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§3. MOT SO CONG THU'C LUQNG GIAC
A. TOM TAT LY THUYET

1. Cong thirc cOng:
sin(a + b) = sina.cosb + sinb.cosa

sin(a — b) = sina.cosb — sinb.cosa

cos(a + b) = cosa.cosb — sina.sinb

cos(a —b) = cosa.cosb+ sina.sinb

tan(a + b) = tana + tanb
1—tana.tanb

tan(a — b) — tana — tanb

1+ tana.tanbd
2. Cong thirc nhan doi, ha bac:
a) Cong thirc nhan doi.
sin 2a = 2sin . cos &
cos2a = cos’ o —sin®a = 2cos’ v —1 =1 —2sin’ «

fan2q — —2tana
1— tan® «
b) Cong thirc ha bac.

. 1 — cos2«
sin“q¢ = ——

2
) 1+ cos2a
cos" o= ——

2
fan? o — 1 — cos2«
1+ cos2«

3. Cong thirc bién ddi tich thanh tong.
cosacosh = %[cos(a + b) + cos(a — b)]
sinasinb = —%[cos(a + b) — cos(a — b)]
sinacosb = %[sin(a +b) + sin(a — b)]
4. Cong thirc bién doi tong thanh tich.
a+b  a—b sin(a + b)

cosa + cosb = 2cos .COS tana + tanb =
2 2 cosa.cosb
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sin(a — b)

cosa—cosb:—2sina+b.sina_b tana — tanb =
2 2 cosa.cosb
sina+sinb:2sina+b.cosa_b Cota+cotbzw
2 2 sina.sinb
sina—sinb:2008a+b.sina_b cota—cotb:sm(b_a)
2 2 sina.sinb

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/


https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liu dé thi mién phi

B. CAC DANG TOAN VA PHUONG PHAP GIAL _) , ,
= DANG TOAN 1: TINH GIA TRI LUQNG GIAC, BIEU THU'C LUQNG GIAC.

1. Phwong phap giai.

Str dung cong thirc lvgng gidc mot cach linh hoat dé bién d6i biéu thire lwong giac nham triét tiéu cac
gid tri lugng giac cua goc khong dic biét va dwa vé gia trj luong gidc dic biét.
2. Cac vi du minh hoa.

Vi du 1: Tinh cac gia tri lugng giac sau: cos 795, sin18", tan%, cot ’%T :

Loi gidi

e ViT795° =75 +2.360° = 30° + 45° + 2.360° nén

cos 795" = cos 75" = cos30° cos45” —sin30°sin45’ = —. — — —.—
2 2 2 2 4

e Vib4 +36° = 90°nén sin54° = cos 36°

Macos36° = cos 2.18" =1—2sin*18°
sin 54’ = sin 18" + 36" = sin18° cos 36° + sin 36° cos18°
=sin18% 1—2sin?18" + 2sin18%cos?18" = sin18% 1 —2sin?18" +2sin18° 1 —sin?18°

= 3sin18" — 4sin® 18"

Do dd 3sin18” —4sin®18° =1 —2sin?18" < sin18” —1 4sin?18" +2sin18° —1 =0

J5 -1 J5 41
2

< sinl18° =1 hodc sin18" = hodc sin18" =

2
Vi 0 < sinl18” < 1 nén sin18" = \/32_ 1.
tamz—ktanz \/_
o tan—ztan[g—kz]: 3 4 _ 3—5_1=—2—\/§
1— tan ~ tan ~ 1=+~3
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. cot5—7r:cot f_,_f :—taurlz
8 2 8 8

N
- - 2tan —
Talaico 1 = tanz = tan[2.—] -— 8 suy ra

1— tan® "
1—tan2% = 2tan§ & tan’ S 4 2tans —1 = 0
& tang ——1-2 hoac tan% = —1+\/§
Do tang > 0 nén tang =—1++2

Vay cot5§7T —1-+2

Vi du 2: Tinh gié tri biéu thirc luong giac sau:

a) A = sin 22°30' cos 202°30" b) B = 4sin’ % + 2(:08%
. . 2w
sin — — sin = — . B
c) C = 3 15 d) D = sin— — sin— + sin
s 21 9 9
COS — — COS ——
) 15
Loi gidi
a) Cach 1: Taco c0s202°30' = cos 180° +22°30' = —cos22°30"
Do d6 A = —sin22°30'cos22°30" = —%sin45° = —%

Cach2: A = % sin 22°30'+ 202°30' + sin 22°30'— 202°30" ] - %[sin2250 +sin —180°
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= %[sin 180° 4 45° —sin180° | = —%sin450 = —%

2 2
b) B = 92sin® = | +2cos~ = |1—cos|2.— || +2cos~
16 8 16

8
2
- - - 1-|-cosz 1—|—£ 6+\/§
:1—2608—+COS2—+2COS—:1+—4:1+ 2 _
8 8 8 2 2 4
1@ 27| . 1{m 27
Sinz_SmQE 20082[5+w]81n2[5—15] COS 8 N
c) C = 3 15 _ =—— 6 _cot= =3
s 2w |7 27| . 1{7wm 2w . T 6
cos— —cos—  —2sin—|—+—|sin—|— — — sin —
5 15 5 15 215 15 6
4 4
d) D= sin — +sin7—7r —sin5—7r — 28in— . cos— —sim5—7r — sin— —si1r15—7r =0
9 9 9 9 3 9 9
Vi du 3: Tinh gié tri biéu thirc luong giac sau:
1 1 0 0
a) A= + b) B= 1+tan20’ 1+ tan25
c0s290° /3 5in 250"
0 0 0 0 . 27T . 227T LT, 27T
c) C =tan9’ — tan27’ — tan63” 4 tan 81 d) D = sin §+S1n g—ksmgsm?
Loi gidgi
a) Tacod cos290° = cos 180° 4+ 90° +20° = —cos 90° +20° = sin20°
sin250" = sin 180" + 90° —20° = —sin 90° — 20" = —cos20°
V3 o1
1 1 35in20° —sin20° _4700820 —55m20
sin20° /3 cos 20° V3 5in 20°. cos 20° V3.2.5in 20°. cos 20°

_4 sin60° cos20° — cos60° sin20°  4sin40” 43

J3sin 40° J3sin 40° 3
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: 0 : 0 : 0 0 : 0 0
b) Céch 1: Tacé B — [1 n sin 20 ][1 sin 25 ] ~ sin20” 4+ cos20” sin25" + cos25

cos 20° cos25’ | cos 20° ' cos 25°

: 0 0 0 o3 0 : 0 0 0,3 0
_ \/5 sin 20" cos 45" + cos 20" sin 45 \/5 sin 25" cos 45" + cos25” sin 45
cos 20° cos 25’

_,sin65°sin70°

c0s20° cos 25°

tan 20" + tan 25°

Céch 2: Taco tan45’ = tan 20° +50° =
1 — tan 20° tan 25°

tan20° + tan 25°
Suyral= an20” + tan29 & tan20” + tan25” + tan20° tan25" =1
1 — tan20" tan 25°

