5 DE THI TUYEN SINH TRUONG THPT CHUYEN KHTN HA NOI (VONG 2)

Phan tich. Theo dé, ta c6 thé suy ra dugc a, phai la n vi néu ngudc lai gia sit ton tai
n #n: a; = n thi trong day a1, a1as, a1a2as, ..., a1a2a3...a, s¢ c6 it nhat 2 s6 chia hét cho
n (trai v6i dé bai). Suy ra ajasas...a,_1 = (n — 1)! va ajasas...a,'n.

Tit suy luan do6 cting vdi n 1a hop s6, ta nghi dén mot bo dé: Néu n 1a hop s6 van > 4
thi (n — 1)lin.

Dua vio bo dé nay ta co thé két luan duoe n = 4 13 két qua can tim.

L&i giai. Ta sé chiing minh bd dé sau: Néu n 14 hgp s6 va n > 4 thi (n — 1)!in.

Chtng minh: Vi 7 14 hop s6 16n hon 4 nén ton tai a,b thuoc N sao cho 1 <a < b < n va
n = a.b. Suy ra (n — 1):ab hay (n — 1)lin.

Tru6c hét a,, phai 1a n vi néu nguge lai gid st ton tai n # n : a; = n thi trong day
ay, a1z, 10203, ..., A10203...a, $6 c6 it nhat 2 s6 chia hét cho n (trai véi dé bai).

Suy ra ajasas...a,_1 = (n — 1)! va ajasas...a,’:n.

Néu n > 4 thi do n 14 hop s6 nén (n — 1)!in hay ajasas...a,—1'n (loai).

Néun = 4 thi tdn tai mot hodn vi cia 1,2, 3,4 12 1,3, 2, 4. Khi d6 déy s6 1,1.3,1.3.2,1.3.2.4
s¢ ¢6 sO du 1, 3,2,0 khi chia cho 4.

Vay n = 4 1a hop s6 thoa de. [ |

Binh luan. Bai tap nay 13 mot bai tap khé. Dau tién hoc sinh c¢6 kha ning quan sét
ciing nhu nhan dinh t6t, ta c6 thé rat ra duge nhan xét a, = n. Khong nhitng vay, bai
tap nay doi héi hoc sinh phai co kién thic rong, biét dude bé dé méi c6 kha nang giai

quyét dugce bai toan.

5 Dé thi tuyéen sinh truong THPT Chuyén KHTN
Ha Noi (Vong 2)

—' Bai 1
z+y=+x+3y (1)

1) Giai hé phuong trinh
+yi+ay=3 (2).

2) V6i a, b 1a nhitng s6 thyc duong théa man ab + a + b = 1. Chitng minh rang:

a b 1+ ab

+ = :
T+a? 148 20 +a)(1+8)

Phan tich.
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1) Ta dé thay ring h¢ s6 truée z,y & phuong trinh (1) bing nhau va cuing bing 1.
Tuong ty, hé s truée 2%, y* & phuong trinh (2) déu cung bang 1.
Do d6, néu binh phuong hai vé phuong trinh (1) sau d6 trit phuong trinh (2) (tru
vé theo vé) thi ta sé triet tieu duge z? va y?. Khi do, ta dé dang biéu thi mdi lien

heé gitta v y bang phép bién doéi dai sb.

2) V6i dicu kien ab + a + b = 1, ta nghi ngay t6i viec thay 1 = ab+ a + b vao 1+ a®.
Khi d6 ta duge: 1 +a*> =ab+a+b+a®> = (a+1)(a+b).
Tuong tu: 1+ > =ab+a+b+b*=(b+1)(a+b).
Thay 14+a® = (a+1)(a+b) vi 1 +b* = (b+1)(a+b) vio biéu thic can chitng minh
sau do6 thuce hien phép bién déi tuong duong ta sé cé ngay dicu phai ching minh.
Loi gidi.
1) DKXD: z + 4 > 0.

Tu (1) ta suy ra 2° + y* + 22y = x4+ 3y (). Thay (2) vao (*) ta dugc:
3tay=a0+3ys(-3)(y—-1) =0«
e VGi x =3 thi (2) tré thanh: y?> + 3y +6 =0 (vo nghiem).

e V6i y =1 thi (2) tré thanh:

r =1 (théa dicu kien = +y > 0)
P +r—2=0&
r = —2 ( khong thoa thoa dicu kien = + y > 0).

