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HAM SO LUONG GIAC

A.TOM TAT LI THUYET
I. Cac cong thitc lwong giac
1. Cac hang dang thirc:

2 2

* sin“a+cos“a=1 vdimoi a

. . kn

* tana.cota =1 vOi moi oc;t?

*1+tan’ o = voi moi o = k2w
cos” a

* 1+ cot? o = voi moi a = kn
sin” o

2. Hé thttc cac cung dac biet
a.Hai cung doi nhau: o va —o
cos(—a) = cosa sin(—a) =—sina
tan(—o) = —tana cot(—a) =—cota

b. Hai cung phu nhau: o va g—cx

cos( T_ o) =sina sin(E — o) =cosa
2 2

tan(g —a)=cota cot(g —a)=tana
c. Hai cung bt nhau: o va n—a

sin(t—a) =sina cos(m—a) =—cosa
tan(r—a)=—tana cot(rt—a) =—cota

d) Hai cung hon kém nhau n:o va ©+ o

sin(w+ a) =—sina cos(m+o)=—cosa
tan(n+a)=tana cot(m+a)=cota

3. Cdc cong thiic lwong gidc
a. Cong thirc cong
cos(a+b)=cosa.cosb F sina.sinb sin(a = b) =sina.cosb + cosa.sinb

+
tan(a + b) = tana ttanb
1F tana.tanb
b) Cong thirc nhin
sin2a =2sinacosa

2

cos2a=cos’a—sina= 1-2sina= 2cos’a—1

sin3a =3sina—4sin°a cos3a =4cos>a—3cosa
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c. Cong thirc ha bic
.2 1—cos2a 5 1+ cos2a
sinfa=— cos“a=—
2 2
tan2a — 1—cos?2a
1+ cos2a

d. Cong thirc bién doi tich thanh tong

cosa.cosb = %[cos(a —b) + cos(a + b)]
sina.sinb = %[cos(a —b)—cos(a+b)]

sina.cosb = %[sin(a —b)+sin(a+Db)].

% A7

a+b a-b
cosa+ cosb =2cos .COS 5
. a+b . a-b
cosa—cosb =-2sin .sin 5
. . . a+b a-b . . a+b . a-b
sina +sinb =2sin .Cos sina-sinb=2cos .sin
sin(a + b) sin(a —b)

tana—tanb = .
cosacosb cosacosb

I Tinh tudn hoan caa ham sé
Pinh nghia: Ham s6 y =f(x) xac dinh trén tap D dwoc goi la ham s6 tuan

tana +tanb =

hoan néu c6s60 T #0 sao cho véimoi xeD ta cd
xxTeD va f(x+T)=1£(x).
Néu c6 s6 T duong nho nhit thoa man cac diéu kién trén thi ham s dé duoc
goi 1a ham s6 tudn hodn vdi chu ki T.
II1. Cac ham s6 lwgng giac
1. Ham s6 y =sinx
e Tap xacdinh: D=R
e Tap giac tri: [-1;1], tcla -1<sinx<1 VxeR

e Ham s6 dong bién trén mdi khoang (—g + an;g +k2n), nghich bién trén

. , 3
moi khoang (g +k2m; 775 +k2m).
e Ham s6 y =sinx 1a ham s6 1é nén d6 thi ham s6 nhan gdc toa d O 1lam
tam déi xung.
e Ham s6 y =sinx 1a ham s6 tuén hoan véi chu ki T =2x.
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e D6 thi ham s6 y =sinx.

2. Ham s8 y =cosx

e Tap xac dinh: D=R

e Tap giac tri: [-1;1], tkcla —-1<cosx<1 VxeR

e Ham s6 y = cosx nghich bién trén mdi khoang (k2m; n+k2n) , dong bién
trén moi khoang (—m+k2m;k2m) .

e Ham s8 y = cosx 12 ham s8 chdn nén d6 thi ham s6 nhan truc Oy lam truc
déi xtng.

e Ham s§ y =cosx la ham s& tuan hoan véi chu ki T =2x.

e D6 thi ham s6 y =cosx.