& 1+tan20° 1+ tan25° =2.
Vay B =2

c) C = tan9’ + tan&81’ — tan27° + tan63’

sin 9° cos 81" + sin 81° cos 9° _ sin 27° c0s 63" + sin 63° cos 27°

c0s 9° cos 81° c0s27° cos63°
1 1 2 2 2 sin54" —sin18°
© 0s9°sin9’  cos27°sin27°  sinl8’  sin54°  sin18° sin 54°

~ 4cos36°.sin18"
sin 18", sin 54°

LT . o 2T . T, 2T T .27 LT
d) D = sin® — + sin> — + sin—sin— = | sin— + sin— | — sin—sin—
9 9 9 9 9 9 9

LT ™ : 1 i ™ 5 T 1{1 s
=|2sin—cos— | + —|cos— —cos— | = cos" — + —| — — cos —
6 18 2 3 9 2

v
1+ cos— 1
9.
2 2

Luu y: Bién dbi sau thudng xuyén duoc sir dung
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1
e sinz Lt V3cosz =2 Esinxi;cosx :2sin(:1:i§)

e /3sinz + cosz =2 ?sinxi%cosx :2sin(xi%)

o sinxicosxz@isinxiicosx :\/Esin(x j:%)

V2 V2

Vi du 4: Tinh gi4 tri biéu thtc luong giac sau:

s v v v
a) A = sin—cos—.cos—.cos —
32 32 16

3

C)C:cosz—kcos— d)D:COSQZ—FCOS22—7T—I-COS2
) 5) 7 7

Loi gidi

n

1 LT ™ T ™ 1. = T ™ 1. =« 1 .
a) A:— QSIH—COS— .COS—.COS— = —SIlNl—.COS—.COS— = —SIINn —.COS— = —SIn
2 32 32 8 4 8 8

16 8§ 2 16 16
b) Tac6 B = %cos 20° cos 40° cos 80° do do

16sin20°.B = 8sin 20° cos 20° cos 40° cos 80°

= 4sin 40" cos 40° cos 80°
= 25in 80° cos 80° = sin160°
sin 160° 1

SuyraB=———=—,
y 16sin20° 16

c) Tacd C = 2COS%COSQ—7T.V\I sing = 0 nén

. T s s 2w . 27 2m Y
2sin —.C' = 4sin —cos—cos — = 28in — cos — = sin —

1
Suyra C = =
y 2

b) B = sin10°.sin 30°. sin 50°. sin 70°

8
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1+ cosz—7T 1+ (3034—7T 1+ cos6—7T 1 o A 6
c) D= [ [ T — 24 2 cosZ + cos— + cos—
2 2 2 2 2 7 7 7

~—

Xét T = cos2—7T + Cos4—7T + COSG—W, Vi sin~ = 0 nén
7 7 7 7

QSinzT = QSinzcosQ—7T + 28i11zcos4—7T + ZSinzCOSG—7T

. 3 LT . oW . 37 ) . bm
=|(sim— —smn— |+ |(sm— —smm— |4 |sinw —sin—
[ 7 7] [ 7 7 ] [ 7 ]

L
= —sin—
SuyraT——1
5
VeflyD:§+1. 1 :E
2 2 2 4

Vidu 5: Cho «, 3 thoa méan sina + sin 8 = 72 va cosa + cos B = ?.Tinh cos a— 3 va
sin a+ 3 .
Loi gidgi

e Tacl sina+sing = 72 & sin® a + sin® 8 + 2sinasin 8 = % (1)

cosa + cos B = 76 & cos’a + cos? 3+ 2cosacos B = g 2

Cong vé véi vé cua (1) va (2) ta duoc

sin® o + sin® 3 + cos® a + cos® B + 2sinasin 8 + 2cosacos 3 = 2

< 242 sinasind +cosacos3 =2 & 2cos a—pF =0

Vay cos a— 08 =0
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o Turgia thiéttaco sina +sinf cosa +cos3 =

& sinacosa + sinacos 3 + sin Fcosa + sin Bcos 3 =

V3

<:>% sin2«a 4+ sin28 +sin a4+ (3 :7

Mat khac sin2« +sin28 =2sin a«+ 3 cos a—fF =0 (Do cos a—3 =0)

V3

Suyra sin o + (3 :7

3. Bai tap rén luyén.

Bai 6.26: Tinh cac gia tri lugng giac sau sinz, sin 1, cotg
8 16 12
Bai 6.27: Tinh gia tri cta biéu thuc sau:
a) A = 4sin45° cos12° cos 3° — sin 54° — sin 36" b) B= 1-—cot23" 1— cot22°
- 5 7 2sin - + V2sin =
c) C:cosg—kcos?—kcos? d) D= 20
2cos - — \/5 sin ——
5 20
Bai 6.28: Tinh:
n T T
a) Tinh gia tri luong giac cta gobc — b) cos' — — sin* —
) Tinh gia trj luong g goc = ) cos” 7 51
c) cos 36" — cos 72° d) sin10° sin 50° sin 70"
Bai 6.29: Tinh gia tri ctia cac biéu thirc sau:
a) A = cos® 73" + cos® 47° + cos 73" cos 47" b) B = sin 6’ sin 42° sin 66" sin 78"
c) C’:coszcos4—ﬁcos5—7T d) D= ! — 4sin 70"
7 sin10°

Bai 6.30: Cho «, 8 thoa man sin«a + sin3 = m va cosa +cos3 =n, mn = 0.
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Tinh cos o« — 3 ,cos o+ 3 va sin a+ [ .

Bai 6.31: Tinh gia trj ctia cac biéu thuc sau:
.om . 0m . 13w . 197 . 257w
a) A = sin —sin —sin sin sin
30 30 30 30 30

b) cos24° + cos48° — cos84° — cos12°

s 2 3
C) cos— — cos— + cos —
7 7
Bai 6.32: Tinh gia tri ctia biéu thirc sau:

a) A= cosz.cosél—ﬁ.cos5—7T
7 7
b) B = cos10".cos50°. cos 70°
€) C = sin6.sin 42°.sin 66°.sin 78°
2 4 8w 167 327
d) £ = cos—.cos —.cos —.CcoS —.CoS —
31 31 31 31 31

e) F' = sin5’sin15%.sin25°.... sin 75°. sin 85’
Bai 6.33: Tinh A = 14 tan1® 14 tan2® ... 1+ tan45’

Bai 6.34; Tinh A = cos @ cos2a cos 3c...cos 999« vii o = 2—7

1999
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= DANG TOAN 2: XAC PINH GIA TRI CUA MOT BIEU THUC LUQNG GIAC CO PIEU
KIEN.
1. Cac vi du minh hoa.

4 ) .
Vidu 1: Cho cos2z = = , VO1 Z <z < g.Tlnh sin x, cos z, sin[x —i—%], COS[QZ‘—%].

