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HAM SO LIEN TUC

1. Pinh nghia
e Cho ham s6 y =f(x) xac dinh trén khoang K va x, e K

1) Ham s6 y =f(x) lién tuc tai x, < lim f(x)=£(x,)
X—)XO

2) Ham s6 y = f(x) khong lién tuc tai X, tanoi ham s gian doan tai Xo

e y=£(x) lién tuc trén mot khoang néu noé kién tuc tai moi diém ctia khoang
do.

e y=£(x) lién tuc trén doan [a;b} néu nod lién tuc trén (a;b) va

lim f(x)=f(a), lim f(x)=£(b).

xX—a x—b~
2. Cac dinh ly co ban.
Pinhly1:

a) Ham s0 da thuc lién tuc trén tap R

b) Ham s phan thitc hitu ti va ham s6 lwong gidc lién tuc trén ting khoang
xac dinh ctia ching

Dinh ly 2. Cacham s6 y =f(x), y = g(x) lién tuc tai x,,. Khi d6 tong, hiéu,

tich lién tuc tai xo, thwong y = % lién tucnéu g(x,)#0.

Pinh 1y 3. Cho ham s6 f lién tuc trén doan [a;b] .

Néu f(a) # f(b) va M lamdt s6 nam giita f(a) ,f(b) thi ton tai it nhat mot s&
ce (a;b) sao cho f(c)=M

Hé qua : Cho ham s6 f lién tuc trén doan [a;b] .

Néu f(a) f(b) <0 thi ton tai it nhat mot s6 ce (a;b) sao cho f(c)=0.

Chu y : Ta c6 thé phat biéu hé qua trén theo cach khac nhu sau :

Cho ham s0 f lién tuc trén doan [a,'b] .Néu f(a) f(b) <0 thi phuong trinh

f(x)=0 cd it nhat mot nghiém thudc (a;b) .

Van dé 1. Xét tinh lién tuc ctia ham s6 tai mot diém
Phuwong phap:
e Tim gidi han ctia ham s6 y =f(x) khi x — x, va tinh f(x,)

e Néu ton tai lim f(x) thi ta so sanh lim f(x) voi f(x,) .
X—)XO X—)XO

Chu y:
1. Néu ham s6 lién tuc tai x, thi trede hét ham s6 phai xac dinh tai diém d6
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2. lim f(x)=1< lim f(x)= lim f(x)=I.

X=X X—xQ) X—=X(
. f(x) khix=#x, .
3. Ham s0 y = lién tuc tai x =x; < lim f(x) =k.
k khi x = Xp X—X()

f,(x) khi x>x,
lién tuc tai diém x = Xo khiva chi khi
f,(x) khi x <x

lim f;(x) = lim f,(x)=£(x,) .

4. Ham s6 f(x) = {

x—>x6 X=X(
Chu y:
o f(x) khix=#Xx,
e Hamso y = lién tuc tai x =x khi va chi khi
k  khix=x,
lim f(x)=k.
X—=>X0

f(x) khix>
e Ham s6 y = (9 khix>xq lién tuc tai x =x; khi va chi khi
g(x) khix<x,

11m f(x) = lim g(x).

X—)XO X—)XO

Cacvidu

Vi du 1. Xét tinh lién tuc ctia ham sO sau tai x =3

3_
;‘—27 Khix #3
1 f(x) =X -x—6 2.
E khi x=3

x—3
———— khi 3
f(x): Nv2x+3-3 Pxs

(x-1)°  khi x>3

Loi gii.
1. Ham s0 xac dinh trén R

3 _ 2
Ta ¢6 £(3) :% va lim f(x) = lim 227 _ Jim (=30 +3x+9)

x—3 x93x2 —x—6 x23  (x=3)(x+2)
~lim x% +3x+9 27 £1(3).
x=3  X+2 5

Vay ham s6 khong lién tuc tai x=3.
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2.Taco f(3)=4 va lim f(x)= lim (x-1)*> =4 ;

x—3" x—3"
lim £ = lim ——25 — fim Y2*3%3 5 fim f(x)
X3~ ‘>3 V2X+3-3 x5 2 xo3*

Vay ham s0 gidn doan tai x=3.

Vi du 2. Xét tinh lién tuc ctia ham s sau tai diém chi ra

2 .
1. f(x):{x t1 KN X214 diem xg =1

2 khi x=1
‘x2 —X— 2‘
2. f(X) — T khi x #-1
1 khi x=-1
Loi giai.
1. Ta c6 f(1)=2va limf(x) =lim(x? +1) =2 = (1)
x—1 x—1

Vay ham s lién tuc tai diém x=1.
2. Tac f(-1)=1

x+1)(x-2
lim f(x)= lim w = lim (2-x)=3
x—-1" x—>-17 x+1 x—-1F
x+1)(x—-2
lim f(x)= lim w = lim (x-2)=-3# lim f(x)
x—>-1" x—>-1" x+1 x—>-1" x—-1F

Suy ra khong ton tai giéi han ciia ham s6 y =f(x) khi x —»-1.

