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CHUYEN PE IV : UNG DUNG PHUONG PHAP TQA PQ VA
VECTO VAO GIAI TOAN PAI SO

1. Mt s6 kién thirc co ban thudong dung.

a) Cac kién thirc cia chuong phuong phép toa do trong mit phiang: phuong

trinh dudng thang, duong tron, elip, ... .

b) Mot sb bat dang thire vecto.

— -

Trong mat phéng toa do Ozy,Chocacvécto v = z.;y, , v = T,;¥,

khi 36 ta ¢co
+

— —

u+t v ey mtn oyt <R+
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Déu bang xay ra khi va chi khi hai véc to u, v cling huéng

+

— —

<[l e <V

- —

Déu bang xay ra khi va chi khi hai véc to u, v nguoc huéng

+

—
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—
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— —
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& ol +4f =l +

Déu bang xay ra khi va chi khi hai véc to u, v cing hudng

- =

+ uv < |u

— —

v

& w3, + Yy, <1y el 4y

- -

Déu bang xay ra khi va chi khi hai vecto u, v ctng huéng

— —

+ uv > —

—

U

—

V| < 1., + Y1-Y, > _\/3:12 + y12 \/'TZZ + y22

- -

Dau bang x4y ra khi va chi khi hai vecto u, v ngugc huéng

Chay: - Néu z, = 0,y, = 0 thi

" v ho_

+ Hai vecto u, v cung huéngs L ==L =k >0
IQ y2
. - - i xl yl
+ Hai vecto u, v nguoc huéngs — ===k <0
I2 y?

— —

- Bat dang thire dau c6 thé moé rong 1én n vecto v, u,,...,u, khi do
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—

u, +u, + ot | <y |+

1

— — —

Dau bang xay ra khi va chi khi cac vecto Uy, Uy, ..., U, cUNg hudng.

2. Phuwong phap giai.
e Khi gip cac bai toan dai so ma mdi biéu thirc dudi dau cin bac hai
JA, VB, ... ¢6 thé bidu didn dudi dang

=.a +al, JB = b2 + 0 ... ta thiét 1ap cac diém, vecto co toa

d6 thich hop sao cho d6 dai cac doan thang, vecto d6 twong ing bang
\/_ \/_ . 10i sir dung cac bat dang thirc hinh hoc co ban (bat dang vé

dd dai céc canh tam glac bat dang thirc vé d¢ dai duong gap khuc, ...) va
cac kién thirc trén dé giai quyét ba1 toan.
e Khi gip cac bai toan dai s ma biéu thic c6 dang
ar +by+c=0,
2 2 7’ 2
r—a + y—b = E—}_Z_Q:l

sang bai toan hinh hoc dugc xét trong mat phéng toa dd Ozxy .
3. Cac vi du.
a) Ung dung trong giai phwong trinh, bit phwong trinh.
Vi du 1: Giai cac phuong trinh sau:

) _if N o)

b) ‘\/:z: + 4z +13 — J2? —2x+2‘ =
Loi gidi

@H&h%MMMnx>U

biat u 2\/_ 2:Nz+1

... thi ta chuyén bai toan dai s6

\/; - 2\/5 +\/;

= UV =
Jm+1Jx+1 Jr+1
va;.;:\/8+x+1.\/ 1 + L —Jz+9
r+1 z4+1

- —

Do d6 u.v = |u

— -

v| = u, v cung hudng

w1 A
oz +1 z+1

- -

&= %(tmdk)
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Vay phuong trinh da cho ¢6 nghiém =z =

1
7'
b)pt@‘\/x—f—Q?—f—Q—\/x—lQ—f—l‘ J13

baitu z+23 ,v z—11

Tacé\ﬁ—f;\:x/ﬁ,‘ ‘ ‘ ‘ x+22+9—\/x—12+1
Dod()H ‘ ‘ H—|u—v|(:>u v cung hudng (*)

Taco =z = 1 khong la nghiém cta phuong trinh.
Xét 7 = 1 khidé () 212 23 522
r—1 1 2

Vay phuong trinh ¢6 nghiém 1a z = —

Vi du 2: Giai bat phuong trinh sau

N2 =22 +2 > a2 +14+222 +22+1
Loi gidi

BPT & 2—1 +1>ya? +1+ 2>+ 241" (%)

Trong mit phang Ozy xét cac vecto v z;x +1 , v Lz khi dé taco

=+z* +1

u—v‘:\, x—12—|—1, U

>

=22 +2z+1, v

—

U

—

+ v

u—"2ov

—

U

—

v

- e

u—v

_l_

<

Mat khac ta ludén co

- —

U — vl =

—

ul + |v

—

suy ra hay u va v ngugc hudng

Dé thdy z = 0 la nghlem ctia bat phuong trinh.