Loi gidai
Vi%<x<gnénsinx>0, cosz > 0.
Ap dung cong thirc ha bac, ta co :
2 1—cos2z 9 . 3
sin“y = —— = — = sinz = ——
2 10 10
) 1+ cos2z 1 1
COS" T = ———— = — = COST = ——
2 10 10

Theo cong thirc cong, ta cO

) [ 7T] . T LT 3 1 1 \/5 3—1—\/5
sin|r+ —|=snmzrcos—+coszsin— = ——.—+ —.— =
3 3 3 10 2 10 2 2410
COoS 2x—z = c0s2wsinz+coszsin2x = —E.Q—FQQ i L = —Q
4 4 5 2 2 10 10 10

Vidu 2: Cho cos4a + 2 = 6sin” a voi g < a < m.Tinh tan2« .
Loi gidi
Tacd cosda + 2 = 6sin*a < 2cos’2a —1+2 =3 1 —cos2a

1. .
& 2cos’2a+ 3cos2a —2 =0 & 2cos2a —1 cos2a + 2 :O©6052a:§(V|
cos2a +2 > 0)

1
. = tan’2«q = .
cos” 2« cos’ 2«

Taco 1+ tan’2a = —-1=3

Vi g <a<m=7m<a<2r nénsin2a < 0. Mit khac cos2a > 0 do d6 tan2a < 0

Vay tan2a = —\/g
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Vidu 3: Cho ! + L + — ! + L _ 7. Tinh cos4c.
tan’a  cot’a  sina  cos’a
Loi gidi
, 1 1 1 1
Taco —+ + + =7

tan’a  cot’a sina  cos’a

sinfa+1 cos?a+1

cos’ « sin? «

sina sina+1 4+ cos’a cos’>a +1
& — 5 =7
SIn“ o cos” «
s 4 4 _ 22 2
< sin“a + cos*a+ 1 = 7sin” awcos” «

=7

& sinfa4cos’a  —2sin?acos’a 41 = Tsin® acos’ a
& 2 = 9sin®* avcos®

& 8 =9 2sinacosa

& 8 = 9sin’ 2«

& 16 =9 1—cosda

< cosda = —z

Vay cosda = —g

Vidu 4: Cho sina + cosa = cot% voi 0 < o < 7. Tinh tan

Loi gidi

.« «
sin — 2tan —
2 _ 2

.. e’ 1eY
Tacd sina = QSIHECOSE = 2cos

v |2

coss  tan? &+ 1
2 2

L, «
o o o sin® — 1 — tan®—
COSOJZCOSZE—SiDQ—:COSQ— 1— 2 | = 2

cos? & tan? < 4+ 1
2 2

[a + 20137r]
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« , O
o 2tan — 1—tan” —
Do do6 sina + cosa = cot— & 2 + 2 _

tan? S 4+1 tan’& 41 tan™
2 2 2

1

& tan 2 1+2tamg—tangg :1+tan2g@tanSg—tangg—tang—kl:O
2 2 2 2 2 2 2
2
& tang—l tang—kl zoﬁtang:il
2 2 2
Vi0<oz<7T:>O<%<gdodétan%>0néntangzlicotgzl

Tacd tan

w] _ tan[g 420067 + g} — ot %=

=1

Viy tan[a + 20137r]

, ’ R 1sA <X . [0}
Leru y: Ta c6 the bi€u dién sin ¢, cos a, tan o, cot v qua ¢t = tang nhu sau:

. 2t 1—¢ 2t 1—1¢
Sincw = ——,cosx = ——,tana = ——,cotar =
1+ ¢ 1+t 1—¢

v6i a lam cac biéu thie c6 nghia.
] . 1
Vidu 5: Cho sin a + =§,tana:—2tan/8 .

Tinh A = sin a—l—3—7r cos|a + = |+ sin 6—5—7r sin ﬂ—i .
8 8 12 12
Loi gidi

TacO sin a+ 8 = % & sinacos B + cosasin 8 = % 1)

tana = —2tan 8 < sinacos § = —2sin Scosa (2)
cosasin 3 = —— cos’ asin® B = 1 1 —sin*o sin’ 3 = 1
Tu (1) va (2) ta duoc 3 = 9= 9
. 2 . 2 2 4 . 2 . 2 4
sinacos 3 = —g sin® cccos® B = 5 sin“a 1 —sin* g = §
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1—sin*a sin’? 8 =

\
o
O | =

1 1
= |1—sin’B —=|sin’ B = —

sina —sin® g = =
3 2
:>Sin4 __Sin2 +_:0:> Sin2 —_ — :Oz>sin2 — _
R [ ’ 3] =3
Dodésin2a:sin2ﬂ+1:2
3 3
3

Tacd sin| o + — [cos az—kz :1 zlcos2oz—ﬁ
8 8 2 2 2

:1[1—231n204—ﬁ]:1[1_2g_ﬁ]__2+3‘/§
2 5 ) —

) T LT
sin| 2 + — | — sin—

2 3 2 12

T 5% 1 T T \/§
sin| 8 ——|cos|f ——|==|sin|28 —— |+ sin—| = —| —cos28 + —
[5 12] [/B 12] 2 [6 2] 3 g 2
:1 —1—|—2$in25+§ :1 _1+2_1+ﬁ :_2+—3\/§
2 2 3 2 12

2+3J§+—2+3J5: 1

12 12 3

Dodd A =—

2. Bai tap luyén tap.
‘- . 3 .. 3 . . s
Bai 6.35: Cho cos2z = = (voi v < z < 7). Tinh sinz, cosz, tan|z — 1
Bai 6.36: Tinh gia tri ciia biéu thic lugng giac, khi biét:
a) sin(a —b), cos(a +b), tan(a + b) khi sina = %, tanb:% va a, b la cac gbc nhon.

b) cos[z—a] khi sina = —g, 3 <o <27
3 13 2

C) tan[oz—i—z] khi Sina:§,z<o¢<7r
3 5 2
1 1

Bai 6.37: Cho 2cos o« + 3 = cosacos m+ (3 .Tinh A = — + — :
2sin’ o + 3cos’ @ 2sin? 3 + 3cos’ B

Bai 6.38: a) Cho tana = ™ Tinh A = msin2a + ncos2c.
n
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cos o +
b) Cho —B = Tinh B = tan a.tan 3.

cos a— (3 n
c)Cho tan «+ 3 =m vatan « —F = n.Tinh tan2«.

Bai 6.39: Cho sina + cosa = 77 val<a< Z.Tl'nh tanw.
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» DANG TOAN 3: CHUNG MINH PANG THU'C, PON GIAN BIEU THU'C LUQNG GIAC
VA CHUNG MINH BIEU THUC LUQNG GIAC KHONG PHU THUQC VAO BIEN.