Vay ham s gian doan tai x=-1.

Vidu 3 Tim a d€ ham so sau lién tuc tai x=2

3 4 _5x% 44
Jax—2 X ZX F% g hix<?
1. f(x): x — 2 . x>2 2. f(x)= x> -8
a khi x=2 ax? +x+1 khi x>?2
Loi giai.
Jax -2 4 1

1.Taco f(2)=a va limf(x)=1lim =lim =

x—2 x—o2 X—2 x—2 3'(4X)2 +2%/&+4 _5

Ham s0 lién tuc tai diém x=2 < limf(x) =f(2) < a= 1 .
X—2 3

4 2 2
2.Tacd: lim f(x)= lim > 35X 4 i (x2 1)(x+2) _
x—2" x—=2" X -8 x—2" X~ +2x+4

1
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lim £(x) = lim (ax2 x4 1) —4a+3=1(2)
x—27" x—2t
Ham s6 lién tuc tai x=2< lim f(x)= lim f(x)=£(2)
x—2" x—2"

<:>4a+3=1©a=—%.

CAC BAI TOAN LUYEN TAP
Bai 1 Xét tinh lién tuc ctia ham s8 y =f(x) tai diém chi ra

\/;_2 khi x#4
1. f(x)=4 X—4 tai x=4
l khi x=4
2_
X=XH42 o khixs1
2. f(x) = x—1 tai x=1
3% +x-1 khix<1

cosE khi |x| <1
2

3. f(x):
|x—1| khi |x|>1

tai x=1va x=-1.

Bai 2. Chon gia tri f(0) dé€ cac ham s0 sau lién tuc tai diém x=0.

« :\/2x+1—1

1. f(x) 2. f(x) =

2
x(x+1) Px+4-2

Bai 3. Xét tinh lién tuc ctia cAc ham s0 sau tai diém da chi ra

X+ X +2 Khi 1

L= xs1 X7 tai x,=-1
2x+3 khi x<-1
x+1+3x-1 Khi 0

2. f(x)= x 1x# tai x; =0
2 khix=0
3
-1 khi x#1

3. f(x)={ X1 tai x, =1
1 khi x=1
2_ —
X ZXZ2 oy khix>2

4. f(x)= X—2 tai x, =2
x* —x+3 khi x<2
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Bai 4. Tim a dé€ cAc ham s sau lién tuc tai cdc diém da chira
x+2a khi x<0

1. f(x)= ) tai x=0
x“+x+1 khi x>0

_Nax+1-1 Lo .
2. f(x)=1ax® +(2a + 1)x tai x=0
3 khi x=0
3"2;1‘2 khi x> 1
3. f(x) = X2_1 tai x=1.
aAXT=2) hi x<1
x—-3

Vén dé 2. Xét tinh lién tuc cia ham sé trén mot tip

Phuwong phap:Stt dung cac dinh li vé tinh lién tuc cia ham da thic, luong
giac, phan thitc hitu ti ...

Néu ham s8 cho dudi dang nhiéu cong thikc thi ta xét tinh lién tuc trén mai
khoang da chia va tai cac diém chia cta cac khoang do.

Cacvidu

Vi du 1 Xét tinh lién tuc ctia cdc ham s0 sau trén toan truc so:

x-=1+2

1. f(x) =tan2x + cosx 2. f(x) = 5
X° —=3x+2
Loi giai.
1.TXD: D=R\{Z+kZ kez
4 2
Vay ham s0 lién tuc trén D
x—1=20 1
2. Diéu kién xac dinh: ) = x>
X~ =3x+2#0 X#2
Vay ham sd lién tuc trén (1;2) U(Z; +oo).
az(x—Z )
, . s ——~ khix<2 .., R
Vi du 2 Xac dinh a d€ ham so f(x)z [x+2_2 lién tuc trén R .
1—a)x khi x>2

Loi giai.
Ham s6 xac dinh trén R
Véi x <2 = ham s0 lién tuc
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Vi x >2 = ham s0 lién tuc
Véi x=2 taco lim f(x)= lim (1-a)x=2(1-a) =1£(2)

x—2+ X—2

hm f(x) = hm (X 2) = lim az(\/x+2 +2)=4a2

x—2 27 AX+2 -2 x52”

Ham s6 11en tL_lc trén R < ham s6 lién tuc tai x=2

< lim f(x)= lim f(x) < 4a® =2(1-a)<>a=-l,a= 1
x—2" X—2 2

Vay a=-l,a= % la nhitng gid tri can tim.