D6 thi ham s y = cosx bang cach tinh tién d6 thi ham s3 y =sinx

theo véc to v = (—%;O).

ST T R X

3.Ham s0 y =tanx

e Tap xéc dinh : D:R\{g+kn, keZ}
e Tap gia tri: R

e Lahamsglé

e La ham s6 tuan hoan v6i chu ki T=n

e Ham dong bién trén mdi khoang (—g + kn;g + knj

e D6 thi nhan mdi duong théng X = g +kn, ke Z lam mot duong tiém can.
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e DO thi
- p T 31 51
-2 -TC ; 2 b 2 2 2
>
-5m -3n 10}
2 2

4. Ham s6 y = cotx

e Tap xac dinh : D=R\{kn, keZ}

e Tap gid tri: R

e Lahamsdlé

e La ham s6 tudn hoan véichu ki T=n=

e Ham nghich bién trén mdi khoang (kn; T+ kn)

e D6 thi nhan mdi duong théng x=kmn, ke Z lam mot duong tiém can.
e DO thi

a

=

-51 -3m 0]

B.PHUONG PHAP GIAI TOAN.

Van dé 1. Tap xac dinh va tap gia tri cia ham s6

Phuwong phap .
e Ham s6 y = {/f(x) cénghia < f(x)>0 va f(x) ton tai

e Himsd y = % c6 nghia < f(x) =0 va f(x) ton tai.
X
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e sinu(x)#0 < u(x)=kn, keZ
J cosu(x)¢0<:>u(x)¢g+kn, keZ.

e —]1<sinx, cosx<1.
Cacvidu

Vi du 1. Tim tép xac dinh ctia ham s6 sau:

i
1. y=t —-—
y =tan(x——)

2. y= cot? (2—; —-3x)

Loi giai.

1. Diéu kién: cos(x—g);tO@x—g¢g+knc>x¢2—;+kn

TXD: D=R\{%+kn, keZ}.

2. Diéu kién: sin(z—;—3x);erO<:>%—3x;zr&kn<:>x;t%—kE

TXD;D:R\{%“Jrkg,keZ}.

3

Vi du 2. Tim tép xac dinh ctia ham s6 sau:

1 y= ’?an2x +cot(3x+E) 2. :'tan—Sx
sinx +1 6 sin4x — cos 3x
Loi giai.
sinx # -1 x¢—£+k2n
1. Didu kién: n 2
sin(3x+—) =0 n  kn
6 X#E——F —
18 3

Vay TXD: D=R\{-Z+k2n,—-—~+ "k neZ
2 18 3

2. Ta cé: sin4x —cos3x =sin4x — sin(g - 3xj

X m|. [(7x =
=2cos| —+— [sin| ———
[2 4) [2 4

)
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cosb5x #0 10 5

biéu kién: < cos XiE 20 o lxzEvkon
2 4 2

n k2=n

sin(%(+gj¢0 Xi—ﬁJFT
VéyTXD:D:R\ £+M,E+n2n,_l+2mﬂ: .

10 5°2 14 7

CAC BAI TOAN LUYEN TAP
Bai 1 Tim tap xdc dinh ctia ham s sau:
_1-sin2x

1-cos3x

=0 2. :4/—

Y cos3x—1 y 1+ sin4x
3. y=tan(2x— E) 1+ cot? x
4 4. y=[——F—

1-sin3x

Bai 2 Tim tap xac dinh ctia ham s sau:
1 y—— 1 2. y- tan 2x
sin 2x — cos 3x \/5 sin 2x — cos 2x
cotx

_ - _r _I
Seinx—1 4. y =tan(x 4).cot(x 3)

Bai 3 Tim tap xac dinh ctia ham s sau:

2. y=t .cot
1. y=tan(2x+§) y = tan3x. cot5x

- 4. y=tan3x+cot(x+£)
3.y 2 +sinx 3
\/ tan2 x 6. y— tan4x

sin3x cos4x +sin 3x

5, y=————
y sin 8x — sin 5x

Van dé 2. Tinh chat ctia ham s6 va do thi ham s6

Phuong phap .

