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CHUYEN PE I: UNG DUNG VECTO PE GIAI TOAN HINH HQC

Phwong phap chung
Dé giai mot bai toan téng hop bang phuong phap vecto ta thudng thyc hién theo cac budc sau
Buée 1: Chuyén gia thiét va két luan cua bai toan sang ngdn ngit cia vecto, chuyén bai toan
téng hop vé bai toan vecto.
Bue 2: Str dung cac kién thuc vecto dé giai quyet bai toan do.
Burée 3: Chuyén két qua bai toan vecto sang két qua bai toan tong hop.

Sau ddy la mét sé dang todn thwong gdp

1. CHUNG MINH BA PIEM THANG HANG, DPUONG THANG BI QUA PIEM CO
DPINH VA PIEM THUQC PUONG THANG CO DINH.
1. Phwong phap giai.

e Dé chimg minh ba diém A B,C thang hang ta chirmg minh hai véc to E va A—d

cung phuong, tic la tdn tai sO thue k sao cho: AB = kAC.
e Pé chimg minh dudng thang AB di qua diém c6 dinh ta di chimg minh ba diém A, B,
H thang hang v&i H 1a mot diém c6 dinh.
2. Cac vi du.
Vi du 1: Cho hai diém phan biét A, B. Chimg minh rang M thudc dudng thang AB khi va chi

khi ¢6 hai s6 thuc a, 8 ¢6 tong bang 1 sao cho: O—]\j = aa+6£.

Loi gidgi

* Néu A, B, M thang hang = AM = kAB < AO + OM = k(AO + OB)

~ OM =(1—kOA+kOB.Pita=1—k:f=k=a+0§=1va

OM = aOA + BOB.

*Néu OM — aOA+ BOB véia+ 8 =1= 8 =1—a
é@za&—i—(l—a)@i@—@za(&—@)i@zaﬂSUyraM,A,
B thang hang.

Vi du 2: Cho goc xQy . Cac diérp A, B thay giéi lan lugt nam trén Ox, Oy sao cho
OA + 20B = 3. Chung minh rang trung diém I cua AB thugc mdt duong thang co dinh.

Pinh hwéng: Ta c6 hé thic vecto xac dinh diém I 1a O = %OA + %OB *)

Tir vi du 1 ta can xac dinh hai diém cb dinh A', B' sao cho O = aOA' + BOB' véi
a + 3 = 1.Do @6 tir hé thire (*) ta nghi t6i viéc xac dinh hai diém c6 dinh A", B' 1an luot

trén Ox, Oy
Tacd * < Ol = O—OA' + O—OB' tir d6 ta can chon cac diém d6 sao cho
20A" 20B'
OA OB X ;. .y XL < R ] \ ]
—— + —— = 1. Keét hop voi gia thiet OA 4+ 20B = 3 ta chon dugc diem A' va B' sao
204"  20B'

cho OA' — g oB' =3

Loi gidi
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Trén Ox, Oy lan luot 14y hai diém A", B' sao cho OA' = g, OB' = 2

Do I 1a trung diém cua AB nén (7] = 10_1)4—%10_3): ﬂ(ﬁ—FO—BO_B;
2 2 204" 20B'
Taco o4 + 0B =0A+0B:1 OA+20B =1
20A"  20B' 2§ 2§ 3
2 4

Do d6 diém I thudc duong thing A'B' 6 dinh. 9
Vi du 3: Cho hinh binh hanh ABCD, I 1a trung diém ctia canh BC va E 1a diém thudc doan

AC théa man j—g = § Chtng minh ba diém D, E, I thang hang.

Pinh hwéng: Dé ching minh D, E, I thang hang ta di tim s k sao cho

DE = kDI , mubn vay ta s& phan tich cac vecto DE, DI qua hai vecto khong cting phuong

_— —

AB va AD va st dyng nhan xét" ma +nb =0 < m =n = 0 véi a, b 1a hai vecto

khbng cung phuong " tir d6 tim duoc £ = %

Loi giai (hinh 1.35)
Taco Ez?de?f = R+%CTB:E—%E @)

Mit khac theo gia thiétta cé AE = %A C suyra

ﬁ:ﬂ+ﬁ:ﬂ+§ﬂf

:—E+§TB+E :%E—%E(Z) D* C
Hinh 1.35

—_ 2 —
Tu (1) va(2)suyra DE = ng
Viy ba diém D, E, I thang hang.

