5 DE THI TUYEN SINH TRUONG THPT CHUYEN KHTN HA NOI (VONG 2)

Vay k duy nhét.
Khi dé tadugec > —1=kp s ¢*—1=k(kqg+1) & ¢ —k*q—k—1=0. (*%)
Do phuong trinh (#x) c6 hai nghiem nguyén nén A = k* + 4k + 4 1a binh
phuong clia mot so6 nguyén.

e k=1= A =29 giii ra ta dugc p = 3,¢q = 2.

e k=2= A=12loai vi A chinh phuong.

o k>2= (k*)? <A < (k*+1)? (loai do A nim gitta hai s6 chinh phuong

lien tiép nén A khong thé 1a mot s6 chinh phuong).

Cach 2. Tacop=kq+1>¢g—1nén (p,g—1)=1.
Mit khéc, p | (¢* — 1) suy rap | (¢ + 1).
Khidétacog+1=2p=kq+1=>qg+1.
Dang thifc x4y ra khi ¢ + 1 = p. Thay vio () ta giai ra dugc p = 3,¢ = 2.
Cach 3. Taco p=kq+1>qg—1nén (p,g—1)=1.
Mit khac, p | (¢*> — 1) suy rap | (¢+ 1) hay ¢ +1 = mp = m(kq + 1) (v6i
m € N¥).
Khi d6 ta cé: ¢+ 1=m(kq+1) & qgmk—1)=1—m
Dom,keN"nenm=k=1. Vay ¢+ 1=p.
Thay g + 1 = p vao (x) ta giai ra dugc p = 3,¢q = 2.
Cach 4. Tacop—1=kq.*—1=kp=> @ —p=Fk(p—q) = (p—q) | (¢ —p).
Suyra (p—q) | (*—q+q—p)= (-9 | (¢ —q).
Dodo(p—q)|(¢q—1)=q-12p—q&2¢=2p+1=kq+2.

e k=1=p=3,q=2

o k>2=2¢>2+2 (voli).
Vay p=3,q =2.
Cach 5. Xét truong hop p # q.
Ta ching minh duge p | ¢ + 1 (theo cach 2, 3).
Ta can ching minh ¢ + 1 | p.

g+1]|p (1)
¢+1llp=1 (2
e THl: g+ 1|p=q+1l=p=p=3,qg=2.

T (%) ta suy ra:

e TH2: g+ 1|p—1=p—-1=m(qg+1).

50
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Tu (%) suy ra

pm(g+1)=q(qg+1)(¢g—1)
epm=q(g—1)
eplg-1

=qg—1=2p=2p—1=2q+1. (voli

2)
. e 11
Cach 1. Trudce hét ta chitng minh bat diang thitc sau: ;-1—5 > oy y,Vx, y>0 (x)
Ta c6 (%) tuong duong vdi:
1 1 4
-+ -=
r Yy Tty
1 1 4
& -+ - = 20
r Yy xty
2
@M >0 (luon dang).
zy (€ +y)
Dang thiic xay ra khi z = y.
Do d6 bat dang thiic () da duge chiing minh.
Quya trd lai bai toan ta c6:
abc + ab + ac + be = 2
& abc+ab+ac+bc+a+bte+l=a+b+c+3
S a+1)b+1)(c+1)=(a+1)+(b+1)+(c+1)
(a+1)+(O+1)+(c+1)
(a+1)(b+1)(c+1)
& : + : + . =1
(a+1)(b+1) B+ (c+1) (c+1)(a+1)
3 3 3
Data+1— Y3 pi1 Y3 V3
x Y z
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5 DE THI TUYEN SINH TRUONG THPT CHUYEN KHTN HA NOI (VONG 2)

Khi d6 gia thiét bai toan trd thanh zy + yz + 22 = 3 vi:

a+1 b+1 b+1
a2 +2a+2 242042 B2 +20+2
_a+l b+1 c+1
(a+1)°+1 (b+1)°+1 (c+1)°+1
1 1 1
= + T I
1+— b4+1+—— 14+ ——
atlt-— btlty— ctld—r
S S S
3.z V3. y V3.2
v V3 oy V3 oz VB
T Y z
=3
V3 x2+3+y2+3+22+3>

(
-~ Gres t GraeTa t EEaET)
\ﬁ( RN R R

r+z y+z yt+x z4+xr z+4y

Déng thitc xay ra khia =b=c= /3 — 1.
€ Y

z

Ngoai ra, khi duwa M vé dang M = v/3 +
g M =V3 (e
ta con c6 thé giai bang cach khac nhu sau:

Cach 2. Trudc tien ta chitng minh hai bat ding thiic phu sau:

8
i) (:1:+y)(:z:+z)(z+y)>§(x+y+z)(3:y+yz+zx),Vx,y,z>O.

Bién ddi tuong duong bat déng thic (i) ta dugc:
z(y —2)? +y(z —2)* + z(x —y)* > 0. (luon ding)

Déng thic xay ra khi 2 = y = 2.
Vay bat ding thiic (i) da dugce chitng minh.
i) (x+y+2)?=3(xy +yz+ 2x),Va,y, 2z > 0.

