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DPép an chuyén dé: Khoang cach - Hinh hoc 11

64.
OA 1L OB
a) Do
OA LOC
Lai c6 OB=0C va I la trung diém ctia BC nén A
OI LBC. Vay OI la doan vudng goc chung cia OA
va BC.
BC_a2
2 2
b) Goi | 1a trung diém cua OB thi mit phang (AIJ)
chtta Al va song song véi OC. Ha OH L AJ,He AJ.

= OA 1 (OBC)=OA LOI

Ol =

Ta cé b roc IJ L(OAB IJ LOH vi va
a co OCJ.(OAB)jI ( ):] V1 vay

OHJ_(AI]) . Tt H ké duong thang song song v6i B ‘
IJ cat Al tai E, tir E ké duong thing song song véi
OH cat OC tai F thi EF 1a doan vuéng géc chunh cta Al va OC.

1 1 5 H:%

1
Trong tam gidc OAJ cd = —wa— =—=0
& tam st I S ~oar Top &
a5

65. Goi I 1a trung diém ctia BC . Do tam S
giac ABC déunén AI LBC, mat khac
SA L(ABC)=>SA 1 BC=(SAI) L (SBC)

do d6ha AH LSI tai H thi AHL(SBC).
Vay d(A (SBC))=AH.

Ta oAI—i SA—i suy ra 7
A<
1 1 1 1 1
AIE AL AS 2 : I
2 2 B
_2 a2
a’ 2
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Hay d(A,(SBC))=

a2
2

66. Chitng minh duwoc AB,AC,AD d6i mot vuong goc, tit do tinh duwoc

Nen
-7

d(A,(DBC

67. Goi O la trung di€ém cua CD
Tac6 (P)L(Q) va A=(P)n(Q), ma
ACLA

= AC1(Q)=ACLAD = AACD
vuong tai A =>0A=0C=0D.
Tuwong tw ABCD vudng tai B
=0OB=0C=0D.

Vay OA=0B=0C=0D.
1BC
1 BD

= AH 1 (BCD) do d6 d(A,(BCD))=AH _22
2

Ha AH L CB thi AH
AH

68. Goi H 1a hinh chiéu ctia D trén (ABC)

Ha HM 1L AB,HN L AC.

Xét hai tam gidc vudng AMD va AND ¢6 AD chung, MAD =NAD =60’

nén

AMAD = ANAD = DM =DN = HM =HN

do d6 AH la duong phan gidc goc A cua A

tam gidc ABC.

Ta c6 AM = ADcos60" =§ .

C
AM 5 o3

S c0s30° 3 3
2

2
DH = AD? — AH? :,/cz—%zg.
o6
T

Vay d(D,(ABC))=
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BC L Al

69. Ké AT 1 BC,I1eBC, taco
BC LSA

= BC L (SAI).

AH LSI
Ké AH LSI thi
AH 1 BC

Vay d(A,(SBC))=AH

= AH 1 (SBC).

Ta cé ABI=60°, Al = ABsin60° =2a.§=a«/§.
1 1 1 1 1

AH? AS* AT (3a)2 (a \/5)2

_ 4 _3a
9a

Vay d(A,(SBC))=-

70. Goi N la trung diém ctia BB' ; ta cd
{B‘C // MN

MN < (AMN) =B'C//(AMN) do d6 o

d(AM,B'C)=d(B'(AMN)). Mt khac N \
la trung di€m ctia BB' nén
d(B',(AMN))=d(B,(AMN))
Ké BI L AM thi AM L(BNI),keé
BH L NI=BH L (AMN) nén
d(B,(AMN))=BH.
@ W 1
BH* BN’ BI’

11 1 7
BN? BA® BM? a’’

7

:>BH_— Vay d(AM,B'C)=

Ta co

NG
=

Cach 2. Ke BI L AM thi (IBB') L AM, ké CK / AM thi CK L(IBB')
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Xét phép chiéu vudng géc 1én (IBB') thita c6 B'K la hinh chiéu ctia B'C
trén (IBB') nén d(AM,B'C)=d(I,B'K). c
Ha IHL1B'K,HeB'K, ta co B

11 1 5331:%5/;