Vi du 4: Hai diém M, N chuyén dong trén hai doan thing ¢ dinh BC va BD (
BC BD

M = B, N = B)saocho 2— 43— =10
BM BN

Ching minh ring duong thing MN ludn di qua mot diém cd dinh.
Loi gidai

Dé théy luén ton tai diém I thudc MN sao cho 2 B—CIM + S@IN =0 1.
BM BN
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Goi H 1a diém théa man 2HC + 3HD = 0 2 do dé H cé dinh.

—_—

Taco 2 <« 5HB+2BC +3BD =0

o 2By 3B BN _ B
BM BN

28 B + 382 B IN =sBH
BM BN

BC BD
BM BN

2— + 3—]BI = 5BH (theo (1))

1—»

o 10BI = 5BH < BI — 5BH (3)

Do cac diém B, H c6 dinh, nén diém I ¢6 dinh.(xac dinh boi hé thire (3))

Vi du 5: Cho ba day cung song song AA, BB,,CC,| ciua duong tron (O). Chirng minh rang
truc tdm cua ba tam gidc ABC|, BCA,CAB, nam trén mot dudng thang.

Lai gidgi
Goi H,H,, H, lan luot 1a tryc tAm ciia cac tam gide ABC,, BOA ,CAB,

Tacs: OH, = OA+ OB +OC,, OH, = OB +0C + OA
va OH, = OC + OA + OB,

_— — —  —

Suyra H,H, = OH, — OH, = OC — OC, + OA, — OA = C,C + AA,

HH, = OH, — OH, = OC — OC, + OB, — OB = C,C + BB,
Vi cac day cung AA, BB,,CC, song song v6i nhau

Nén ba vecto AA1 BB, C’C’ c6 cung phuong

Do d6 hai vecto H H, va H H, cung phuong hay ba diém H,H, H, thang hang.

3. Bai tap luyén tap. i i
Bai 1.101: Cho tam giac ABC va cac diém M la trung diém AB, N thudc canh AC sao cho

AN = §A C, P 1a diém ddi xing v6i B qua C. Chiig minh rang M, N, P thang hang.
Bai 1.102: Cho tam gidc ABC . Goi M 1a diém thudc canh AB, N 1a diém thudc canh AC
sao cho AM = %AB, AN = ZAC . Goi O 1a giao diém cia CM va BN. Trén duong thing

BC liy E . P4t BE = 2BC.
Tim x dé A, O, E thang hang.
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Bai 1.103: Cho AABC lay cac diém I, J thoa man A = 2IB, 3JA + 2JC = 0. Chimg
minh rang IJ di qua trong tim G ciia AABC..

Bai 1.104: Cho tam gi4c ABC . Hai diém M, N di dong thoa man

MN = MA+ MB + MC

a) Chimg minh ring MN di qua diém c6 dinh.

b) P 14 trung diém ciia AN. Chting minh rang MP di qua diém cb dinh.

Bai 1.105: Cho hai diém M,P 1 hai diém di dong théa man MP = aMA + bMB + c¢cMC'.
Chung minh rang MP di qua diém co dinh. ﬁ ) i
Bai 1.106. Cho hinh binh hanh ABCD . Goi E la diém d6i xtmg ciia D qua diém A, F la

diém dbi ximg cta tim O cua hinh binh hanh qua diém C va K 14 trung diém cta doan OB.
Chtrng minh ba diém E, K, F thing hang va K 1a trung diém cua EF.

Bai 1.107: Cho hai tam giac ABC va ABC, ; A,.B,,C, lan lugt 1a trong tdm céc tam gidc
BCA, CAB,, ABC,.Goi G,G,,G, lan luot la trong tdm cac tam giac ABC, ABC, ,
ABC,.

. , GG
Chung minh rang G, G|, G, thang hang va tinh GGl :
2

Bai 1.108. Cho tam gidc ABC .Cac diém M, N, P lan luot ndm trén dudng thang BC, CA,

AB sao cho MB = aMC, NC = ﬁ]\?ﬁl, Eﬁl = yﬁé.
Tim diéu kién cua o, B, y @ M, N, P thang hang.

Bai 1.109: Cho t&r giac ABCD ngoai tiép dudng tron tam O. Ching minh rang trung diém
hai duong chéo AC, BD va tam O thang hang.

Bai 1.110: Cho lyc gidc ABCDEF ndi tiép duong tron tim O théa mén AB = CD = EF .
Vé phia ngoai luc giac dung cac tam giac AMB, BNC, CPD, DQFE, ERF, FSA ddng dang

vacantaiM, N, P, Q, R, S. Goi O,, O, lan luot 13 trong tAm tam giac MPR va NQS .
Chtng minh rang ba diém O, 0, O, thang hang.
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II. CHUNG MINH HAI PUONG THANG SONG SONG, BA PUONG THANG PONG
QUY.