Véi z = 0 thi u va v ngugc hudng khi va chi khi

r z+1 <0 1—\/3
- = <0&4 ., = T =
r—x—1=0

1 T

1_\/3.

Vay bat phuong trinh ¢6 nghiém 1a # = 0 hoic z =

b) Ung dung trong giai hé phwong trinh, hé bit phwong trinh.
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zy—1 +yz=0
Vidu3: Gidihé 1z 2:—3 +y 2—2 =0
2%-3"4+ g—2 = y—12—|—z2
Loi gidi
Xétu vy v y—Lz , 0 22—3;20 — 2 .

Trhésuyra uv = 0(1), v = 0(2), v° = w* (3)

*THL:Néu € =0 < 2 = y = 0 thay vao h¢ suyra z = 1 hodc
z = 2.
* TH2: Néu @ = 0 tr (1) va(2) suyra 4,4 cung phuong.
Mit khac ¢6 v° = w* néntasuyra v = .
y—1=22-3 {y:2z—2
<

T =2z

+Véi v =uw <
=T —Z

Thay z, y vao phuong trinh dau ta dugc

22 22—3 4+ 22—2 2=0<2z 32—4 =0<« 2z =0 hoic

4
Z = —
3

. . 4 2

3 3 3

—1=3-22 =4-2z
+V6i17:—17;<:>{y @{y
R =2—2 Tr =

Thay z, y vao phuong trinh dau ta dugc z 4 — 2z = 0 < z = 0 hodc

z =2
Néuz=0=y=4,nuz=2=y=0

Vay nghiém cua hé la: 0,0,1 , 0,0,2 , 0,—2,0 , 0;4;0 va

824
3'3’3)
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r+ay—a=0

Vi du 4: Cho hé ph trinh
idu o h¢ phuong trin Pty —z=0

(*)

a) Tim tat ca céac gia tri cuia a d€ h¢ co 2 nghiém
phan biét.

b) Gia su h¢ co nghiém 1a z;y, va z,;y, .

Chimg minh rang T, — T, g Y, — Y, ’ <1

Loi gidi (hinh 3.24)
r+a y—1 =0 (1) Hinh 3.24
Taco (*) < 1Y 1
[:L‘——] +yP== (2

2 4
Xét hé truc toa d0 Ozy . Khi d6 phuong trinh (1) 1a phuong trinh duong
thfmg A ,lubén qua diém c6 dinh c6 toa d6 0;1 . Phuong trinh (2) 1a

A . 1
phuong trinh dudng tron (C) cé tam [[%;O] ban kinh R = 3
a) Ta c6 s6 giao diém ciia duong thang A va duong tron (C) 14 s6 nghiém

cta h¢ phuong trinh.
Vay dé h¢ phuong trinh c6 2 nghiém phan biét khi va chi khi

1
‘+m.0—m ) 4
d [ A = <-&3mM-—-4dm<0s0<m<-—
V1+m’ 3

b) Tacd z;y, V& m,;y, la2nghi¢m cia hé suy ra duong thang A cat

duong tron (C) tai hai diém A x5y, va B z,;y,

Taco AB:\/:EQ—x1 s Y, — Y, ’
Mait khactaco AB < 2R = 2.% =1
A 2 2
Vay =, -z, + y,—y, <1
Vi du 5: Tim m dé hé bat phuong trinh sau c6 nghiém duy nht
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{x+y—|—,/2xy+m >1

r+y <1 Ay
Loi gidi (hinh 3.25)

2 >1—z—
Tacé(*)@{ wem = imrey

r+y <1

2
2 > 1—z—
@{xy—l—m T —y

z+y <1
Hinh 3.25
20y +m > 1+ 2> +y* — 2z + 22y — 2y
r+y<1 . A
) ) Xét hé toa dod truc
(=1 +@y—-1<m+1 1
r+y <1 2

Ozy . Ta c6 nhig diém M z;y théa man (1) 1a nhitng diém nam trén
va trong dudng tron tam I 1;1 ban kinh R = </m + 1 (nhu hinh v&) ,
nhitng diém M 2;y théa méan (2) 1a mién gach chéo va duong thang
z+y=1.

Suy ra h¢ c6 nghiém duy nhat khi va chikhi d ;A = R

1 1
& —==Jm+1le&m=—=-
J2 2

y | U
Vay m 2—5 la gia tri can tim.