— = 4 - =
BI’ BA*> BM’ a’
Dé thay B a\/_

B'K=+BK?*+BB"? = «/ +2a? —aﬂf—

Ta c6 AKHI ~ AKBB' =

BB' BK

IK.BB' a5 J5 aﬁ
BK 5 J— 14 7

of

=IH=

Vay d(AM B' C)

71. Goi I la trung dlem caa AD

théthi IA=ID=IC =% nén

AACD vudng tai C

=CD L AC(1)

Lai ¢6 SA L(ABCD)

=SA LCD (2).Tu (1),(2) suy
ra CD L (SAC)=CD 1SC, hay
tam gidc SCD vuong tai C.
Goi d,,d, lan lwot la khoang
cach tr B,H dén (SCD).

Ta co

d, SH_SHSB_SA’ 2

d, SB SB®> SB® 3

1
2
d,=2d,.
Ké AF 1 SC thi dé thdy AF L(SCD), ké BK // AF,K cEFthi d, =BK.
Goi E=ABNCD.
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Taco — BK_EB_1 =BK = 1AF
AF EA 2

Mat khac,trong tam gidc vudng SAC ta co

1 1 1 1 1 1

AF AC AS 227 2a &

:>KB:3:>d1:E:>d2:g.
2 2 3

N

a

Vay d(H,(SCD))=d, = 3
Luu y: C6 thé tinh khoang cach
tit H dén (SCD) theo cach

khac nhu sau:
Goi E=ABNCD,K=AHNSE
Dé thdy B la trung diém cta

AE va 22 -2 pen H la trong
SB 3

tam ctia tam gidc ASE.

d

Ta co —(H'(SCD)) _KH_1
d(A,(sCD)) KA 3

Tt dién ABES c6 AB,AE,AS

doi mot vudng goc nén

( ,SCD)) AE?2 AD?> AS® 4a® 4a®> 2a°> a2

=d(A,(SCD))=a= d(H,(SCD))=.
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72. Goi E la trung diém cua BC, ta cd S
{BC LHE

= BC L (SHE)
BC LSH

= (SHE) L(SBC). Do d6 IK L SE thi
IK 1 (SBC)=IK=b.

Ta c6 ASKI~ ASHE — X _ 5K B
HE SH
=SH= HE SK (*), E
IK b,SK =+/SP —1K” = 4/ 5 c
nen
SH?

*) s SH = & RN
) b\ 4 \/a —16b2
Vay SH=——222

Ja? —16b?

73.a)GoiI=HOmCD:M &r_1
d(H,(sCp)) HI 2

Tam giac ABC déunén CH L AB ma

AB//CD=CHLCD.
Mt khédc CD 1 SHdo d6 CD L(SHC), ké
HJ 1 SC,] eSC=H]J L(SCD)
= d(H,(SCD))=H]J.
Ta co HC=#,trong tam gidc SHC c6
1 _ 1 1
H? HC* HS’
1 1 4 17
(a\/ng a> 3 a> 3
2
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d(A,(SBC)) BA

b) Ta c6 B:ABm(SBC) nén d(H,(SBC)) = BH

2

“ \ o , . |AE LBC
Goi E,F lan lugt 1a trung diém cua BC,BE thi = HF 1 BC
HF // AE

. |BCLHF
ay
BC LSH

HK L (SBC)nén d(H,(SBC))=HK .

= BC L (SHF)= (SBC) L (SHF), do d6 ké HK LSF thi

AE

TacéHF:Tza;/g3 1 1 N 1 16 1 19

= _—+—=_
HK?> HF* HS* 3a®> a*> 3a°

= HK = % = d(A,(SBC))=2d(H,(SBC))= 2257

NT) 19
_ 2a\/§

Vay d(A,(SBC))= 0

74.
Goi O,0' Ian luot 1a trung diém cta
BC,B'C', I=O0'nCN .
{B‘M J/ AN
o

AN (acn) = BMA(CAN)

= d(B'M,CN)=d(B'M,(ACN))
=d(B(ACN)) (1). |

Mit khéc N 1a trung diém ctia BB'nén ~ C ﬁ
d(B',(ACN))=d(B,(CAN)) (2). 0

Ta co

d(B,(CAN)) _CB_ o)

d(0,(CAN)) €O

Dé thay ti dién OACI c6 OA,OC,OI d6i mot vudng goc nén
1 _1 11 (4)

d’(0,(ACN)) OA* OC* Or

CB(CAN)=C=
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DethayOC——OI—CTN:EOA—T\/E nén
1 1 1 14 4 1664
d*(O,(ACN)) (L3} (a) (a) 32 a* a* 3a’
{2] @ (4)
=d(O,(ACN))= g (5).

