'N) =(MGC'") //(AB'N).

Bai toan 03: TINH PO DAI CUA POAN THANG.
Phwong phap:

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

HOC360.NET - TAI LIEU HOC TAP MIEN PHI

Dé tinh do dai ctia mdt doan thang theo phuwrong phép vec to ta sit dung co so

-2
a =j|a

- 2
= ‘a‘ =Va . Vi vay dé tinh do dai ctia doan MN ta thuc hién theo cac

budc sau:

e Chon ba vec to khong déng phing a,b,c so cho d6 dai ctia chiing c6 thé tinh
dwgc va gbc gitra chiing ¢6 thé tinh duoc.

e Phan tich MN =ma+nb+ pE

e Khido MN:‘I\T\I‘:«/MNZ =\/(m£+n5+p2)2
_ \/mz ;

a
Cacvidu

—2

—2
+n’|b| +p’lc

+ 2mncos(;,1;) + 2npcos(l;,E) + 2mpcos(5,;) f

Vi du 1. Cho hinh hop ABCD.A'B'C'D’ ¢6 t4t ca cdc mat déu la hinh thoi canh a
va cdc goc BAA'=BAD=DAA'=60° .Tinh d6 dai duong chéo AC'.

Loi giai.
Dit AB=a,AD=b,AA =c thi A D
-0 (38)-(5.8)-e3) -0 N
Tacé AC' =a+b+c. . : \\ ¢
— AC” =2 +B +¢ +2ab+2bc+2ca RN
A)_ - = _\\_ 4--)p
// \
/ \
B' C'

=3a’+ 2‘5”5‘@5600 + 2‘5”5‘&5600 + 2‘6”5‘&5600 —6a> = AC' =av/6.

Vi du 2. Cho hinh hop ABCD.A'B'C'D' ¢6 tdt ca cdc mat déu la hinh vudng canh
a.Lay M thudc doan A'D, N thudc doan BD véi AM=DN = x(O <x< a\/a) .
Tinh MN theo a va x.

Loi gii.
Dit AB=a,AD=b,AA =c
108 - -i-a 25)-(54)-(65) - . -
/
- _ |
DN:%DB_a\/_(AB AD)= a\/_( b) N I’I: B
. - |
AM:%AD' a\/i(ADJrAA'):m(bJrc) M,'-IBJ\_N__ I
l, \\
A B

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

HOC360.NET - TAI LIEU HOC TAP MIEN PHI

Suyram MA + AD+DN=—— (a b) +b+

) a\);E(B+E)

:L;{l_LJB_LC
a2 a2) a2
2 5 )
MN: = L;{l_LJ 3 :{1 Lj B X
(a\/z a\/E a\/_ a\/E 2a*
2
=x2+{1—@+X—ZJazz:ai—\/5ax+a2
2a 2

a

2
MNza,/%—\/Eax+a2 .

Bai toan 04: SU DUNG PIEU KIEN PONG PHANG CUA BON PIEM DE

GIAI BAI TOAN HINH KHONG GIAN.

Phuwong phap:

St dung cac két qua

e A,B,CD labdn diém dong phrﬁmg < DA =mDB+nDC

e A,B,C,D labdn diém dong phang khi va chi khi véi moi diém O bat ki ta c6
OD = xOA +yOB +zOC trong d6 x+y+z=1.

Cacvidu

Vi du 1. Cho hinh chép S.ABCD c6 day ABCD la mot hinh binh hanh . Goi
B', D' lan luot la trungdiém cuia cac canh SB,SD . Mt phéng (AB'D') cit SC tai

C'. Tinh £
SC

Loi giai.

Dit a=SA,b=5A,c=SD va m="=
SC
. oo Ay, =
Tacé SB'==b,SD'==c va
2 2
SC' = mSC=m(SB+ BC)=m(b-a-+¢).