CAC BAI TOAN LUYEN TAP

Bai 1 X4c dinh tinh lién tuc ctia ham so sau trén R

1. f(x) = i 2. f(x)=V3x2 -1 3.
x> -x-6

f(x) =2sinx + 3tan 2x

Bai 2 Xét tinh lién tuc ctia cdc ham s0 sau trén R

Ix-1

2_ khi x >1
X° —5x+6 Khix <2 \/_ . ix>
1. f(X)Z 2X3—16 2. f(X)_
2-x Kkhix>2 J1-x+2 Kkhix <1
X +
Bai 3 Xét tinh lién tuc ham s0 sau trén R
2
X X2 i1 "2X+ N2x+1-14000 o
1. f(x)z |x—1| 2. f(x)
a khix=1 Okhlx—O

2x+1 khi x<0
3. f(x)=4(x-1)> khi0<x<2
Jx-1 khix>2

Bai 4. Xac dinh a,b dé€ cdc ham s sau lién tuc trén R

4. £(x) 2x2 +x+1 khi |x|£1
X) = .
3x-1  khi [x|>1

3 a2
. X3 2X i x(x—2) %0
sin x khi |x|£— X(x=2)
1. f(x)z 2 o f(x)=4a khi x =2
ax+b khi[x|> 7 b khix=0

Bai 5. Tim m dé cdc ham s0 sau lién tuc trén R
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Ix—2+2x-1

1. f(x) = 1 khix =1
3m-2 khix=1
Ix+1-1 .

2. f(x) = T khi x>0

2x2 +3m+1 khix<0
N2x—-4+3 khix>2
3. f(x) = x+1

X% —2mx +3m +2

Van dé 3. Ching minh phuong trinh ¢4 nghiém

Phuong phap :
e D¢ chiing minh phuong trinh f(x)=0 c6 it nhat mét nghiém trén D, ta

khix<?2'

chiing minh ham s6 y = f(x) lién tuc trén D va c6 hai s6 a,beD sao cho
f(a).f(b) <0.

¢ Dé chttng minh phuong trinh f(x) =0 c6 k nghiém trén D, ta chitng minh
ham s6 y =f(x) lién tuc trén D va ton tai k khoang roi nhau (a;;a;, ;)

(i=1,2,...,k) ndm trong D sao cho f(a;).f(a;,1) <0.

Cacvidu

Vi du 1 Chttng minh rang cdc phurong trinh sau c6 dting mot nghiém.
1 x° +3x+1=0 2.

X2 +2x=4+3Y3-2x

Loi giai.

1. Xét ham s6 f(x) =x° +3x +1 1a ham lién tyc trén R

Mt khac: f(-1)=-1,f(0)=1=£f(-1).£(0) =-1<0

Nén phuong trinh f(x) =0 c6 it nhat mét nghiém thudc (—1;0) .
Gia sit phwong trinh c6 hai nghiém x;,x, .

Khi d6: £0x) ~£(x;) =0 (x§ =x3 )+ 3(x; =x;) =0

<:>(x1 —xz)(x‘1L +xi’x2 +x%x% +x1xg +x421 +3)=O 1)

A
1 > (1 2
Do A:(x%+5xlx2j +[Zx1x2+x§j +Ex%x§+3>0

Nén (1) < x; =%,
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Vay phuong trinh luén c6 dung mot nghiém.

2. Diéu kién: x < %

Phuong trinh < x° +2x - 3J3-2x-4=0

Xétham s8 f(x) =x° +2x—3y/3—-2x —4 lién tyc trén [—oo;%}

3) 19 3
£(0)=-4-33 <0, f[a):§>0:f(0).f(5j<0

Nén phuong trinh f(x) =0 c6 it nhat mot nghiém
Gia stt phwong trinh f(x) =0 c6 hai nghiém x;,x,
Khi dé: f(x;)—f(x,)=0

& (-3 )+2(x —x;)-3(3=2x = \3-2x, ) =0

2 2 6
@(xl—xz){xl+xlx2+x2+2+ J:O
J3-2x; +3-2x,
B
@Xl =X2
2 2
3
(V\le[Xl-{-X—ZJ + 22 04 6 >0)
2 4 J3-2x; +4[3-2x,

Vay phuong trinh luén c6 nghiém duy nhat.