Tir (1),(2),(3),(4),(5) ta cé d(B'M,CN) =¥ .
75.
d(A,(SBC)) _CA_ 0
d(O,(sBC)) €O
Mt khac dé thay ti dién OBCS 6 cac canh OB,OC,0S
doi mot vudng goc nén

1 _ 1 N 1 N 1
d’(0,(sBC)) OB* OC* 08’

a) Ta co AOm(SBC):C nén

=1+ i %:% :d(O,(SBC)):%
=d(A,(SBC))= ‘f/__

b) Ta co6 (SCD) la mit phang chita SD va
song song voi AB vi vay
d(AB,SD)=d(AB,(SCD))=d(B,(SCD))

Tuong te nhw cau a) ta co
d(B,(SCD))=2d(0O,(SCD)) ma

d(0,(scD))= 23 =d(B,(SCD))= CEIENN ay d(AB,SD)= a3
V19 V19

76.

Goi M,N Ian luot la trung diém ctia AB va CD.

Xét hai tam gidc ACD va BCD c6 CD chung AC=BD,AD=BC nén

AACD =ABCD, ma M la trung diém ctia AB nén MN L AB.

Li lIwaanj twong tw ta cing c6 MN LCD.
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Vay MN la duong vuong goéc chung cua AB va
CD, do d6 d(AB,CD)=MN.

2

2 2 2 2(b*+c*)-a
Taco AN? L ACHAD® CD* (b>+¢)
2 4 4
2(b2+cz)—a2 a2
MN?* = AN’ - AM’ = —————— -~
4 4
2, 2 2 2, 2 2
_b'+c-a — MN = b*+c —a , hay
2 2
2, 2 2
d(AB,CD)= ’m_
2
Tinh twong tw ta c6 :

C
d(AD,BC):J#, d(AC,BD):J#

77. Goi P la trung di€ém cua SA .
Ta c6 MP la duong trung binh ctia
AEAD =MP j/ AD<MP //BC.
Do @6 MP //=NC nén MPCN la
hinh binh hanh=MN // CP.
Mit khac ABCD la hinh chép déu
nén dé dang chitng minh dwoc
BD L (SAC)=BD LCP.

MmNy cP

' {BD 1CP

Ta c6 (SAC) la mit phang chita AC

=MN _L1LBD.

va song song voi MN nén
d(MN,AC)=d(N,(SAC))

_1 _aV2
=5d(B,(sAC)) ===
Vay d(MN,AC) =%.
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78. Ké SH 1 BM. Ta c6
{BCLAB

= BC 1 (SAC)=BC LSH
BC LSA

. , |ISHLBM
Laico
SH 1 BC

Vay d(S,(MBC))=SH.

= SH 1 (MBC).

Ta c6 SA L(ABCD)=(SB,(ABCD))
=SBA =60° = SA = ABtan60” =a\/3

B
MB=AB + AM = |2 +| Y3 | 222

3 J3
Dé thdy AMHS ~ AMAB nén

2a+3 ax/g
_MSMA 3 "3 a3

MHE_MS _ v
MA MB MB 2a 3

B
2a a

BH=BM+MH=-2 1+ % a3 =SH=+/SB>-BH? =\/4a>-3a =a

V3 3
Vay d(S,(BCM))=a.
DM LCN
DM L SH

= DM 1 SC. Goi I 1a hinh chiéu cia H
trén SC thi HI la doan vudng géc chung
cua SC va DM nén d(DM,SC)zHI.