= SC'=2mSB'—~mSA +2mSD’
Do A,B,C',D' dong phang nén

2m+(—m)+2m=1©m=%

SC' 1

V = —
YT
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Vi du 2. Cho hinh chép S.ABCD c6 day ABCD la mot hinh binh hanh. Goi K la
trung diém ctia canh SC . Mt phing qua AK cét cac canh SB,SD Ian luot tai
SB SD

M,N. Chting minh — +—-—=3.
SM SN

Loi giai.

Dat ;=STA,B=STA,(—:=STD va ﬁzm, 2=r1.
SM

Tacs SM=Msp- L gB.sN=Ngp-1sp S
m SD n

SK=15C=1(5T3+E)
27772

- - K
=1(SD+AB)=1(SD+SB—SA)

2 2

_DoN+Mgni-Lsa.

2 2 2 C
Mit ta co6 A,M,K,N dong phéng nén

LU 1 =leom+n=3.

2 21 2 A B

v OB SD _

SM SN

Vi du 3. Cho tt dién ABCD, trén cac canh AB,AC,AD ldy cac diém K E,F. Cac
mat phr?mg (BCF),(CDK),(BDE) cit nhau tai M . Duong théng AM cit (KEF)

tai N va ct mat phang (BCD) tai P. Ching minh % = 3% .

Loi giai.
- Chi ra su ton tai ctia diém M .
Goi I=CFNBK = CI=(BCF)n(CDK)

Goi J=DENCF=(BCF)n(BDE)=BJ
Khi d6 M=CINBJ chinh la giao di€ém ctia ba mgt phang

(BCF),(CDK),(BDE).
- Chtng minh NP _ 3£ .
NA "MA

Giastt AB= O(R,E :ﬁﬁ,ﬁ =yﬁ

Do M,N thudc doan AP nén ton tai cdc s6 m,n>1 sao
cho AP=mAM=nAN .

Ta c6 B,C,D,P dong phang nén ton tai x,y,z véi
Xx+y+z=1 (1) sao cho EZXE+YR+ZE
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— axAK +ByAE + yzAF = AN = X AK + PY AF + Y2 AT
n n n

Mt khac N e(KEF) nén — Bz =loax+py+yz=n (2).

n n n
Lém tuong tw ta co

(BC ):>x+y+yz:m (3)
(CDK):>X+[3y+yz=m (4)
Me(BDE)=ax+y+z=m (5)

( ),(4) ( ) suy ra 2(x+y+z)+ax+ﬁy+yz=3m

Két hop véi (1),(2) ta duoc 2+n=3m <2+ AC AP 3. D0 54, M0
AN AM NA MA
NP _3MP dpem)
NA MA
Vi du 4. Cho da giacloi A A,..A_ (n > 2) nam trong (P) va S 1a mot diém nam
ngoai (P) . Mot mat phzfmg (a) cit cac canh SA,,SA,,..,SA  cua hinh chop
S.A/A,..A_ taicacdiém B,,B,,.. B_ sao cho S, SBJ SA, =a (a>0 cho
. SB, SB,
trwde)
Chting minh (a) ludn di qua mot diém c6 dinh.
Loi giai.
A M ae . SA.
Trén cac canh SA, lay cac diem X, (1 = 1,2,..n) sao cho SX, = —*
a

Goi I 1a diém xéc dinh boi SI=SX, +SX, +...+SX_ thi I Ia diém ¢8 dinh ( do cic
diém S va X, X,,.., X, ccos dinh)
SX, e X, am- SX

Ta 6 SI=SX, +SX, +..+SX_=>"1GB +2°2GB 4 . +>-2GB
SB, SB, SB.
Do SX, +SX2 +...SXn = SA, + 54, +ot SA, =1 nén cac diém I,B,,B,,..,B_
. SB, "SB_ aSB, aSB, aSB

déng phang suy ra mat phang (a) di qua diém I c6 dinh.

CAC BAI TOAN LUYEN TAP

1. Cho tt dién ABCD. Goi E,F 1a cdc diém thoa nim EA =kEB,FD=kFC con
P,QR la cac diém x4c dinh bdi PA =1PD,QE =1QF,RB =IRC. Ching minh ba
diém P,QR thang hang.