1. Phwong phap giai.
Dé chimg minh ding thirc lvong giac ta co cac cach bién ddi: vé nay thanh vé kia, bién ddi twong dwong,
bién ddi hai vé cling bang mot dai luong trung gian. Trong qua trinh bién ddi ta can str dung linh hoat cac
cong thuc lugng giac.
Luu y: Khi bién d6i can phai hwdng dich , chang han bién doi vé phai, ta can xem vé trai c6 dai luong nao
dé tir d6 lién tuong dén kién thire da co dé 1am sao xudt hién cac dai luong & vé trai. Va ta thuong bién doi
vé phtic tap vé vé don gian hon.
2. Cac vi du minh hoa.
Vi du 1: Chiing minh rang véi moi goc lugng giac o 1am cho biéu thic xac dinh thi

a) sin' a + cos' a = z + cos44a

b) sin® o + cos® @ = §+§cos4oz

1—sgin2
& — cotQ(z—i—a)
1 4 sin 2« 4
Loi gidi
L. : . 1.
a) Taco sin* « + cos* a = sin*a + cos’ « ? _9sinacos’a = 1 —581112204

:1_1—Cos4oz:§+cos4oz
4 4 4

b) Tacé
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. . 3 3 . . . .
sina + cos®a = sina 4+ cos’a 4+ 3sin’acos’ o sin?a + cos’a — 3sin? acos® o sin? a 4 cos® o
) 3 ) 3 ) 2 3 . 3
= sina 4+ cos’a — 3sin® acos® « :1—1 2sinacosay =1—=sin’2a =1 —= 1 —cosda
5 3
= — 4+ —cos4d«
8 8
. . 2 2 . : 2
¢) Ta c6 1—sin2a  sin”«a +cos” «a —2sinacosa SO — COSQ
1+sin2a  sin?« + cos? a + 2sin o cos o 2

sin v + cos «

) [@[a+4” ) 2costfa+7) ot

lx@sin{a+2]r QSinQ[a+Z] 4

Vidu2:Cho 0 < o < mycx = g Chutng minh rang:

«

a) J1+cosa +1—cosa = 2sin[2 +%]

b) — tan| 24T
J14 cosa — 1 —cosa 2 4
Loi gidi

\/1+COSQ/+\/1—COSQ/ [a w]
an

a)Do 0 < o < 7 nén 8111[34—z > (O,sinav > 0

Ping thirc twong duong véi

2
x/1+cosoz +\J1=cosa = 4sin2[%+z]

4
& 2+2\/1+cosoz\/1—cosoz =2

1—cos[oz+g”
& V1 =cos’a = sina

& 1—cos’ a = sin’ a < sin® a + cos® @ = 1(ludn ding) = DPCM.

\/1+COSOé —I—\/l—cosa ’
b) VT =

\/1+cosoa —\/1—cosoz \/1+cosoz —l—\/l — COS &
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_ 24 241 + cosa~1— cosa _ 14+ V1 —cos’a _ 1+|sina|

2 cos « COS COoS «
Vi0 < a <7 nén sina > 0 dodo

2
2 ¢ 2 & L sin &+ cos &
VT:1+Sina281n2+COS2+QSIH2COS2: [ 9 9
cos & Y Yo" e «@ a .«
cos” — — sin® — sin— 4 cos— || cos — — sin —
2 2 2 2 2 2
| o
sin > + cos = \/531n[2+4] o
=2 2 _ - tan[§+z] = VP = DPPCM.
cosg—sing \/Ecos 2+I
2 2 2 4
Vi du 3: Chiig minh rang
a) sin(a + B).sin(a — B) = sin®* & — sin”® 8
a 3 L. . .
b) cotacotg =2 voi sina+sing =3sin a+ 3 ,a+b= k2x
sina + sin Bcos « + 3
- - =tan o+ 3
cosa —sinfFsin a+ 3
Loi gidgi
a) Taco sin(a + B).sin(a — B) =— é[cos 200 — cos?ﬁ]
:—%[ 1—2sin*a — 1—2sin*3 ]zsinQa—siHQQ
b) Tr gia thiét ta co 2sina+ﬂcosa_ﬂ = 6sina+ﬁcosa+ﬂ
2 2 2 2
D0a+/6’::k27r:>sina+/8¢05uyra cosa;ﬁ):i’)cosagﬂ
o Cos%cosg +Singsiné =3 cosgcosé —singsiné
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., [0
& 2sm—smé = cos—cosg

= cot%cotg — 2 = PPCM

Sina+l[sin oa+28 +sin —« ] sina +sin o + 23
2

c) Taco VT = n — 5
Cosa_[_Q][COS a+28 —cos —« ] cosa + cos a + 20

2sin o+ 3 cos —f
" 2cos a+ (3 cos —3

=tan a4+ 3 =VP = DbDPCM

Vi du 4: Chiing minh biéu thirc sau khong phu thudc vao X .
2 2

a) A = cos® a + cos® [?ﬂ + a] + cos® [g —a]

b) B = cos[a — z].cos[oz + Z] + cos[oz + z].cos[oz + B—W]
3 4 6 4
Loi gidgi

a) Taco: A = cos?oz+c082[2§+a]+c082[2§—a] =

—_

\)

3 + cos22a + (:03[4?7r + 2@] + cos[é%7r — Qa]

:1 3+cosQa+2cos4—7rc082a = —
2 3
. w T s T . T 37 ) | .
PVia+—-—=|a——|+—=cos|a+—|=—sin|a——|Vva cos|a+—|=—sin|a+— | nNén
6 3 2 §] 3 4 4

i m . T . 7T
B = cos[a — —}.cos[oz + —] + sm[a - —].sm[a + —]
3 4 3

s foe o 53l

.o 142 V32 J2-+6

w w . .
= Ccos—CcoS— —Ssm—simnm——=—-—.— ——,— — ————————

2 2 2 2 4

— COS

Vi du 5: Pon gian biéu thic sau:
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cosa+2cos2a +cos3a COS(a+Zj+cos(a—z]
8) A= b) B =

sina+sin2a+sin3a
c) C =cosa-+cos(a+b)+cos(a+2b)+...4+cos(a+nb) (neN)
Loi giai
(cosa+cos3a)+2cos2a 2cos2acosa+2cos2a 2cos2a(cosa+1)

cota—cot®
2

a) A=-— . - =— - = =cot2a
(sina+sin3a)+2sin2a  2sin2acosa+2sin2a  2sin2a(cosa+1)
, T T T N
b) Tacd cos| a+— |+cos| a—— |=2cosacos— =cosa va
3 3 3
a . a a . . ([ a .a
4 cosg C0S, sin_cosa-cos_sina Sin E_a —sin— 1
cota—cot =~ §= 2 a2 4 == Za_ :
sinaqjp < sinasin— sinasin— sinasin— sina
2 2 2 2
cosa . sin2a
Suyra B= =-sinacosa=— >
sina

c) Taco C.25in%: Zsin%cosa+23ingcos(a+b)+25in %cos(a+2b) +...+2sin gcos(aJr nb)

=sin| —+a [+sIin| ——a [+SIn| —+a |[+SIn| ———a |+sIn| —+a [+SIn| ———a
2 2 2 2 2 2

+...+sin[@+aj+sm(_@_aj

sin(%—aj+sin(@+a} =2sin(n +1)bcos(n—;—aj

sin(n +1)bcos(nzb—a)

Suyra C= b
sin—
2
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1 N 1
2—sin2a 2-sin2b

Vi du 6: Cho sin(a+b)=2cos(a—b). Chung minh rang biéu thirc M = khong

phu thudc vao a,b.