T giac AMHN ndi ti€p nén

79. Ta c6 { =DM L (SCN)

DH.DM =DN.DA = DH= DN.DA
DM
a’ a’ a

" 2JAM? + AD? _ZJaZ R NG
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2 2

Tacé HC*=DC>~DH? =a* - % =30 _pc-22

5 5 J5
. A : NP L1 1 1
Tam giac SCH vuong tai H va c6 duong cao HI nén — =——+—
HI* HS® HC

S SR SR - I 192:>HI:2\/§a'

(aﬁ) (zaJ 3a° 4a’ 12a J19

5
2a\/§

Vay d(DM,SC) =

19

80. Ap dung dinh i ¢6 sin ta c6

BC?> = AB®> + AC> —2AB.ACcos A =a” +4a* — 2.2a.a.[—%j =7a’

:>BC=a\/;.

Ta c6 BM=+vBC? + MC? =2av/3,A'B=AB? + AA? =a21
A'M=vA'C*+C'M? =3a, tir d6 ta c6 MB> + MA " =21a® = A'B? nén tam
gidc MA'B vudng tai M hay MB L MA'.Ké BI L AC tai I.
d(A,(A'BM)) NA
d(L(A'BM)) NI

Tacé AN=2AC=4a, AI=ABC0560°=% nén IN=IA+AN=%+4a=97a,

Goi N=A'NNAC, ta co IAm(A'BM):N nén

do do
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d(A,(A'BM)) _4a 8

d(L(ABM)) 9% 9’
2

Dé thay BI L(ACC'A')=BILA'M

A C
, vay {A ML Bl = A'M 1 (IMB) N
A'M L MB / -
(IBM) L (A'BM)=BM nén ké B’ I N
IK 1L BM thi IK L(A'BM). | II | P
. , | -~
Vay d(I,(A'BM))=1K . I )2\/
Ta co I/< - —_~=C N
17
1y
B
Moic o - [32) [ 265 b
2 2 2
11 144 6 35
IK2 IM? IB®> 3a’ 45a° 45a’° 8
Do d6 d(A,(A'BM))=§.3a\/§=£
9 8 3
d(A,(A'BM
Luu y: Co thé st dung ( ( )):NA dung nhu hinh vé cling tinh
d(C(A'BM)) NC

duoc khoang cach tit A dén
(A'BM).

81.
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(ABB'A'") /(CDD'C')
a) Tac6 {(A'MB)N(ABB')=A'M =A'M//CN
(A'MB)n(CDD'C')=CN
Tuong tu CM // A'N, do d6 A'MCN Ia hinh binh hanh.
Dé thdy CB' L (ABC'D') ma MN (ABC'D') nén
CB' LMN.
b) Goi O la tam cta hinh hop va I la tam ctia
mit bén BCC'B'thi Oe MN.

MN 1 CH
(ABC'D') duong thing MN di qua diém O <8

MN LCI
Ta c6 { = MN L (CIH)=IH L MN Trong

dinh va diém H nhin doan OI dudi mot goc
vuong nén H thudc dwong tron dwong kinh OI .
Goi H, :AC'm(C),H2 :BD'm(C) voi (C) la duong
tron duong kinh OI trong (ABC'D').

T d6 ta lap luan duoc tap hop cac diém H la cung tron H H, .
82.

a) Dit OB=b,0C=c thi b+c=1 A
Soan +5

OAB OBC + SOAC

= %OAOB + %OB.OC + %OC.AO

=l(b+c)+le=l+lbc
2 2 2 2

Goi I 1a hinh chiéu cuia O trén BC va H la
hinh chiéu cua O trén (ABC).
1 1 1 1

OF OB OC b &

b* +c? b*c?
= =0P=——.
b*c? b*+c?
2
2.2 2 2 2 2 b -2b b2 2
Do dé AIZ:OIZ+OA2=b}2)C 2+1=b ;2 +123c :( +C)b2 §+ -
+c +c +c
2
1-b _
=< 5 Cz :>AI=& (do 0<bc<1)
b”+c b’ +c’
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1 1 1-bc 5> _ 1.
=S =5 ALBC= 2\/}ﬁ\/b +c _2(1 be).