1. Phwong phap giai.
. Dé chtrng minh dudng thang AB song song v61 CD ta di chimg minh E = k@ va
diém A khong thudc duong thang CD.
e Dé chimg minh ba dudng thing ddng quy ta c6 thé ching minh theo hai huéng sau:
+ Chtrng minh mdi duong thang cung di qua mot diém cb dinh.
+ Chimg minh mot dudng thing di qua giao diém cua hai dudng thang con lai
2. Cac vi du.

Vi du 1: Cho ngii giac ‘AB CDFE . Goi Mz N,P,Q lan luot 12 trung diém cua céc canh AB,
BC, CD, DE. Goi I, J 1an luot 1a trung di€ém cta cac doan MP va NQ.

Chung minh rang IJ song song véi AE Y B
Loi gidi (hinh 1.36) A
e B — E— P — R — —_ _— N
Taco 21J = 1Q + IN = IM + MQ + IP + PN
- S 1 == == 1= c
:MQ+PN:§ AE + BD +§DB E o)
— Q
YY) D
2 Hinh 1.36
Suy ra 1J song song voi AE

Vi du 2: Cho tam gidc ABC.Céc diém M, N, P thudc cac duong thang BC, CA, AB théa méan
a+p+7=0, BMB+ ~vMC = ~vNC + aNA = aPA + BPB = 0 thi AM, BN, CP

dong quy tai O, voi O 1a diém duoc xac dinh boi aOA + BOB + vOC = 0
Loi gidi

—_—

Taco BMB+~MC =0« 8 MO+ OB +~ MO+0C =0
<z>a54+ﬁ£+’y%—l— B+ ﬂ%:aa

& B4y ]\70204&

Suy ra M, O, A thang hang hay AM di qua diém c6 dinh O
Tuong tu taco BN, CPdiquaO
Vay ba duong thang AM, BN, CP dong quy

Vi du 3: Cho sau diém trong d6 khong c6 ba diém nao thang hang. Goi A 1a mot tam gidc c6
ba dinh lay trong sau diém d6 va A 1a tam giac c6 ba dinh con lai. Chimg minh rang voi cac
cach chon A khac nhau cac duong thang noi trong tdm hai tam giac A va A' dong quy.
Pinh hwéng. Gia st sau diém do1a A B, C, D, E,F.

Ta can chirmg minh ton tai mot diém H cb dinh sao cho véi cac cach chon A khéc nhau thi H
thugc cdc duong thang noi trong tdm hai tam gidc A va A'. Néu A la tam giac ABC thi A!
la tam giac DEF. Goi G va G lan luot 1a trong tdm cuia tam giac ABC va tam giac DEF.

H thudc duong thang GG khi c¢6 s6 thyc k sao cho H—G’ = kﬁ
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<:>%(E’4+ﬁ+ﬂ_’0) g(ﬁ+ﬁ+ﬂp)

1

<:>3HA+1

3H_B)+1 k= ko= k3

HC—"Hup - “mE _EHF — 0
3 3 3 3

Vi vai tro ctia cac diém A, B, C, D, E, F trong bai toan binh dang nén chon k sao cho

—§:%<:>k‘——1khldo HA+ HB+ HC + HD + HE + HF = 0

Loi gidi .,
Goi H 1a trong tdm sau diém A, B, C, D, E, F khi do

HA+ HB + HC + HD + HE + HF =0 *

Gia st G, G' lan luot 13 trong tim ctia hai tam giac ABC, DEF suy ra

GA+GB+GC =0,G'D+GE+G'F =0
Suy ra
* &« 3HG+GA+GB+GC =3HG'+ G'D+G'E+G'F

& HG = HG'

Do d6 GG' di qua diém cb dinh H do d6 cac duong thang ndi trong tam hai tam giac A va
A" dong quy.

3. Bai tap luyén tap. ‘
Bai 1.111: Cho tr gidc ABCD, goi K, L lan luot la trong tdm cua cac tam giac ABC va tam

giac BCD. Ching minh rang hai duong thang KL va AD song song véi nhau
Bai 1.112: Trén cac canh BC, CA, AB cua tam gidc ABC lan luogt 13y cac diém A,B,C
AB BC CA

sao cho = = =k k>0 .Tréncaccanh BC, ,CAB,AB, lan Iuot 1dy cac
AC BA CB
diém A, B,,C, sao cho A5, = _GA Chu'ng minh ring tam gidc A B,C, c6

AC

1

B A1 C’ B ok
cac canh tuong ing song song voi cac canh cua tam giac ABC'.