¢) Ung dung trong chirng minh bit ding thirc va tim gia tri 16n nhit,
nho nhat.

Vi du 6: Chimg minh rang v6i moi s thuc z ta lubn c6

Va2 420 +2 412 — 22 +5 > J13

Loi gidai

batu z+ L1 ,0 1—x;2

=<V
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Khuddtacod |u+ v :\/Bvé
ul+ o] =V + 22 +2 + V22 — 2245
Vi |u|+|v] > [u + v| nén \/x2+2x—|—2+\/x2—2x+52\/ﬁ

s , . 1
Dau bang xay ra khi va chikhi 2 z +1 zl—x(:)x:—g

Vidu 7: Cho hai sé thuc z, y voi y > —1 . Tim gia trj nho nhit cta biéu

4 4 4 4

\/x+y—4y+5+\/$+y+8y2—4z—12y+9
2 ' 2 2 ' 2
y+1

thae S =

Loi gidi
A | S|
Tacd = +=> 22 4= > Y’
2 2 2 2

Lo Vo2 + g —dy+ 4 + 22 + 92 —da — 12y + 8
y+1
\/x2+ y—22+\/x—22+ 3y—22
a y+1

Liyu = zy—2 ,uv= 2—x;2—3y thi

—

U

—

+v :\/x2+ y—22+\/2—x2+ 23y

2\/x+2—x2+ y—24+2-3y =4Jy* +1
Ap dung bat dang thirc bunhiacopxki ta c¢6
4 y2+122\/§ y+1 suyra S > 242
Dau bang xay rakhi vachikhi z = y =1

Vay min S = 2v2
Vi du 8: Cho céc sb thuc a, b, ¢, d théaman a® +b° =4 va c+d = 4.

Chtng minh rang: ac + cd +db < 4 + 42
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Léi gidi (hinh 3.26)
Tacod ac +cd +db < 4 + 442
o a—c 4 b—d >+ + c+d —8—8J2

= a—02+ b—d’ 212—8\/5

A
Trong hé truc toa d6 Ozy xét M a;b , N ¢;d
khi d6 M, N lan lugt nim trén dudng tron
C : 2+ 19 = 4 va dudng thing
Arx+y=4.
Khidé MN* = a—c + b—d .
Taco C cbétdm O bankinh R = 2 va khéng B
cat A Hinh 3.26

Puong thang d di qua O va vudng goc véi A co phuong trinh 13
d:z—y=20.
Toa d6 giao diém B cuia dudng thang A va d 1a nghiém cua hé
r+y=4 T =2
& = B 2;2
z—y=0 Yy =2
Toa dd giao diém A cua duong thang d va duong tron C 1 nghiém cua
|+ =4 x:y:\/g
hé &
rT=y= 2

Suy ra duong thang d cit dudong tron C' tai hai diém

A \/5,\/5 , A, —\/5;—\/5

Dodo AB =4[22 V2 <AB=,224+2"

Taco MN > min AB;AB = MN* > AB® =12 — 82

Dau bang xay ra khi va chi khi M = Ahaya=0b= J2vanN =8 hay
¢ =d =2 dpcm. ) i ) ]
Vidu 9: Cho z, y la hai so thyc thay doi. Tim gia tri nhd nhat cua biéu

r—y=0

thire
2
P:\/3x2+3 y—l2 +\/cz:+12+y2 +2\/x—\/§ -+ y+32
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Loi gidi
Taco

2
P:\/g\/:z:?—k y—12+\/x+12+y2+2 z -3 +y+32
Xéthé truc toa dd Ozy . Goi A 0;1 , B —1,0 , C \/§;—3 va M z;y

khi d6 P = ~[3MA + MB + 2MC
D& thdy BOC = 120°,COA = 150°, AOB = 90°
- 304 10B oC
bitu=—.—+-.— 4 —

2 '0OA 2°0B 0OC

3

1;0—1)4 = 73.014 + %.OA. c0s90° + OA.cos150° = OA

Taco

g + 0031500] =0

uw.0OB = ?.OB. cos 90° + %.OB + OB.cos120° = OB[% + cos 1200] =0

Suyraﬁ @+1 @+@—6
2 '0A 2°0B 0C

Tacod
P J§ MA.OA n MB.OB

49 MC.OC > \/gMA.OA n MB.OB 49 Mc.oc

0A OB 0C 0A OB oC
Mit khie 3 MAOA | MBOB |, MC.OC
0A OB oC
— MO V3 04 1 0B 0C| | [304+0B+20C

2 0A 2 0B OC
= 304+0B+20C =3 +1+23+9=5V3+1
Suyra P> 1+ 5V3 diubingxiyrakhi M =0 hay 2 = y = 0
Vay gi4 tri nho nhit cia P 12 1+ 5v3.
3. Bai tap luyén tap.