1

Vay Su,p +Sosc +Sorc +Sanc = 2+2bc+ (1 bc)=1 khong déi.

b) Bat a=0BA,=ABC,y=0CB.
BA? +BC* - AC?
2BA.BC

Ap dung dinh li Césin cho tam gidc ABC ta cd cosf =

OB’ +OC” +OA’ + OB’ —(0A*+0C*)  op?
- 2BA.BC ~ BABC

~OB(OA-OC) 0OA.OB OB.OC
BA.BC BABC BA.BC

= a+p+y=180". Vay OBA + ABC+OCB=180".
83. Tam gidc ABC vuong tai A va
AB=AC=a=BC=av2.Goi I Ia trung
BC L Al
BC LAA'
=BCL(AIA")=AILB'C (1).
Dé thdy BCC'B' 1a hinh vudng nén
BC'LB'C (2). Tix (1),(2) suy ra (a)
chinh 1a mét phang di qua M song song
voi Al va BC'.

Me(a)n(ABC)
Taco {Al// (a)

Al c(ABC)
= (a)n(ABC)=MN // AL, N eBC.
Tuwong tw (a)n(BCC'B')=NP //B'C,PeCC'.
Goi K=ACNMN,Q=PKNAA'. Thiét dién la t&t giac MNPQ.
S,y =S ~Seng :sm{;’zz —1J:sKMQ (%.%-1).

KN_KN_CN_3

KM Al CI 2

=cosacosy —sinasiny =cos(a+y)

diém ctia BC thi {

Do M la trung diém cua AB va KN/ Al nén —

KPP _KC_NC_

T A //CC'=
uong tu QA // KQ KA NI
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AQ= NC = ; 3&2/_ = i AK = 2AC_— T dién AMKQ vudng tai A
A 1 2 2 2 az\/_
nén S, = E\/(OM.OK) +(OK.0Q) +(0QOM) = 2
2
T détacod S, = 7a16ﬁ .

Chu y: C6 thé dung phép chiéu vudng géc 1én mp (ABC) dé tinh dién
tich thiét dién MNPQ.
84. Goi K=MNANBD.
Me(a)n(SAB)
SB —(SAB)
SB//(a)
= (a)"(SAB)=MQ// SB,QeSA
Twong tu (a)"(SBC)=NP // SB,PeSC
() (SBD)=KI /SB,1eSD. Thiét dién la ngii
gidc MNPIQ.
De thay MKIQ va NKIP 1a hai hinh thang

vudng cé dién tich bang nhau, do dé

S, =(MQ+IK)MK .Ta c6 MQ=%SB=§,

3BD
trong ASBD c IK DK_4 3 :>IK=—SB=&,
BD BD 4 4 4
MK = L MN = —Ac_a*/_
2 4
Teddtacd S, = 5?6\/_ .

85.a) Do C'D'/ AB nén (MN,C'D')=(MN, AB) = BMB =45
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b) Ta c6 AD'//BC' nén
(BD,AD')=(BD,BC')=DBC'

Dé thay tam gidc BDC' déu nén
DBC'=60".

¢) Taco MN // AC nén

(MN, AP)=(AC,AP)=CAP

Dé thay

AC=a\/§,CP=§,Ap=%a
AC? + AP — CP?

2AC.AP
Dodé o290 52"
_ 4 4 _1

cosCAP =

2.a\/§.% \/5

= CAP=45". Vay (MN,Ap)=45°.
86. Goi F la trung diém cua BD
thi EF /= %CD , do dé

(CD,SE) =(EF,SE) =SEF
Ta co

EF:1CD:1(
2

2 2 2

ABﬁa] _Jea

Trong tam giac SCE ta co6
2
SE*=SC* +CE*=a” +(aV2) =32’

15a*

Trong tam gidc SCF ta ¢ SE*> =SC? + CF?> =SC* + CD? + DF* =

2 2 Q2
w__ijs]ﬂ::rﬁo

Do d6 cosSEF = _
© G0 cos 2SE.EF NA
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=(CD,SE)=45".
87.a) bdt x=AM,y=BN va AB=a. Ap dung dinh li

cO sin ta co

OM’ + ON* - MN*

cosMON =
20M.ON
2 2
, a , b 2
XAy +7—(x+y) iy
20M.ON 20M.ON

Do AM 1 AB va BN L AM nén AM 1 AN, do d6
MN? = AM? + AN? = AM? + BN? + AB?

:>(x+y)2:x2+y2+a2:>2xy=a2
2

= cosMON = 2

————<0. Vay tam gidc MON tu.
20M.ON

b) Ké OH L MN,HeMN. Ta chéng minh OH = % . That vay, gia st

OH >OA . Khi d6 xét cac tam gidc MOA,MOH ta c6 MH<AM va xét cac
tam gidc NOB va NOH ta cd NH<BN, suy ra MN < AM + BN

(mau thuan gia thiét).