Loi gidi
. 4—(sin2a+sin2b) 4—(sin2a+sin 2b)
Taco M = : - = - - i .
(2—sin2a)(2-sin2b) 4-2(sin2a+sin2b)+sin2asin2b

Tacé sin2a+sin2b =2sin(a+b)cos(a-b)
Ma sin(a+b)=2cos(a—b)=sin*(a+b)=4cos’(a—b) nén
cosZ(a+b)—cosZ(a—b)=1—25in2(a+b)—[20052(a—b)—1]
:2—2[sin2(a+b)+cosz(a—b)]=2—10cosz(a—b)

4—4cos®(a—b) _ 4—4cos’(a-b)
4—8cosz(a—b)—;.[2—10cosz(a—b)] - 3-3cos’(a-b)

Suyra M =

wlh

Vi du 7: Chiig minh rang

a) sin3a = 3sina — 4sin’ a = 4Sina.sin[ﬁ — oz].sin[z —{—a]

b) sin® L4 3sin® S 4+ . 4 37 sin® — = l[3”’ sing — sina].
3 32 377, 4 317,

Loi giai
a) Taco sin3a = sin 2a + @ = sin 2« cos « + cos2asin «

= 2sin «a cos? a + cos2asin «
=2sina 1 —sina + 1—2sin*a sina

= 3sina —4sin*a (1)
< , . .| s . 1 27
Mat khac 4sin a.sin g—a .sin §—|—a = —4sma.§ cosg—cos —2«

= —2sinoz.[—% - cos?a] = QSina[% 4+ 1 —2sin® a]

= 3sina —4sin’ a0 (2)
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Tu (1) va (2) suy ra DPCM
3sina — sin 3«

b) Theo céu a) ta ¢é sin3a = 3sina — 4sin’® a = sin® a =

4
o 3sin - — sina o ?)Sin%—sing o SSin%—sin g
Do d6 sin® — = 3 , sin® — = 3 3. sin® & = 3" 3
3 4 3’ 4 3" 4
SSing—sina i&s,irl%—sing 3sin%—sin —
Suyra VT = —3 +3 34 4313 3
4 4 4
sin o 3sin% 1 «o
— - C g3 |3 sin— —sina | = VP =DPCM.
4 4 4 3"

Luu y: Hoan toan tuong tu ta chirng minh dugc cos 3 = 4 cos® @ — 3cosav,
sin 3o = 3sina — 4sin® «v, hai cong thitc nay dugc goi la cong thirc nhan ba
3. Cac bai tap luyén tap.

Bai 6.40: Chimg minh rang

1 1
a) sin' a = 3_ —cos2a + —cosda

b) sin® — + Sin43—7T +Sin45—7r -I—Sin47—7T = 3
16 16 16 16 2
i - ; : T . . sin y
Bai 6.41: Cho sinz = 2sin z+y ,x +y = §+k7T.Ch1rngm1nh tan z+y = p—
cosy —

Bai 6.42: Chirng minh cac hé thic sau:
a) 4 cos® asina — sin® acosa = sinda
2sin(z + y)

b) tanz + tany =
) Y cos(z + y) + cos(z — )

tan® 2z — tan®

C) tanz.tan 3z =
1 — tan? 2z.tan® z

Bai 6.43: Chimg minh cac biéu thirc sau khong phu thudc vao bién x
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a) A=+/4sin® x+sin? 2x +4cosz(%—gj voi 7 < x<377r
b) B =4cos* x +cos® 2x —4¢0s* X COS 2X
¢) C =cos” x+cos’ (%+ xj+cos2 (%—xj

Bai 6.44: Pon gian biéu thic sau:

a) A= LZCOS@tC0S2a 0B =, -1 /1+1005a O<a<r)
sin2a —sina 2 2\2 2

T T

COS| 2a—— |—cos| 2a+ —

cosa-—cos3a+cosba—cos7a 6 6
d) D=cosa—

sina+sin3a+sin5a-+sin7a 2cosa
Bai 6.45: Chung minh cac h¢ thic sau:
a) Néu 2tana = tan(a + b) thi sinb = sina.cos(a + b)
b) Néu 2tana = tan(a + b) thi 3sinb = sin(2a + b)
¢) Néu tan(a + b).tanb = —3 thi cos(a + 2b) + 2cosa = 0
d) Néu 3sin(a+b)=cos(a—b) thi 8sin?(a+b)=cos2acos2b
A 57 1 \/5

Bai 6.46: Chimg minh rang sin Z sin 2—”sin— = cos = cos X cos = = X2
9 9 9 18 18 18 8

c) C=

Bai 6.47: Chirng minh rang

sin 2z
a)cosr = ——.
2sinz
x x x sin x
b) cos=cos— ... cos — = ———.
2 2 2" ho T
2" sin —
2",
Bai 6.48: Chiing minh rang: a) —— = cotZ — cotz.
sinx 2
1 1 1
b) — + — g’ — —cot> — cot2" e 2" ' = k)
sina  sin2a« sin2" '«

Bai 6.49: Chiing minh rang a) tanz = cotz — 2cot 2z

1 1 1
b) ~tans 4 —.tan— 4 ... 4+ —. tan —
2 2 2

= —.coti —cota
22 277 277, 271, 271,

Bai 6.50: Chirng minh rang néu z = k—ﬁ,k € Z thi tan3z _ tan|~ — 7 [tan| = + 2
6 tanx 3 3

Ap dung tinh 4 = tan6° tan 54° tan 66°.
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Bai 6.51: Cho n 1a s6 nguyén duong. Chiig minh rang

1 1 1

+ ... = cot1’ — cot n’
sin1’sin2”  sin2’sin 3 sin(n — 1)’ sinn

0

Bai 6.52: Chimg minh ring 2sin2’ + 4sin4” + ... +178sin178" = 90cot1°
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w» DANG TOAN 4: BAT PANG THUC LUQNG GIAC VA TiM GIA TRI LON NHAT, GIA
TRI NHO NHAT CUA BIEU THUC LUQNG GIAC.
1. Phwong phap giai.
- Sir dung phuong phap chimg minh dai sé quen biét.
- Sir dung céc tinh chit vé& ddu cua gi tri luong gidc mot goc.

- Sir dung két qua |sina| <1, |cosa| < 1 v6i moi s6 thue o
2. Cac vi du dién hinh.

Vi du 1: Ching minh ring v6i 0 < o < g thi

a) 2cot’ a > 1+ cos2« b) cotar > 1+ cot2a
Loi gidi
a) Bat dang thuc tuong duong véi

2[1_1
2

- —1>1—-sin*«
sin’ o

> 2cos’ o &

sin® «

& +sin’a > 2 & sinfa—2sina +1>0

sin” «v
& sinfa—1° > 0 (ding) PPCM.
b) Bat dang thirc trong duong voi

COS (v sin 2« + cos 2« COS v sin 2« + cos 2«

— > : & —2> : *)
sin « sin 2« sin ¢ 2sin «v cos o
R T sinaw > 0
Vio<a < — = nén
2 cosay > 0

(*) < 2cos® a > sin2a + cos® a — sin® «

< 1 > sin2« (dung) BPCM.