Vi du 2 Chttng minh rang phuong trinh sau c6 it nhdt mot nghiém :
1 x7 +3x°-1=0 2.

x2 sinx +xcosx +1=0

Loi giai.

1. Ta c6 ham s6 f(x) =x’ +3x° —1 lién tyc trén R va £(0).(1)=-3<0

Suy ra phuong trinh f(x) =0 c6 it nhat mét nghiém thudc (0;1).

2. Ta c6 ham s8 f(x) = x%sinx +xcosx +1 lién tyc trén R va £(0).f(r) = - <0.
Suy ra phuong trinh f(x) =0 c6 it nhat mét nghiém thudc (0; ) .

Vi du 3. \/x5 +2x% +15x% +14x +2 =3x* +x+1 c6 dting 5 nghiém phén biét

Loi giai.
Phuong trinh da cho twong duong véi

2
x5+2x3+15x2+14x+2=(3x2+x+1)
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o x° -9x* —4x3 +18x% +12x+1=0 (1)
Ham s6 f(x) =x° —9x* —4x® +18x% +12x +1 lién tuc trén R
. 1 19
Ta co: £(-2)=-95<0,f(-1)=1>0,f| —— |=—=—=<0
2 32
£(0)=1>0,£(2) =—47 <0,£(10) =7921 >0
Do d6 phuong trinh f(x) =0 c6 it nhét 5 nghiém thudc cac khoang

1 1
-2;-1), | -L,—=1, | =—=;0, (0;2), (2;10
(1), (1-3), (320 ©02) (o)
Mt khac f(x) la da thirc bac 5 nén c¢6 tdi da 5 nghiém.
Vay phuong trinh da cho c6 dung 5 nghiém.

CAC BAI TOAN LUYEN TAP
Bai 1 Chting minh rang phuong trinh sau c¢6 ding ba nghiém phan biét
1. x® =3x+1=0 2. 2x+631-x =3
Bai 2 Chiing minh rf?mg phuong trinh sau luon c6 nghiém véi moi gia tri cia
m, n

3 1 1
1.m(x—1) (x+2)+2x+3=0 2. ———=m

cosX sinx

3.m(x—a)(x—c)+n(x—b)(x—d)=0 (a<b<c<d).
Bai 3 Cho m >0 va a,b,c la ba s6 thuc bat ky thoa man
2 5 b +<=0. Chting minh ring phuong trinh ax® +bx+c=0 lu6n
m+2 m+1 m
c6 nghiém.
Bai 4. Chting minh rang phuong trinh :

1. x*+x3 -3 +x+1=0co nghiém thudc khoang (—1;1)

2. x° —5x° +4x—1=0 c6 ndm nghiém thuoc khoang (—2;3)

3. a(x—b)(x—c) +b(x —C)(x —a) +c(x —a)(x —b) =0 ;a,b,c>0 cb hai
nghiém phan biét.

4. (1-m?)x° —3x—-1=0 ludn c6 nghiém véi moi m

5. m%.(x—2) +m(x—1)>.(x—2)* +3x -4 =0 c6 nghiém véi moi m .

2

Bai 5 . Cho cac s6 thuc dwong m,n,p théa man: n<m; mp<n“va

25 b +£20. Chting minh ring phuong trinh : f(x) =ax? +bx+c=0 ludn
m n p

c6 nghiém.

Bai 6.
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1. Cho ham s6 f:[O; 1:' - [0; 1:' lién tuc.Chiing minh réng ton tai it nhat mot
sO thuc ce [0; 1] sao cho f(c) =c.
f(x)

2. Cho ham s6 f:[0;+0) — [0;+0) lién tuc va lim —— =L <1 Chtng minh
X—>+o X

rang ton tai it nhat mot s8 ¢ > 0 sao cho f(c)=c.
3. Tim t&t ca cdc ham s6 f: R — R lién tuc tai x =0 thoéa: f(3x) =f(x).
4. Cho ham s8 f:[0;1]—[0;1] lién tuc trén [ 0;1] va thoa £(0) =£(1).

Chting minh rang v6i moi s6 tu nhién n thi phwong trinh f(x) — f(x + l) =0
n

ludn c6 it nhat mét nghiém thudc doan [0; 1] .

Bai7.

1. Cho ham s0 f lién tuc trén doan [a ;b] va n diém x;;X5;..;X,, € [a; b:l .
Chting minh rfémg ton tai it nhat mot diém ce [a;b] sao cho

nf(c) =f(x;) +£(xy) +... +£(x,,) .

2. Chting minh rang ton tai duy nhat cacs8 0 <a<p<1 sao cho

cosa=a’ va Btanp=1.
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