Bai 1.113: Trén dudng tron cho nam diém trong d6 khong c6 ba diém nao théng hang. Qua
trong tam cua ba trong nam dlem do ké duong thang vuong goc voi duong thang di qua hai
diém con lai. Chimg minh rang mudi duong thang nhan duoc cat nhau tai mot diém.

Bai 1.114. Cho ti giac ABCD nbi tiép duong tron (0). Goi M, N, P, Q lan luot 14 trung
diém cua cac canh AB, BC, CD, DA. K¢ MM, NN', PP, QQ' 1an lugt vudng goc voi CD,
DA, AB, BC. Chung to rang bon duong thang MM, NN', PP', QQ' déng quy tai mot diém.
Nhan xét vé diém dong quy va hai diém I, O (I 1a giao diém ciia MP va NQ).

Bai 1.115: Cho nim diém trong d6 khong co ba diém ndo thang hang. Goi A 1a mot tam giac
c6 ba dinh lay trong nam diém d6, hai diém con lai xac dinh mét doan thang 6 . Chirng minh
rang v6i cac cach chon A khac nhau cac duong thang ndi trong tim tam giac A va trung
diém doan thang 0 luon di qua mot diém cb dinh.
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Bai 1.116: Cho tam gi4c ABC . Ba duong thang x, v, z lan luot di qua A, B, C va chung chia
doi chu vi tam giac ABC'.

Chtrng minh ring x, y, z déng quy .

Bai 1.117: Cho tam giac ABC, cac dudng tron bang tiép goc A, B, C tuong tng tiép xuc vai
cac canh BC, CA, AB tai M, N, P.Chting minh AM, BN, CP cung di qua mot diém, x4c dinh
diém do.

Bai 1.118 : Cho tr giac ABCD. Goi M, N, P, Q 1a trung dlem cac canh AB, BC CD, DA

a) Goi G la glao diém caa MP va NQ. Chimg minh rang GA + GB + GC + GD = 0
b) Goi A,B,,C,,D, lan luot 1a trong tdm cac tam giac BCD, CDA, DAB, ABC. Chirng minh
rang cac dudng théng AA, BB, CC,, DD, ddng quy tai diém G.
Bai 1.119: Cho tam giac ABC c6 trong tim G, M 1a mét diém tuy . Goi A,B,C, lan luot 1a
cac diém dbi xtmg v6i M qua cic trung diém I, J, K cua cac canh BC, CA, AB. Chirng minh
rang
a) Cac dudng thiang AA,BB,,CC, dong quy tai trung diém O ctia mdi dudng

3

b) M, G, O thang hang va Mo = —.
MG 2

Bai 1.120: Cho tam giac ABC' . Goi M, N, P 1a céc tiép diém ctia duong tron noi tiép tam
gidc ABC véi cac canh BC, CA, AB. Goi A, la duong thang di qua trung diém PN va
vuodng goc voi BC, A, 1a dudng thang di qua trung diém PM va vuodng goc v6i AC, A, la

s P19

duong thang di qua trung diém MN va vudng goc véi AB. Ching minh rang A, A, va A,
dong quy.

Bai 1.121: Cho hai hinh binh hanh ABCD va AB'C'D’ sap xép sao cho B' thudc canh AB,
D' thudc canh AD. Ching minh rang cac duong thang DB', CC', BD' dong quy.
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I11. BAI TOAN LIEN QUAN PEN Ti SO PQ DAI POAN THANG.
1. Phwong phap.

Phén tich vecto qua hai vecto khong cing phuong va sir dung cac két qua sau:

Cho a, b 13 hai vecto khong cimg phuong khi d6

—

e V&imoivecto z ludn ton tai duy nhét cac sb thuc m, n sao cho x = ma + nb

e mat+nb=0&<m=n=20

o Néuc=ma+nbc' =m'a+n'b,m'n'=0Vac,c'lahai vecto cling phuong
.m n
thi — = —
m' n'
2. Cac vi du.

Vi du 1: Cho tam gidc ABC . Goi M la diém thudc canh AB, N 13 diém thudc canh AC sao
cho AM = %AB, AN = ZAC . Goi O 1a giao diém ciia CM va BN.

... 2 ON . OM

TinhtisO0 — va —

OB ocC

Loi gidi (hinh 1.37)
Gia st ON = nBN ; OM = mCM

Taco AO =AM + MO = AM — mCM

= AM — m(AM — AC) = %(1— m)AB + mAC; Hinh 1.37

Va AO = AN + NO = AN — nBN

:Ev’—n<ﬁv—ﬁ):§(1—n)f1_d+nﬁ

Vi AO chi c6 mét cach biéu dién duy nhat qua AB va AC suyra

l(l—m):n m:2
5 ol
—(1—n)=m n=—
4( ) 9
. ON 1 . OM 2
Viy — =-va — = —.