Cho ham s6 y =f(x) tuan hoan véi chuki T

* P& khao sat s bién thién va vé d6 thi ctia ham s, ta chi cAn khao sat va vé
d6 thi ham sO trén mot doan cd d6 dai bE“mg T sau d9 ta tinh tién theo cac véc
to kv (v6i v= (T;0), ke Z) ta duwgc toan bd d6 thi ctia ham s6.

* 58 nghiém ctia phuong trinh f(x) =k, (véi k 1a hang s8) chinh bang s giao
diém cua hai d6 thi y=f(x) va y=k.
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* Nghiém cua bat phuwong trinh f(x) >0 la mién x ma d6 thi ham s6 y =£(x)

nam trén truc Ox.

Chu y:
e Ham s f(x) =asinux+bcosvx+c (v6i u,veZ)laham sd tudn hoan véi
chuki T=—2"— ( (u,v) Ia ubc chung 16n nhéb).

|(w,v)

e Ham sd f(x) =a.tanux +b.cotvx +c (véi u,v e Z ) la ham tuan hoan véi

chukiT=—"_.
(u,v)|

Cacvi du

Vidul.

(e " N \ TSN ~ 3x X
Xét tinh tuan hoan va tim chu ki co sé ctia cac ham s6 : f(x) = cos?.cos—

Loi giai.

4 1 A\ ~ A \ 7. N\ 2
Ta cé f(x) = E(cosx + cost) = ham s0 tuan hoan véi chu ki co so T, =2m.

Vi du 2. Xét tinh tuan hoan va tim chu ki co s& (néu co) ctia cac ham s6 sau.
1. f(x) =cosx+ cos(\/g.x) 2. f(x)= sinx?

Loi giai.
1. Gia stt ham s6 da cho tuan hoan= ¢6 sd thuc duong T thoa
f(x+T) =£(x) < cos(x +T) + cos \/g(x +T)=cosx+ cos \/gx

cosT=1
Cho x:O:cosT+cosJ§T=2©
COS\/§T=1
T=2nn
= =3="2v61i,do m,neZ =" l1asdhitu ti.
\/§T=2mn n n

Vay ham s0 da cho khoéng tuan hoan.

2. Gia stt ham s6 da cho 14 ham sé tuan hoan

= 3T >0: f(x+T) =f(x) < sin(x + T)? =sinx> Vxe R
Cho x=0=sinT? =0 T2 =kn=T=kn

= f(x+Vkn)=f(x) VxeR.

2
Cho x=+/2kn ta c6: f(2kn) = sin(\/k2n) = sin(k2m)=0.
f(x + k) = sin( K2 +kn )2 - sin(3krc +2kmy2 ) = +sin(2kny/2)
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= f(x +/km) 0.

Vay ham s6 da cho khong phai la ham s6 tuan hoan.

Vi du 3. Cho a,b,c,d la cac s6 thue khac 0. Chting minh réng ham s6

f(x) =asincx + bcosdx la ham s6 tuan hoan khi va chi khi < 1 la s6 hiru ti.

Loi giai.
* Gia st f(x) 1a ham s6 tuan hoan = 3T >0: f(x+T)=f(x) Vx
asincT+bcosdT =b {COSdT=1

Cho x=0,x=-T= . =
—asincT +bcosdT =b

sincT =0
dT =2
rmjgzﬂe@
cT =mn d 2n
Giast Se@oaklez: SoX pypo2K_2r
d d 1 C d

Ta coé: f(x+T)=£f(x) Vxe R = f(x) la ham s6 tuan hoan véi chu ki

T _ 2K 2nk _ 217:
c d’

Vi du 4. Cho ham s0 y =f(x) va y =g(x) la hai ham s6 tuan hoan véi chu ky

. T,
lan luot 1a Ty, T,. Chitng minh rang néu T—1 la s6 httu ti thi cAc ham s6
2
f(x) £g(x); f(x).g(x) la nhitng ham s6 tuan hoan.