Vidu2:Cho 0 < @ < g.Ch{mg minh rang [sina + ][cosa + > 2

2cosw 2sin o
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Loi gidi

1 1 1
cosa + — =sinacosa + —— +1
COS v 2sin o 4 sin «v cos «v

Taco

sin o +

~ ™ A .
Vi< a< 5 Nén sinoccosa > 0.

Ap dung bt dang thuc cosi ta c6

) 1 . 1
sinacosa + —— > 2,[sinacosot. —— =1
4 sin «v cos « 4 sin «v cos &

Suyra[sina+ 1 ][Cosa—i— .1 ]22DPCM.
cos sin «v

Vi du 3: Chimg minh rang véi 0 < o < 7 thi

> N2sina —2 3 —2cos2a .

(% T

2c0s20 —1  — 4sin’ [ 5

Loi gidi

Bit dang thtrc tuong duong véi

o 2c0820 —1° —2

1—(:05'[&—z
2

]+2 3 — 2cos2a >\/2sina[3—2 1—2sin?a

& 4cos’2a — 8cos2a + 5 + 2sina > V2sina 4sina 41
a4 1—cos2a + 14 2sina > V2sina 4sina +1
& 16sin* o + 2sina +1 > V2sina 4sin*a +1

Pit V2sina = t,vi0<a<t=0<t<2.

Bitdang thic trothanh % + > +1>¢ t' +1 <8 -+ —t+1>0 (¥)

+Neu0<t<l:(M et +£2 1-t +1—-t>0dingvil—t>0,1— >0 >0vat® >0
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+ Néu 1§t§\/§:(*)<:>t5 P —1 +tt—1 +1>0dungvit’® -1 >0,t t—1 > 0.

Vay bat dang thie (*) ding suy ra DPCM.

Vi du 4: Tim gié tri nho nhat, 16n nhét ciia biéu thirc sau:

a) A =sinz + cosz b) B = sin' z + cos’ x
Loi gidi
. . 2 . . .
a) Tacd A> = sinz +cosz = sin’z + cos’ z + 2sinzcosz = 1 + sin2z

Visin2z <1nén A2 =1+sin2z <1+1=2suyra —2 < 4 <+2.
Khizz%th‘lA:x/E,x:—?%thiA:—\@

Do d6 max A = \/5 va min A = —\/5.

b)TaCéB:[ﬂ] +[1+COS2$] _ 1—2cos2z + cos 2x+1+2c082x—|—cos 21

2 4 4
24+2cos’2z 2+1+cosdx 3 1
= = = — + —.cos4x
4 4 4 4
. .. 1 3 1 1
Vi —1 < cos4x <1 nén 5 §Z+Z'C084x <1 suyra§ < B <1.

. s\ 1,..
Vay max B =1 khi cos4z =1 va min B = 5 khi cosdzr = —1.
Vi du 5: Tim gié tri nho nhat, 16n nhat ciia biéu thirc A = 2 — 2sinz — cos 2z
Loi gidgi

Tacd A =2—2sinx— 1—2sin’z = 2sin’x —2sinz +1

Dt ¢t = sina, || <1 khi d6 biéu thirc tré thanh A = 26> — 2t 41
Xéthamsé y = 2¢* —2t +1 véi |t| < 1.

Béng bién thién:
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DO | =

L
2

Tir bang bién thién suy ra max A = 5 khi t = —1 hay sinz = 1.
min A = 1 khi t = E hay sinz = 1

2 2 2
3. Bai tap luyén tap.

Bai 6.53: Cho 0< x < g . Chiing minh ring tan X +cotx > 2

Bai 6.54: Tim gi tri nho nhat, 16n nhat cta bidu thitc B = cos2z + /1 + 2sin’ z

Bai 6.55: Chimg minh ring cosx (sinx ++/sin®x +2) </3
Bai 6.56: Tim gi4 tri 16n nhat ctia biéu thirc P = 2sinz + sin 2z .

Bai 6.57: Cho tam giac ABC'. Tim gi4 tri 16n nhét ctia biéu thuc P = Singdsing sing .

» DANG TOAN 5: CHUNG MINH PANG THUC, BAT PANG THUC TRONG TAM GIAC.
1. Cac vi du minh hoa.
Vi du 1: Ching minh trong moi tam gidc ABC' ta déu co:

a) sinA+sin B +sinC = 4cos§cos§cos§

b) sin® A + sin® B + sin® C' = 2(1 + cos A cos Beos C')
C) sin2A4 + sin2B + sin2C = 4sin Asin BsinC'
Loi gidi

A+B A-B

a) VI = 2sin oS + 2sin ¢ oS ¢
2 2 2 2

) A+ B
Mat khac trong tam giac ABC' ta co A—{—B+C:7T:>%:z—g
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. A+ . A+ B
Suy ra sin = cos —, sin — = cos
2 2
Vay VT = 2COS%COSA_B —|—2COSA +Bcos% = 2(:05% cosA_B —I—COSA +5
= 4cosgcosécos§ = VP = DPCM.
2 2 2
b) VT = 1—c2os2A n 1—(:;)323 o (=2 — cos?A—;cosQB o O

=2—cos A+ B cos A—B —cos’C

ViA+B+C =m=cos A+ B = —cosC nén

VI' =2+ cosCcos A—B +cosCcos A+ B :2+COSC[COS A—B +cos A+ B
=2+ cosC.2cos Acos B = 2(1 4 cos Acos BcosC) = VP = DPCM.

C) VI =2sin A+ B cos A—B +2sinCcosC

ViA+B+C=n=cosC =—cos A+B ,sin A+ B =sinC nén

VT =2sinCcos A—B —2sinCcos A+ B :2sin0[cos A—B —cos A+ B

= 2sinC’.[—QSinAsin —B | =4sin Asin BsinC = VP = DPCM.