Bién d6i tuong duong (i) ta dudc:

(z—y)P?+(y—2)?2?+(z—2)>>0. (luon ding)

Dang thic xay ra khi z = y = 2.
Vay bat dang thiic (i) da duge chitng minh.
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Quay trd lai bai todn ta c6:
, Z Y 4
M= (e G e T eraeTa)
r(y+2)+y(z+a)+z(x+y)
_\/§< (+y)(x+2)(z+y) >
 2V3B(zy 4 yz + )
ety (et 2) (2 +y)
I3 (zy +yz + zx)
Sd(rty+z) (vy +yz+oz)
9v/3
A(z+y+2)
9v3
h 4/3 (zy +yz + 22)
3v/3
=

(ap dung (7))

(4p dung (i7))

Déng thitc x4y rakhia =b=c= /3 — 1.

Binh luan.

1) Bai toan khéa hay khi khai thac rat sau tinh chia hét ctia s6 nguyen t6, diéu kien

nguyeén t6 cing nhau. T d6 dua ra cac hudng di thich hgp cho bai toan.

2) Day la toan kha quen thuoc 6 cap do THPT, tuy nhién vé6i chuong trinh THCS thi
day 1a bai toan tuong ddi kho trong viec khai thac gid thiét dé dua vao biéu thiic
M. Dé giai bai toan yéu cau hoc sinh can bam sat biéu thitc can chitng minh két
hop véi ki nang bién doi dai s6 thanh thao.

Luu y. Mot s6 diéu kién hay xuat hién trong cac ki thi va huéng gidi quyét:

T
—,b:y,c:i.
Yy z z

b+c c+a _a—i—b

e abc =1 dat a =

e yyz=xw+y+z+2dat x = LY = )2
a b c
a b c
2 =1ldatz= = = .
® Ty + Yz + 2xr + 2xyz at x b—l—c’y c+a,z Py
2 2 2
e ab+bc+ ca+abc =4 dat a = I b= y c i

y+z 24z x4y

Bai tap tuong tu.

1) a) Gidi phuong trinh 23 4+ ¢® — 32y = p — 1. (z,y € N) v6i p 1a s6 nguyén to.
Trich "nhing bai toan hay tap 1-Bui Td Long"
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[

b) Tim cac sd nguyen t6 x,y, 2 thoa man z¥ + 1 = 2.
Trich "chuyén dé so hoc -Lé Dinh Huan"
2) a) Ching minh v6i moi a, b, ¢ khong am c6 ab + be + ca + abe = 4 thi

a+b+c>=ab+ be+ ca.
Trich dé thi hoc sinh gidi quoc gia nam 1996

b) Cho a,b, ¢ > 0 théa man ab + be + ca + abe = 4. Chitng minh rang

3(a* + b + ¢?) + abe > 10,

Trich "nhiing vién kim cuong trong bat dang thic todn hoc”

—' Bai 3
Cho tam gidac ABC nhon véi AB < AC. E, F lan luct la trung diém ctia cac canh
CA, AB. Trung tric ctia doan thing EF cat BC tai D. Gia sit c6 diém P nim trong
EAF va nim ngoai tam giac AFF sao cho PEC = DEF va PFB = DFE. PA cit
duong tron ngoai tiép tam giac PEF tai Q khac P.

1) Chiing minh riang EQF = BAC + EDF.

2) Biét tiép tuyén tai P clia dudng tron ngoai tiép tam giac PEF cat cac dudng
thang C' A, AB lan lugt tai M. N. Ching minh rang boén dicm C, M, B, N ciing

nam trén mot duong tron. Goi duong tron nay tén 1a duong tron (K).

3) Chiing minh rang dudng tron (K) tiép xic véi dudng tron ngoai tiép tam giac
AFEF.

Phan tich. a) Biéu dién EQ\F theo cac gbc c¢b lién quan téi BAC va EDF. Chi v,

tinh chét tong ba goc trong mot tam giac, tinh chat goc ngoai tam giac...

b) C6 kha nhiéu cach dé chitng minh mot t1 gidc noi tiép. Tuy nhién, véi didu kien bai

toan ta c6 hai huéng di rat ro:

e ABC = NMC. Véi huéng di nay, ta dé thiy ring REB = PEM (R =
BC N FB). Do do6, ta chi can chiing minh BRE = EPM thi ta sé dugc diéu

phai chitng minh.

e BNM = BCA. Véi huéng nay, ta tap trung ching minh PTFN va PTEM

noi tiép 1a ta c6 diéu can chitng minh.
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c¢) Dé chiing minh dudng tron (K) tiép xtic véi dudng tron ngoai ticp tam giac AEF.
Ta chiing minh hai dudng tron c6 chung tiép tuyén tai giao diém ctia hai duong
tron.

V6i ¥ tudng nay, ta c6 huéng di rat ro rang nhu sau:

e Budc 1. Tim diém chung ctia hai duong tron (Gia st 1a diem T)).

e Budc 2. Chiing minh tiép tuyén tai 7' ctia dudng tron (K) ciing chinh 1 tiép
tuyén tai 7' ctia duong tron ngoai tiép tam giac AEF (hofc tiép tuyén tai T'
ctia duong tron AEF ciing chinh 1a tiép tuyén tai T' ctia dudng tron ngoai tiép
tam gidc (K)).

Hay ching minh FTN = FET + TMN.
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