Loi giéi.

V1 L 13 s6 hitu ti nén ton tai hai s0 nguyén m,n;n #0 sao cho
2

T

—1:2:>r1T1 =mT, =T

T, n

Khi d6 f(x+T)=f(x+nT;)=£(x) va g(x+T)=g(x+mT,)=g(x)
Suy ra f(x+T)xg(x+T)=£f(x)£g(x) va f(x+T).g(x+T)=1£(x).g(x),

fx+T) _ ) . Tt d6 ta c6 diéu phai chiing minh.
g(x+T) g(x)
Nhan xét:

1. Ham s6 f(x) =asinux+bcosvx+c (vdi u,ve Z)la ham s6 tuan hoan vdi

chuki T=_2"
(u

4

( (u,v) la wéc chung 16n nhat).
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2. Ham s6 f(x) =a.tanux+b.cotvx+c (v6i u,v e Z ) la ham tuan hoan vdi

chuki T=—"

(u,v)
CAC BAI TOAN LUYEN TAP
Bai 1 Chting minh rang cdc ham s8 sau la nhitng ham s& tuan hoan véi chu
ki coso Tj.

1. f(x)=sinx, T,=2n 2. f(x)=tan2x, T, :g.

Bai 2 Xét tinh tuan hoan va tim chu ki co s& (néu ) ctia cac ham sg sau.

1. y =sin2x+sinx 2. y =tanx.tan3x 3.

y =sin3x +2cos2x

Bai 3 Xét tinh tuan hoan va tim chu ki co s& (néu cd) ctia cac ham s6 sau
1. y =sin2x+sinx 2. y =tanx.tan3x

3. y =sin3x+2cos2x 4. y=sin\/;

Van dé 3. Khao sat sy bién thién va vé d6 thi caa ham s6

Cacvidu

Vi du 1 Xét su bién thién va vé d6 thi ham s6 sau y =2sinx

Loi giai.

Ham s y =2sinx

e TXD: D=R

e Ham s6 y =2sinx la ham sg1é

e Ham s y =2sinx la ham tuan hoan véi chu ki T =2x.

e Ham s6 dong bién trén mdi khoang [an;g + k2nj . Nghich bién trén mdi
khoang (g +k2m;m+ anj .

e D6 thi ham s6 di quan cac diém (kn; 0), [g + k2n;2j.
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Vi du 2 Xét su bién thién va vé d6 thi ham sd sau y = tan2x

Loi giai.
Ham s8 y =tan2x

o« TXD: D=R\{E+kZ kez
4 2
e Ham s y =tan2x la ham s6 1é
e Ham s6 y =tan2x la ham tuan hoan véi chuki T= g .
e Ham s6 dong bién trén mdi khoang (kn;g + kﬂ?j .
e Cac duong tiém can: x = g + kg .

e D6 thi ham s6 di quan cac diém (E ;0).

A

3n

a
Ut
a

-1 -5 31

a

ve s

Vi du 2 Xét su bién thién va vé d6 thi ham s6 sau y=1+ 2cos? x

Loi giai.

Ham s6 y =1+2cos® x
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Ta co: y =2+ cos2x
e TXD: D=R
e Ham s6 y =2+ cos2x la ham s6 chdn

e Ham s0 y =2+ cos2x 1a ham tuan hoan véi chuki T=mr.

e Ham s6 dong bién trén mdi khoang [g +km;m+ knj , nghich bién trén mdi
. T
khoang (kn;a + knj .

e Db thi ham s8 di quan cac diém (% 1), (n+km3).

CAC BAI TOAN LUYEN TAP
Bai 1: Xét su bién thién va vé d6 thi cac ham s6 y =sin2x

Bai 2: Xét sy bién thién va v& d0 thi cdc ham s8 y =2|cos X

Van dé 4. Gia tri 16n nhat va nho nhat ctia ham sé

Cacvidu

Vi du 1. Tim tép gia tri I6n nhat, gia tri nho nhét ctua cac ham sd sau.