Vi du 2: Chirng minh trong moi tam giac ABC' khong vudng ta déu cé:

a) tan A + tan B + tanC' = tan A. tan B.tan C'

b) cot A.cot B + cot B.cot C + cot C.cot A =1

Loi gidgi

a) Pang thuc tuong duong véi tan A + tan B = tan A tan B.tan C' — tanC'
& tan A+ tanB = tanC tan AtanB —1  *

Do tam giac ABC khéng vudng nén A + B = g

i i i i — cos A+ B
~ tanAtanB — 1 — sin Asin B 1 sin Asin B — cos Acos B _ =0
cos Acos B cosAcos B cos Acos B
Suyra * < it tan B =tanC < tand + tan B =—tanC < tan A+ B = —tan(C
5 ’tanAtanB—l 1—tanAtan B
bang thtrc cudi dung vi A+ B+ C = w = DPCM.
b)ViA+B+C =mn=cot A+ B = —cotC

Theo cong thurc cong ta co:
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1
ot A+ B — 1 _ 1—tan Atan B _ 1- cotAcot B _ cot Acot B —1
tan A+ B tanA + tan B 1 n 1 cot A+ cot B
cotA cotB
Suy ra cotAcot B—1 = —cot(C' = cot Acot B—1 = —cot(C' cot A+ cot B
cot A + cot B

Hay cot A.cot B + cot B.cot C' 4+ cot C.cot A =1 bPCM.
Vi du 3: Chirng minh trong moi tam giac ABC' ta d€u co6:

a) cos A+ cos B + cosC 32

33

b) sin A+ sin B +sinC < T

C) tan Atan BtanC > 3v3 véi ABC 1atam giac nhon.
Loi gidi

a) Taco cos A + cos B + cosC = 2COSA_'2_BCOSA;B + cosC

A+ B R
Vi ——— = — — — nén cos
2 2 2 2 2

)
Q
o~
_|_
Sy

Mit khac cosC =1 — 2sin2§ do d6

A—-B
2

cos A+ cos B + cosC = 2sin§cos +1 —2sin2§ = —2[sin2g—sin%cos

A-B 1 ,A-

=2 sin2g—25in—.1cos B —|—1+1cos2A_
2 2 2 2

= —2[s1n% + - cos

Vi |cos < 1= cos’
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cosA+ cosB + cosC < 1+% = g = DPCM.

b) Trudc tién ta chimg minh bd dé sau:

NéuOSxSW,Ogygwth‘lwgsinx—ﬂ.

T+ y +y T —y

Thefltvély,do()gT§7T:>sinaj > (0 va cos <1 nén
sSinx + siny _ Sinx+ycosa:—y < sinm
2 2 2
v T
) . sinC' + sin — C+—
Ap dung bd dé ta co: sinA + sin B < sinA+B, < sin 3
2 2 2
Suy ra
v v v
. . sinC + sin — C+— C +
81nA+smB+ 3 < sinA+B+sm 3 §2s1n1 A+B+ 3| _oun™
2 2 2 2 2 2 2
33

Do d6 sin A + sin B+ sinC < 3sin§ hay sin A+ sin B +sinC < == DPCM,

c) Vi ABC latam gidc nhon nén tan A > 0, tan B > 0, tanC > 0.

Ap dung bt dang thic Cauchy ta c6 tan A + tan B + tanC' > 3¢ tan A tan B.tanC
Theovidu 2tacod tan A+ tan B + tanC = tan A.tan B.tanC nén

tan Atan BtanC > 3%/tan A.tan B.tan C < ytanA.tanB.tanC[%/ tan Atan BtanC = — 3 >0

& {/ tan A tan B tanC ’ >3 & tanAtan BtanC > 3\/5 PPCM.
Vi du 4: Ching minh trong moi tam giac ABC' ta déu cé:

a) sin A+ sin B+ sinC < cosg + cosg + cos%
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C

b) cos Acos BecosC < singsingsina

c) tan A+ tan B + tanC > cot%1 + cotg + cot% Vi tam giac ABC khéng vudng.

Loi gidi
a) Vi sinA :cos§>0vé cos=——= <1 nén
sinA +sinB = 2sinA;BcosA;B §2COS§

A B
Hoan toan tuong ty ta c6 sin B 4+ sinC' < 2 COSE, sinC +sin A < 2cos 5
Cong vé véi vé cac bat dang thic trén va rat gon ta duoc
A B
sinA+sinB +sinC < COSE + COSE + cos%. DPPCM.
b) +TH1: Néu tam giac ABC ti: khong mét tinh tong quat gia st A > g = B < g,C < g suy ra

cosA <0, cosB >0, cosC >0
.. A. B.C AL 4l A 4
cos Acos BecosC' < 0. Ma smgsmgsmg > 0 do d6 bat dang thirc luén dang.
+ TH2: Néu tam giac ABC' nhon: cos Acos B :% cos A+ B +cos A—-B |.
. . A 1 ., C
Vicos A+ B = —cosC vacos A— B <1 nén cosAcosB < 5 1—cosC = sin 5

) LA ., B
Chtng minh twong tu ta ¢6 cos BcosC < sin® 5 cosC cos A < sin® s

Do cac vé déu khong am nén nhan vé véi vé cac bat dang thurc trén ta duogc

A B
cosAcos B cosBcosC cosCcosA < sin? %sim2 5 sin® —

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

& cosAcosBeosC < singsingsin% DPPCM.

) sin A+ B 2sin A+ B
c) Tacd tanA + tan B = =
cos Acos B cos A+ B +cos A—B

Ma sin A+ B =sinC, cos A+ B = —cosC nén
2sin C 2sinC  4SIn5 0S5 C
tanA + tan B = > = = 2cot—
—cosC +cos A—B 1—cosC - 2
2sin Py

A B
Tuong tuy ta c6 tan B + tanC > 200‘55, tanC + tan 4 > 2C0t5
Cong vé véi vé va rat gon ta duge
A B
tanA + tan B + tanC > cotg + cot; + cot% DPPCM.

Nhan xét:

+Pé chimgminh = +y + 2z > a + b + ¢ ta c6 thé di chung minh = 4+ y > 2a (hodc 2b, 2¢) 1di xay
dung bét dang thirc twong tw. Cong vé véi vé suy ra dpem.

+Pé chung minh 2yz > abc voi z,v, 2,a,b,¢ khong am ta di chimg minh zy > a? (hodc b%, c?) rdi xay

dung bét dang thirc twong tw. nhan vé véi vé suy ra dpem.

Vi du 5: Chiing minh trong moi tam giac ABC' ta déu co:

V3

a) JsinA + Vsin B 4+ vsinC < 3 Y

o1+ 2 e o

>

3
142
sin A sin B sinC

V3

Loi gidi
a) Ap dung bat dang thitc = + y < /2 2* +y* véimoi z,y khdng 4m ta c6
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\/sinA—i—\/SinB S\/2 sin A + sin B :\/2.2SinA;BCOSA;B <2 sinA+B

Tuong tu ta ¢ VsinC' + \/sing < 2\/sin%[0 + %]

Céngvé voi vé ta duoc Jsin A + Vsin B 4+ vsinC + 4,51-“% <2

\/sinA+B+ Sinl C—i—z
2 2 3

= 2 [sin Z—FZ :2\/8111z
2 6 3

Mé\/sinA+B+ snilo T <o lsn|AEB Loy ™
5 5 3 5 3 3

Suy ra Jsin A + Jsin B + JsinC + Qfsing < 44fsin§

Hay Jsin A4 + Vsin B + vsinC < 3,’8111% = 34? DPCM.
1

b)Tacé[1+ 1 ].[1+ ! ]:1+ ! 1

sin A sin B sinA sinB sinAsinB

. L 11 —
Ap dung bat dang thirc — 4 — > voi moi z,y duong tacod

T Yy T+ vy
e IRy e R
sinA sinB ~ sinA+sinB  2JsinAsinB  +sin Asin B
2
1 1 2 1 1
Do dd |1+ — ].[1—1— . > 14+ + — . :[1+—]
[ sin A sin B Jsin Asin B sin Asin B Vsin Asin B