Thit lai, ta thiy (z;y) = (1;1) 12 nghiém ctia he.

2)
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Céach 1. (Bién doi tuong duong ngay ti dau)

a b 1+ab
14 a? + 1+62 \/2(1-1-(12)(1-1—{)2)
a(l+0°)+b(1+a®) 1+ab

(+a)(1+0) 20 +a)(+0)
(a+b)(1+ab) 1+ab
(I+a®)(1+02) 201+ a?)(1 + 12

& atb = ! (do 14 ab>0)

(T+a®)(1+0%)  2(1+a2)(1+0?)

& V2(a+b) = /(1 +a?)(1+ )
&20a+b)’=1+a)(1+b) (doab+a+b=1)
& (a4 + (a+b)° =1 +a®)(1+0%
& (a+b)P+(1—ab)’ = (1+a>)(1+b?)
& (a® +2ab+b*) + (1 — 2ab + a’b*) =14 a® + b + @’V
< 0=0 (luon ding).

Vay déng thitc da duge ching minh.

Cach 2. (Bién doi dai s6 sau doé bién doi tuong duong)

Taco: 1+a*=ab+a+b+a*=(a+1)(a+D).

Tuong tu: 1+ 02 =ab+a+b+0*= (b+1)(a+Db).

Ta cé:
a b a b
+a 140 (ax)@+b) Ot @+d)

B 2ab+a+b

C(a+1)(b+1)(a+b)

B 14 ab

C(a+1D)(b+1)(atb)
Mit khdc: 14+ ab 14 ab 1+ ab

20+ @)1+ 02 2@+ 1) (b+1)(a+b)? 2@+ D) b+1)(atd)
Khi d6 biéu thiic can chiing minh tuong duong véi:

1+ ab B 1+ ab
@+ )0+ (a+b)  \2(a+1)(b+1)(a+Db)
s+ (b+1)=y2@tr1) b+
Sabt+atbt1l=/2(ab+at+b+1)

<2 =2 (luon ding).

Vay dang thic da duge ching minh.
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Binh luan.

1) Day la hé tuong d6i don gidn so v6i dé thi tuyén sinh viao trudng trong nhitng nam
gan day. Kha don gian dé gidi bing toan bang cach binh phuong hai vé sau do rit

thé (hogc trit vé theo ve).

2) Bai toan khong khé nhung véi cach khai thac lai kha hay v6i huéng di rat ro rang
tlr viec phan tich ab+ a +b = 1 sau d6 thay vao 1 4 a? va 1 + b?. Hoc sinh chi can
can than trong cac budc bién déi tuong duong la ¢ thé danh diém t6i da bai toan

N

nay.
Bai tap tuong tu.

r+2y=+2c+3y+4
2+ 4y? + 22y = 7.

Pham Quéc Sang-SV DHSP TPHCM
2r 4 3y = Va2 + 12y + 12

32?2 + 9y* + 10xy = 22.
Pham Quoc Sang-SV DHSP TPHCM

1) a) Giai hé phuong trinh

b) Giéi hé phuong trinh

2) a) Cho a,b,c la céc s6 thyc théa man ab + ac + bec = 3. Chiing minh rang:
c—b a—c b—a

3 P13 2+3 )
Pham Quoc Sang-SV DHSP TPHCM

b) Cho hai s6 thuc a, b sao cho |a| # |b| va ab > 0 thoéa man dicu kien
a—b a+0b 3a —

a?+ ab @2 —ab a2 —b

a® + 2a%b + 3b3

- 2a° + ab? + b° .
Trich dé thi vao ldp 10 chuyén, TP Ho Chi Minh nam 2016

Tinh gia tri ctia bicu thec:
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,_| Bai 2

1) Gi4 sit p, ¢ 1a hai s6 nguyén t6 théa man ding thitc:

plp—1)=q(@-1) (%

a) Chiing minh ton tai s6 nguyén duong k sao cho p — 1 = kq,¢*> — 1 = kp.
b) Tim tat ci cac sd nguyen t6 p, ¢ thoa man dang thiic (x).
2) Véi a, b, ¢ 1a cac s6 thyc duong théa man ab+ ac+ be + abe = 2. Tim gia tri 16n
nhét ciia biéu thic:

B a+1 b+1 c+1
Ca24+2a+2 B4+20+2 2+20+2

Phan tich.