2. Cho tir dién ABCD. Goi I,] Ian luot 1a trung diém cua AB va CD, G la trung
diém cua IJ .

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

HOC360.NET - TAI LIEU HOC TAP MIEN PHI

a) Chting minh 2I] = AC+BD

b) GA+GB+GC+GD=0

¢) Xéc dinh vi tri cia M dé [MA + MB+MC + MD| nho nhat.

3. Cho hinh hop ABCD.A'B'C'D'. Xac dinh vi tri cac diém M, N lan luot trén

AC va DC' sao cho MN /BD'. Tinh ti s& %

4. Cho hinh hép ABCD.A'B'C'D' ¢6 cac canh déu bang a va cac goc
B'A'D'=60",B'A'A=D'A'A=120°.

a) Tinh goc gitta cac cap duong th:fmg AB v6i A'D; AC' v6i B'D.

b) Tinh dién tich cac t& giac A'B'CD va ACC'A’.

¢) Tinh goc gitta dwong théng AC' v6i cac duong théng AB,AD,AA".

5. Chting minh réng dién tich ctia tam gidc ABC duoc tinh theo cong thitc

1 —— ——\2
S= —\/ABzACZ ~(ABAC) .

2
6. Cho tir dién ABCD . Ly cac diém M, N, P,Q Ian luot thuéc AB,BC,CD,DA
sao cho AM = AB, BN =2 BC, AQ= AD,DP ~kDC.
Hay x4c dinh k d& M,N,P,Q dong phang.
7. Cho hinh chép S.ABC ¢6 SA=SB=5C=a, ASB=BSC=CSA=a.Goi () la
mét phang di qua A va cac trung diém ctia SB,SC.
Tinh dién tich thiét dién cta hinh chdp cat boi mét phang ([5)
8. Cho hinh chép S.ABC, mat phéng (a) cit cac tia SA,SB,SC,SG( G 1a trong
tam tam gidc ABC) lan luot tai cac diém A',B',C',G'.
Chiing minh 22 4 58, 5C€ 356

SA' SB' SC' SG'

9. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh . Mt mit phang
(a) cit cdc canh SA,SB,SC,SD Tan lwot tai A'B',C,D".

Chttng minh %+£:§+2 .
SA" SC' SB' SD'

10. Cho hinh chép S.ABC cé SA=a,SB=b,SC=c. Mot mat phéng (a) ludn di
qua trong tam cta tam giac ABC, cit cac canh SA,SB,SC lan luot tai A',B',C'.

+ ! + 1 .
SA? SB? SC”
11. Cho t¢ dién ABCD, M la mot diém ndm trong t dién. Cac duong thang
AM,BM,CM,DM cét céc mit (BCD),(CDA),(DAB),(ABC) Ian luot tai

A''B,C',D'. Mt phzfmg (a) di qua M va song song véi (BCD) Tan lwot cit

Tim gid tri nho nhét cua
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A'B,A'C,A'D' tai cac diém B,,C,,D,.Chting minh M la trong tdm cta tam

giac B,CD,.

12. Cho tit dién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC=c

Goi S la dién tich toan phan ( tong dién tich tat ca cac mat) . Chiing minh rang
1 1 1 9

a’b’ ’ b*c? ! c’a’ = S

13. Cho hinh hgp ABCD.A'B'C'D' va cac diém M, N,P xac dinh boi

MA =kMB'(k #0),NB=xNC',PC=yPD'.

Hay tinh x,y theo k d&ba diém M,N,P thang hang.

14. Cho hinh hop ABCD.A'B'C'D'. Mot duong thang A cat cac duwong thiang

AA' BC,C'D' Ian luot tai M,N,P sao cho NM =2NP . Tinh % )

15. Gia st M, N, P la ba diém [an lwot ndm trén ba canh SA,SB,SC coa t¢ dién
SABC. Goi I la giao diém cuia ba mit phing (BCM),(CAN),(ABP) va ] la giao
diém ctia ba mit phang (ANP),(BPM),(CMN).

Chtng minh S,1,] théng hang va M—S + N—S + P—S +1= E .
MA NB PC JI
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