Mat khac

sinAsinB:—%[cos A4+ B —cos A—B ]z%[cos A+ B +cos A—B ]

cos A+ B +1
pu— 2 -

A+ B

sin?
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R 1 1 1
Nén |1+ J1+ >|1+4—1 (1
[ sinA][ sinB]_ . A+ B @
sin
2
2
, 1 1 1
Tuong tu ta ¢ [1—|— ] 14— |>1+——| (2)
sinC LT 1 T
sin — sin—|C + —
3 2[ 3]
Nhan vé v6i vé cua (1) va (2) ta duge
2
1 1 1 1 1
14 14+ A1+ J1+— > 14+ — | |1+
[ sinA][ sinB][ sinC’] Lo . A+ B o1
sin — sin sin =
2
Talai 6 1+ﬁ 1++ = 14 B1 1
sin + s.in—C’—l—z sinfL—l—fC’—l—z
2 2 3 2 2 2 3
4
Suyra |1+ J14+ 1 A1+ 1 .1—|—L > 1+L
sin A sin B sin C' LT LT
sin — sin —
3
3
1 1 1 1 9 Y
Hay |1+ d14+ 1+ >|1+——| =|1+—=| DPCM.
sin A sin B sin C T J3
Slng

Nhén xét: Cho tam giac ABC va ham sb f
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e Péchimgminh f A +f B +f C > 3f

%] . Ta di ching minh

fA4fB zzf[“—B]
_ c+r
khido f € +f| 5| =2/ TB tlr d6 suy ra
i
c+7
fA+IB+fC 413 22f[A;B]+f  ER g]

Dodo f A +f B +fC 23f[§].

e DPéchingminh f A f B f C Zf?’[g].Tadichl'mgminhf Af B > f

A4+ B
2

c+=

khido f C f|=|> f 5 3 | tir do suy ra

T
3

A+ B
2

)

Vi du 6: Cho tam giadc ABC thoa mén Cosgcos(B — (') + cos Acos

> f? 32#%]

fAfFBfCf

2

vis
c+"
al &
3

Dodé f Af B fC >f

B—C’ZO.

Chtrng minh rang cos2B + cos2C < 1.
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Loi gidi
Tu gia thiét ta co
—C

A B — A
cos —| 2 cos? — 1|+ cos ¢ 2cos’ = —1| =
2 2 2

A B-C B-C A A B-C
< 2¢0S— Cos cos + cos— | — | cos— + cos =0
2 2 2 2 2

A B-C
& | cos— + cos
2 2

V‘|0<é<z:>cosé>0,—Z<B_C<z:>cosB_C>Ové
2 2 2 2 2
B+C w A A . B+C . A B-C
= —— = = cos— = sin nén (1) & 2cos—cos —-1=0
2 2 2 2 2
<:>2sinB+CcosB_C =1 sinB+sinC =1

2

2

, . T +
Ap dung bat dang thuc z° + y* > Ty suy ra sin’ B + sin’ C' >

Do ddcos2y + cos2z =2 —2 siny +sin®*z <2 — 2.% =1 BDPCM.

Vi du 7: Chiing minh rang trong tam giac ABC' ta luén co

sin—cosE + sinﬁcosg + Sin—cosé < @
2 2 2 2 2 2 4
Loi gidi
, . . , A
Do A, B,C binh dng nén khong mét tinh téng quat gia st A > B > C = g > 22

A B A B
Suyra sin— > sin— > sing > 0,cos— > cos— > cosg >0
2 2 2 2 2 2

. A . B B C
= |sin— —sin—||cos— —cos— | > 0
2 2 2 2

. B . . B B . B C
& Sin — Ccos— — Sin—cos— — sin—cos— + sin—cos— > 0
2 2 2 2 2 2

o | &

\Y
v | Q
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. B . B C A C . B
& sin—cos — + sin—cos — < sin— cos — + sin — cos —
2 2 2 2 2 2 2 2
Do d6 sinécosE + sinﬁcosg—k singcosé < sinécosg—ksingcosé—k sin — cos —
2 2 2 2 2 2 2 2 2 2 2 2

.. A C A . B B . C . B B B . B B
Ma sin — cos — + sin —cos — + sin—cos — = sin| — + — | + sin — cos — = cos — + sin —cos — (1)
2 2 2 2 2 2 2 2 2 2 2 2 2

Ap dung bt dang thuc cosi ta co:

COSZ§+§22 3cos — \/gcos— 3 sin? E+co E22\/?>si1r12§cos?§:2\/§S,in§cosE
2 4 4 2 2 2 2 2 2 2 2

Suy ra 2[COSZ§ + 2] —I—[3Sil’l2§—|— COSQ§] > 2\/5003? +2\/§Sin§cos§

B B B
Hay 2\/§[cos§ + sin;cosg

B B
§§—|—3 sin? = + cos® = _9
2 2 2 2

33

= (:osE + SIHECOS— <— (2
2 2 2

3J_

Tu (1) va(2)taco s1nécosE + SIH§COSQ o= smgcos— < — DPCM.
2 2 2 2 2 2

2. Bai tap luyén tap. :

Bai 6.58: Cho tam giadc ABC. Ching minh rang:

a) sinC' = sin A.cos B + sin B.cos A
_sinC@ tan A + tan B (A, B = 90°)
cos A.cos B

c) cot3+ﬂ = CotC+.CLB (A = 90°%)

sin B.cos A sinC.cos A

C

A B . . B . B . . B .
d) cos —.cos—.cos — = sm—smECOS——|—sm—cos§sm—+cos—sm—sm—

C

e) sin’ A + sin® B + sin® ¢ _ 1+ 2sinésin§sin—
2 2 2 2 2 2

Bai 6.59: Cho tam giac ABC . Chtirng minh:

a) tan A+ tan B + tanC' > 3\/5, VAABC nhon
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b) tan® A + tan> B + tan’ C > 9, VAABC nhon
c) tan® A + tan® B + tan® C'> 81, VAABC nhon

A B
d) tan® = + tan® — + tan’ ¢ > 1
2 2 2

e) tang + tang + tan% > \/g

Bai 6.70: Chimg minh ring trong moi tam giac ABC ta déu c6
1+ cosAcosBeosC > \/gsinAsinBsinC’

Bai 6.71: Cho AABC' . Ching minh rang 2sin A + 3sin B + 4sinC' < 5(:05%1 + 3(:osE + cos% .

Bai 6.72: Cho AABC . Chitng minh rang 2° —2(cos B + cos C)x +2 —2cos A > 0 Vz.
Piang thirc xay ra khi nao ? o
Bai 6.73: Cho AABC nhon . Chirng minh bat dang thirc sau:

(tan B 4 tanC)z* — 4z + 2tan§ > 0 Vz. Dang thirc xay ra khi nao ?
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