1) a) V6iyeu cau chiing minh ton tai s6 nguyén duong k sao cho p—1 = kq, ¢*—1 = kp
thi ta thi ta sé c6 hai huéng gidi quyét bai todn bang cach chiing minh:
e p|¢>—1=¢*>—1=kpthay vio (x) ta dugc p= 1= kq.
e g|p—1=p—1=kqthay vao (*) ta dugc ¢*> — 1 = kp.

b) Hién nhién & 1a duy nhat do dé tit cau a) ta dude:
P —1=klk¢g+1)=¢@—kq—k—-1=0.
Tt do6, ta quy bai toan ve viéc gidi phuong trinh nghiém nguyén theo hai bién
¢,k (cha y chon g nguyén t6).
Ngoai ra, kha don gian dé c¢6 thé nhan ra p = 3,¢q = 2.
Mac khéc, tir (%) ta chiing minh duge p | (¢*>—1). Dodé p| ¢—1 hodc p | ¢+ 1.
So sanh p = 3,¢ = 2 thi ta sé nghi ngay téi viéc chiing minh p = ¢ + 1. Véi

huéng gidi nay ta ciing c6 rat nhiéu huéng di khac nhau dé dan dén két qua.

2) Gan nhu viéc ap dung tryc tiép gid thiét ab+ ac+ be + abe = 2 vao bai toan 1a dieu
khong thé. Do d6 ta bat dau khai thac tit biéu thic M.
Vi vai tro ciia a, b, ¢ trong M 1a nhut nhau nén ta chi can xét mot phan thitc trong

3 phan thiic sau d6 thyc hién tuong ty véi hai phan thic con lai.
a+1 _ a+1
a2+2a+2 (a+1)2+1
Tuong t véi b, ¢ ta sé nhan thay ring biéu thitc M hoan toan cé thé biéu thi qua

Khong mat tinh tong quat ta xét

a+1,b+1,c+1. Do do, ta sé bién doi gia thiét theo a +1,b+1,c+ 1.
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5 DE THI TUYEN SINH TRUONG THPT CHUYEN KHTN HA NOI (VONG 2)

Ta co
abc+ ab+ ac+ be = 2

S abc+ab+ac+bc+a+b+c+l=a+b+c+3

Sa+)b+1)(c+)=(a+1)+(b+1)+(c+1)
(a+1)+(0+1)+(c+1)

DI
1 1 1 .
TEr)0ED G+ +D)  crxDarl)

Dé don gidn bai toan, ta can thay doi bién ctia bai todn. D6i chiéu véi gid thiét clia
1

1 z
Tuy nhién, néu phan tich sau hon ta sé nhan thay diéu kién ” = 7 ctia bai toan 1a

V3

a=b=c=+v3—1lhaya+1=b+1=c+1=+3Bnenviecdata+1=~—b+1=
X

V3

3
—c+1= £ sé gitp bai toan tré nén gon gang hon..
z

1 1
bai toan ta nghi ngay t6i viecc dat a +1=—,b+1=—;c+1 =
z Y

Ngoai ra, bai toan con c6 huéng di khac 1a dua M vé 2 bién sau d6 danh gia M.
Lot giai.
1) a) Cach 1.
e V6i p = ¢ thi () tré thanh: p(p — 1) = p(p* — 1).
Gidi ra ta duge p =1 hodc p =0 (vo li do p 1a s6 nguyén t6).
e V6ip #q.
pp—1)=ql@®=1)=pla@—-1)=p|¢®—1(do (p,q) = 1)

Suy ra ¢* — 1 =kp (k € N*). Thay vao (*) ta dugc p — 1 = kq.
Vay ton tai s6 nguyén duong k sao cho p — 1 = kq,¢*> — 1 = kp.

Cach 2.
e Véi p = ¢ gidi ra ta duge p =1 hosic p = 0 ( vo Ii do p 1a s6 nguyén t6).
e VGi p #q.
pp—1)=q(@—-1)=q|lp—1=p—1=kq
Thay vao (x) ta duge ¢* — 1 = kp.
Vay ta c6 dieéu phai ching minh.
b)
Cach 1. Ching minh k& duy nhét.
That vay, gia st ton tai k' (k # k') thoa (x) tic la: p — 1 = Kq,¢* — 1 = k'p.
Tudésuyra(p—1)—(p—1)=qk—FK)=k—-FK=0=k=F. (voli)
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