1. y=4sinxcosx+1 2. y=4—3sin22x

Loi giai.
1Tacéd y=2sin2x+1.

Do -1<sin2x<1=-2<2sin2x<2=-1<2sin2x+1<3
=-1<y<3.

* y=—1<:>sin2x=—1<:>2x=—£+k2n<:>x=—£+kn.

* y=3<:>sin2x=1©x=g+kn.
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Vay gia tri 16n nhat ctia ham s6 bang 3, gia tri nhé nhat bang —1.
2. Tacd: 0<sin®x<1=>1<4-3sin’x <4

* y:1<:>sin2x:1<:>cosx:0<:>x:g+kn.

*y=4osin®x=0<x=kn.
Vay gia tri 1én nhat ctia ham s6 bang 4, gia tri nho nhat bang 1.

Vi du 2. Tim tap gid tri l6n nhat, gia tri nho nhat cua cac ham sd sau.
1.y =6c0s? x + cos? 2x 2,

y =(4sinx —3cosx)2 —4(4sinx —3cosx) +1

Loi giai.

1. Ta c6: y =6c0s® x+(2cos? x—1)* =4 cos* x +2cos® x+1
Dit t=cos’x=te[0;1]. Khidé y=4t* + 2t +1=f(t)

t 0 1

7
(1) /
1

Vay miny =1 dat duoc khi cosx=0<:>x=g+kn

maxy =1 dat dwoc khi cos>x=1<>x=kn
2.bat t=4sinx—3cosx=-5<t<5Vxe R
Khi d6: y=t* —4t+1=(t-2)* -3
Vite[-55]|=-7<t-2<3=0<(t—2)> <49
Do d6 -3<y <46
Vay miny =-3; maxy =46.

Vi du 3. Tim tat ca cac gid tri cua tham s6 m dé ham s0 sau chi nhén gia tri

duong : y=(3sinx—4cosx)2 —6sinx+8cosx+2m—1

Loi giai.

bat t=3sinx—4cosx=-5<t<5

Tacéd: y=t* —2t+2m—1=(t-1)* +2m -2

Do 5<t<5=0<(t-1)* <36 =y >2m—2=miny =2m -2
Ham s chi nhén gia tri dwong <y >0 Vxe R < miny >0
<2m-2>0<m>1.

Vay m>1 la gid tri can tim.
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Vidu 4. Tim m déham s6 y=\/2sin2x+4sinxcosx—(3+2m)c052x+2 xac

dinh véi moi x

Loi giai.

Ham s6 xac dinh véi moi x

<:>2sin2x+4sinxcosx—(3+2m)coszx+220 vxeR (1)

e cosx=0= (1) dung

e cosx#0 khidétacd: (1)< 2tan®x+4tanx —(3+2m)+2(1+tan?x) >0
< 4tan® x+4tanx>1+2m Vxe R

o @tanx+1)2>2+2m VxeR<2+2m<0<m<-1

Vi du 5. Cho cac géc nhon x,y thoa man sin? x +sin® y = sin(x +y) (¥) .

Chting minh rang: x +y = g

Loi giai.
Ta c6 ham s6 y =sinx,y = cosx dong bién trén khoang (0; g]

T T T
Va x,y,——Xx,——-ve|0;=].
Yo m Y [ 2}
Tc . . TE
X>=—y sinx > sin E—y =Cosy
OGiésﬂ’x+y>E:> =
2 T . . (m
y>§—x smy>sm[§—szcosx

Suy ra: sin” x +sin’ y =sinx.sinx +siny.siny
>sinXcosy +siny cosx = sin(x +y)

Mau thuan véi ()

TE . . TE
X<——y sinx < sin E—y =cosy
OGiésﬁ’x+y<E: =
2 T . (T
y<E—X s1ny<s1n£§—szcosx

Suy ra: sin” x +sin’ y =sinx.sinx +siny.siny
<sinxcosy +siny cosx = sin(x +y)

Mau thuan véi ()

e Néu x+y=g:> (*) dang.
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T

Vay (e xty=-

Vi du 6. Tim gtln va gtnn ctia cdc ham sau :
_sin x+2cosx+1

1. y=3sinx+4cosx+5 2 -
sinx + cosx + 2

Loi giai.