Bai 3.191: Giai phuong trinh avz + 1+ V3 —2 = 242 +1
Bai 3.192: Giai phuong trinh sau

\/x2—2x—|—5+\/m2+2x+10=@
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Bai 3.193: Giai phuong trinh

‘\/x2+2x—|—5—\/:1:2—4x+40‘:x2+5x+%

Bai 3.194: Giai bt phuong trinh
Ve —1+z—-3> 2 —3) +2z—2
4y =—y z+2
Bai3.195: Gidihé {22+ 24y = —2y2
3z” + 8y* + 8xy + 8yz =2z + 42+ 2

Bai 3.196. Cho z, y, z 13 cac s6 dwong. Chirg minh rang :

N+ ay+ 12+ +yr+ 22+ +a” > \/§(x+y+z).
Bai 3.197: Cho a,b,c,d € R. C6 a* +b* = c* +d* =1 va
ac+bd = 0.Tinh ab+ cd.

4ty =3

Bai 3.198: Giasir h¢ | , )
v tyz 2 =16

¢6 nghiém. Chting minh rang

y +yz + 22 < 8.

Bai 3.199: Cho 2z — y = 2. Tim gi4 tri nho nhét cua biéu thirc
A=z + @y +1? +2> +(y —3)

Bai 3.200: Cho z, y 14 hai s thuc thay doi. Tim gia tri nho nhat cta biéu

thirc
P:\/2x2—|—2y2—2:1;—|—2y+1 +\/2x2+2y2+2z—2y—|—1 +\/2x2+2y2+4:1:+4y-
Bai 3.201: Chimg minh rangnéu a > ¢ > 0 va b > ¢ > 0Othi

Jela—c) 4+ yeb —c) <~ab

Bai 3.202: Tim gi4 tri 16n nhat va nho nhét ciia biéu thirc
2 2

P =2z —y + 2011 bibt z, y 1 cac sb thuc thoa min %+Z 1.
Bai 3.203: Cho céc s thuc a, b, ¢, d théaméin a> +b> = 1 va
c—d=3.

Chung minh rang ac + bd — cd < #

Bai 3.204: Tim gi4 tri 1on nhét va nho nhat cia P = 2z — y véi x, y thoa
man diéu kién
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Bai 3.205: Tim gi4 tri 1on nhat va nho nhat cia P = z + y véi x, y thoa
man didukién z -2 +8 y+3 =8
Bai 3.206: Tim gié tri 16n nhit va nho nhat cia P = 2% + ¢ vdix, y thoa
min didukién = + 1 ’ + y—1 g
Bai 3.207: Tim gia tri nho nhat cua P = ¢® + d*> — 2ac — 2bd + 1.Véi
a,b,c,d thbamdn a®> +0>° =1,c* —d+3=0.

(x—6)+(y—3)° >25

4+ (y—4) <25

—2x+y <4

x>0,y >0
Tim gi4 tri nho nhét 16n nhit cia P = z — .

Bai 3.209: Tim a dé phuong trinh sau ¢6 2 nghiém vz —2°> = a — =z
(*)

Bai 3.210: Cho tdm so thyc 2z, %,, z,, z,, =, %, =, Z,. Ching minh rang

Bai 3.208: Cho z, y thoa man

c6 it nhat mot trong sau 6 :

T,Ty +T,T,5 BT, +T,X05 LT, +TyTy; TTp +T,%5 T,Tr +T,X T, + T
khong am.

Bai 3.211: Cho bén s6 thuc a, b, ¢, d théaman a®> + 0> +1=2 a+b

va ¢ +d* + 36 =12 ¢+ d . Tim gia tri 16n nhat, gia tri nhé nhat cua

P:\/a—c2+ b—d
Bai 3.212: Cho bén sb thuc a, b, ¢, d théamin a®> +b*> = ¢ +d° = 5.

3v30

Chtng minh rang V5—a—2b4+~5—c—2d + 5 —ac—bd §T

= 3.

be — ad
ac + be

Bai 3.213: Cho bdn sb thuc duong a, b, ¢, d thoa man

Chlﬁ:ngminhréng\/ a—c + b—d’ 2% Ja> +0> Ve + &

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