Twong tw OH<OA cfing mau thuan gia thiét.

Vay OH=0A, hay OH = % khong dbi.
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88.

a) Tam giac ABD can tai B c6 I la trung
diém cua AD nén BI L AD. Tuong tu
CI LAD= AD 1 (IBC)

= AD LIJ. Do vai tro binh dang gitta AD va
BC nén IJ L BC.

Vay IJ la duong vudng goc chung cia AD va
BC.

b) Dung hinh thang BCD'A' sao cho 1,J lan
luot 1a trung diém ctia hai day A'D', BC va
IA'=1IA,ID'=ID. Ta thay véi diém M tuy y
trén IJ tht MA=MA''MD=MD' nén

MA +MB+MC+MD =MA'+MB+MC+MD'
=(MA'+MC)+(MD'+MB)>A'C+D'B .
Déng thtic xay ra khi M=A'CAD'B.

b

Ta co IJ* =DJ* ~ID* =DC* — JC* ~1D* =a® ——-— =
2_ 2_ 2
oy oboc

2

1 1 2
BD'Z:[WJ +I]2:a2+%:>BD':,/a2+%

Véay min(MA +MB+MC+MD)=2BD'=+/4a’ + 2bc

89.

I 1a trong tam ctia tam gidc ABC.

Goi T la giao diém cua A'H véi B'C', E,F lan luot 14 cac giao diém cua
AB va BC; CI va AB. Dé thay D, T,E thang hang ( thuodc giao tuyén ctia
hai mgt phang (IAD) va (DBC) )- Do H la tric tdm cua tam giac A'B'C’
nén A'T L B'C', mat khac theo gia thiét DA L DB va DA L DC nén

DA 1(DBC)=DA LB'C' ;dod6 B'C' L(DA'T)=B'C' LDT.

Tac6 C'DT+B'DT=90° va DB'T+B'DT=90"=C'DT=DB'T (1)

M3t khac tir gidc BCC'D' 1a tit gidc ndi ti€p nén DB'T=C'CB (2).
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T (1) va (2) suy ra tam giac EDC can tai E= ED=EC, ma tam giac
DBC vudng tai D suy ra ED=EC=EB, thé thi AE la trung tuyén ctia
tam gidc ABC.

Tuong tu ta cling chitng minh duoc CF 1a trung tuyén cua tam gidc ABC

, vivay I la trong tam cua tam gidc ABC.

Chttng minh MN+MP +MQ=3DI

Ro rang 1D cat cdc mat (DAB),(DBC),(DAC) tai D nén duong thang qua
M cung phuong véi ID chac chan cat cac mat (DAB),(DBC),(DCA) .

Goi X,Y,Z lan luot la cac giao diém cua IM vdi cac canh AB,AC,BC (

Luu y la néu IM song song voi mot canh nao d6 cta tam giac ABC thi ta

van dé dang dung duoc cac giao diém ctia duong thang A véi cic mat
cac mit phing (DAB),(DBC),(DCA))

Ta c6 N,P,Q theo thit tw 1a cac giao diém ctia DX,DZ, DY véi A.

MN XM MR S, 35
ID XI IB S

15

AIBC = 3

Ké MR // 1B, thi

AMAB (do T la trong tam cta

AIBC AABC

tam gidc ABC nén S

AABC )'

Hoan toan tuong tw ta co
E :M MQ - 3SAMCA
D S,. ID S '

Do dé

MN MP MQ

ID ID ID
_38 3S e , Bwica _ 3

SAABC SAABC SAABC

< MN+MP +MQ=3DI
Theo BDT Cau chy ta c6
1 1 1
+ +
MN?  MP? MQ2
(1 1 1Y
> —+—+—
3lMN MP MQ

AABC AABC

3S

AMAB AMBC
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81 27 3

1
>—, =

3 (MN+MP+MQ)  (3DI)° DF
Dr?mg thitc xay ra khi M=1I(khi do N,P,Q=D)

Vay minT = % khi M trung vdi trong tam cta tam giac.
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