OB 9 oc 3

Vi dy 2: Cho hinh binh hanh ABCD . M thudc duong chéo AC sao cho AM = kAC . Trén
cac canh AB, BC lay cac diém P, Q sao cho MP / /BC, M@ / /AB. GoiN la giao diém
cua AQ va CP.

Tinh i 56 2 va Y theo .

Loéi gidi (hinh 1.38)
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Détﬂ:x@,ﬁ:y@,tacé: A P B
DN = DA+ AN = DA+ zAQ
— DA+ 2(AB + BQ)

:ﬂ+x%+x§7?0 D Hinh13s  C

— DA +2DC -+ 59 DA
BC

. BQ AM LT —
Vi M AB = — = ——=Fk nén DN = (1 — kx)DA DC (1
Q//JAB = L& =2 (1~ kx)DA +2DC (1)
Mit khac DN = DC + CN = DC + yCP = DC + y(CB + BP)
=DC + yDA+y— BA
Yy yBA
BP _CM _ CA—AM
BA CA CA

Vi MP / /BC = =1—Fk nén

DN = DC + yDA —y(l— k)DC = yDA + (1 + ky —y)DC  (2)

k
=1—k T . oy
Tur (1) va (2) ta suy ra: Y ! = k? —kt1
r=1+ky—vy 1=k
K —k+1
AN k . CN 1—k

Do do6

AQ K —k+1 CP K —k+1

Vi du 3: Cho tam giac ABC c6 trung tuyén AM. Trén canh AB va AC lay cac diém B’ va
. AB A AM

C’ . Goi M' 1a giao diém cua B'C' va AM. Chimg minh: + ¢ =2 :

AB' AC" AM'

Lai gidgi (hinh 1.39)
Pit AB = 2AB'; AC=yAC': AM — 2AM'
Vi M'€ B'C' = Jk: B'M' = kB'C'
o (AM'— AB") = (AC' — AB")
— AM' = (1— k)AB' + kAC"
o L = 1_kﬁ+ﬁﬁ

z x Y

— — —k— Hinh 1.

<:>%(AB+A0):1 Fas+rac inh 139

z

z Y
1 1-k kK 1
& — = =—-= =>z+y=2z
2z x y x+vy

AB  AC _AM
Ha + 28 dpem.
Y g " ac

3. Bai tap luyén tap.
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Bai 1.122. Cho tam giac ABC, trén cac canh AB, BC ta lay cac diém M, N sao cho
AM = g; BN = 1 Goi I 14 giao diém ciia AN va CM
MB 5 NC 3
Tinh i s6 AL va CL

AN IM , 7 ,
Bai 1.123: Cho tam giac ABC va trung tuyén AM. Mot duong thang song song vdi AB cat
cac doan thang AM, AC va BC lan luot tai D, E va F. Mot diém G nam trén canh AB sao
cho FG song song AC.

Tinh @
GB

Bai 1.124: Cho AABC ¢6 AB =3, AC =4 . Phan giac trong AD cua géc BAC cit trung

tuyén BM tai I. Tinh i—l;
Bai 1.125: Cho tam gidc ABC', trén canh AC l4y diém M, trén canh BC 13y diém N sao cho:
AM = 3MC, NC =2NB, goi O 1a giao diém ctia AN va BM. Tinh dién tich AABC biét
dién tich AOBN bang 1.

Bai 1.126: Cho hinh binh hanh ABCD . Goi M, N lan luot 1a ndm trén canh AB, CD sao cho

AB = 3AM, CD = 2CN , G la trong tam tam giac MNB va AG cat BC tai L. Tinh %

Bai 1.127: Cho t&r gisc ABCD ¢6 hai dudng chéo cit nhau tai O. Qua trung diém M cia AB

dung duong thang MO cit CD tai N. Biét OA =1,0B =2, OC = 3, OD = 4, tinh % .
Bai 1.128. Cho tam giac ABC'. M la diém nam trén canh BC sao cho S, . = 39, .. Mot

duodng théng cit cac canh AB,AM,AC lan lugttai B',M"',C" phan biét. Chirng minh rﬁng

AB' T AC AM'
Bai 1.129: Trong duong tron (O) véi hai ddy cung AB va CD cit nhau tai M. Qua trung diém

, . AM* AK
S ctia BD ké SM cat AC tai K. Chung minh rang ova =K

AB | AC _ , AM

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