1. Xét phuong trinh : y =3sinx+4cosx+5

< 3sinx+4cosx +5—y =0 = phwong trinh c6 nghiém

=32 +42>(5-y) ©y* -10y<0=0<y<10

Vay miny =0; maxy =10.

2. Do sinx+cosx+2>0 Vx e R= ham sO xac dinh véi vxe R

Xét phuwong trinh : y = sin x+2cosx+1

sinx + cosx + 2
<& (1-y)sinx+(2-y)cosx+1-2y =0

Phuong trinh c6 nghiém <:>(1—y)2 +(2—y)2 2(1—2y)2
<:>y2+y—2£0<:>—23ys1

Vay miny =-2; maxy=1.

CAC BAI TOAN LUYEN TAP
Bai 1 Tim tap gia tri 16n nhat, gia tri nho nhat cta cac ham sg sau.
1. y=+/2sinx+3 2. y=1-+2cos’*x+1
3. y=1+3sin(2x—3 4. y=3-2cos” 3x
4
6. y=——"-——
5. y=1++2+sin2x Y 1+2sin? x
Bai 2 Tim tap gia tri 16n nhat, gia tri nho nhat cta cac ham sg sau.
1. y =2sin® x +cos? 2x 2. y=3sinx+4cosx+1

3. y=3sinx+4cosx—1 4. yzZsin2x+35in2x—4coszx

5.y= sin® X + 3sin2x + 3cos? x

6. y =2sin3x+1 7. y =3—4cos® 2x
8. y=1+2v4+cos3x 9. y =4sin6x +3cos6x
10. y = 3 11. y = 3sin2x + cos 2x

1+v2 +sin? x sin2x +4cos? x +1

Bai 3 Chting minh ding thitc sau: asinx +bcosx =+a? +b? sin(x + a)
Trong d6 a e [O; 2n] va a,b khong dong thoi bang 0.
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Bai 4 Tim tap gid tri lon nhat, gia tri nho nhéat ctia cac ham sd sau.

1. y=2c05(3x_g)+3 2. y=+3-2sin?2x +4

4. y=tan® x—4tanx +1
3. y=sinx+\/2—sin2x Y

5. y:tan2 X + cot? X + 3(tanx + cotx) —1

Bai 5 Tim m d&ham s8 y =+/5sin4x—6cos4x+2m—1 xac dinh véi moi x.
Bai 6 Tim tap gia tri 16n nhat, gia tri nho nhat ctia cdc ham s sau.
1. y=2+3sin3x 2. y:1—4sin22x

3. y=1++/3+2sinx 4. y:3+2\/2+sir124x

5. y=4sin3x—3cos3x+1
Y 6. y:\/gcosx+sinx+4

_ sin2x+2cos2x+3
T 26in2x — cos2x + 4 8 _2sin23x+4sir13xcos?:x+1
9. y=3cosx+sinx—2 Y sin6x +4cos6x +10

. 2 .
sin2 2x + 3sindx 11. y =3(3sinx +4cosx)” +4(3sinx +4cosx) +1

10. y =
2cos? 2x —sin4x +2

Bai 7 Tim m d€ cac bat phuong trinh sau dung v6i moi x € R
1. (?)sinx—4cosx)2 —6sinx+8cosx>2m—1

9. 3sin2x + cos2x <ma4l
sin2x +4cos® x +1

4sin2x+cos2x+17

3cos2x+sin2x+m+1

Bai 8 Cho x,ye (0; gj thoa cos2x+cos2y +2sin(x +y) =2. Tim gia tri nho

: 4 4
Ny o s cos
nhat cia P =202 Y
y X
i o AT, ksinx+1 _,
Bai 9 Tim k dé gia tri nho nhat cia ham s6 y = ——— 1én hon -1.
cosx +2
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