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Pap an chuyén dé:
Tich cia mt vecto véi mot so0 - Hinh hoc 10

Bai 1.26: a) Theo quy tic ba diém ta c6
AN+ CB = NC + CM = NM

a

Suy ra AN+1CBl=MN=1ag=2
2 2 2

b) Theo quy tic trir ta co

%@_zm=w_ﬁ\:m

:‘EE—ZW‘=AM _av3
2 2

¢) Goi F la diém ddi xing cia A qua C,
diém E 1a 1a dinh cta hinh binh hanh ABEF ,
theo quy tac hinh binh hanh ta ¢6

AB+2AC = AB+ AF = AE

Goi | 13 hinh chiéu cia E Ién AC.

Vi AB//EF = EIF = CAB =60°

sin IFE =& — |E = EF..sin IFE = asin60° = &¥3
EF 2

cos IFE :E: IF = EF.cos IFE = acos60° = &
EF 2

Ap dung dinh li Pitago ta c6
2 2
AE =AI? + IE2 _\/(2a+%j +[a‘/§] _ a8
a\/28
>

Suy ra Wi+ 2@\ = AE =

d) Lay cac diém H,K saocho 0,25MA=MH; EWZW

Suyra 0, ZSW—gW: MH - MK = KH

oz ug-ro1- [ 41T Goe] - [ 2] 3] -2

Bai 1.27: Goi O la tdm hinh vudng.
Theo quy tic ba diém ta co
w= MO+O0A —2 MO+0OB +3 MO+0C —2 MO +O0D

Do do6

— OA—20B +30C —20D
Ma OD = —OB, OC = —OA nén u = —20A4

Suy ra u khong phu thudc vao vi tri diém M
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b) |u] =|-20A| = 20A=ay2 A
Bai 1.28: (hinh 1.49)
:% AL+ AC +; BC +BA +§ CA+CB = 0b)
s . B C
OM + ON + OP = M
Hinh 1.49

% OB +0C +% OC +OA +% OA + OB
—O0A+O0B+0C
Bai 1.29: ) Tacé AH — 2AG — AB —

w N

AC + AB _Ezgﬁ_éﬂé

1 E —  —  —

b)ﬁ:5 AH — AB + CH :é,TC—gE

L. . , MC — MB—*_MC—' — MB — —
— MC-— MB— —
—AM+B—CMB+B—CMC—AM

Bai 1.31; Taco:
B'B+CC'+D'D= AB—AB' + AC'—AC + AD—AD'

— AB+AD —AC— AB'+AD' +AC=0
Bai 1.15: (hinh 1.50) Qua M ké cic dudng thang song song véi cac canh A ABC, cac duong
thang nay lan luot cat tai cac diém nhu hinh vé&. D&

thay ta c6 cac tam giac déu MD,D,, ME,E,, MF,F, va cac hinh binh hanh

MFAFE,, ME,CD,, MD,BE, .

Taco: MD = %(MDl + MD.),

—_—

ME — %(ﬁl + ME»),

B” D.DD, ¢
Hinh 1.50

B —

MF = %(Wl + MFy).

—_—

Cong timg vé 3 dang thirc va nhom ta duoc: MD + ME + MF = §MO

Bai 1.32: Ta goi M la trung diém AB va M' 13 hinh chiéu ciia M 1én d. Khi d6, ta cé:
AA'+ BB'=2MM'

Goi N 1a trung diém ciia GC (ta ciing ¢6 G 1a trung diém MN) va N' 14 hinh chiéu ciia né 1én
d thi:
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GG'+CC'=2NN', MM'+ NN'=2GG".

Tt ba dang thtrc trén ta c6 dpem.

Bai 1.33: Dit u = OA + OB + OC + OF + OF

Vi ngii gidc déu nén vecto OT4 -+ @ + % -+ OTé cung phuong vai OF nén u cung
phuong Vé’i OF .

Tuong tu u cung phuong VO’l OF suy ra uw=0.
Bai 1.34: Gia sur n vecto la a 1=1,2,..,n.Dat u—al +a2 + .. +a

Vi téng ctia n — 1 vecto bt k1 trong n Vecto trén cung phuong véi vecto con lai do do u

cung phuong véi hai vecto al, a2 nén u=0.

Bai 1.35: (hinh 1.51) ’
a) Goi r la ban kinh duong tron noi ticp AABC taco

B c
a = r|cot— + cot— |[;
2 2

b=r (:otg—i—coté ic=r (:oté—l—cotE
2 2 2 2

Theovidu5tacod alA+bIB + cIC =0

= c0t§+cotg 171—1— cotg+coté IB + (:otéchotE IC :6
2 2 2 2 2 2

—_— s —

b) Taco IM — +IC IN =

N | —

Theo céu a) ta cé

cotg E—i—l?] —|—cot§ EH—E +cot% I?l-l—ﬁ =0

Suy ra cotgﬁ + cotgﬁ\f) + cot%ﬁ = 6

c) Taco B

DM
Hinh 1.51

[A=1IP+IN —IM;IB = IM + IP — IN;IC = IM + IN — IP
Két h0’p vi du58uy ra
aIA+b[B+cIC’—0
& btc—a IM+ a+c—> F\f%— a+b—c E:O

—

—_— — — — — _b —_—
=28 P8Pl g PP e
BC BC a a

< alD= p—c IB+ p—a IC véi p lantra chu vi.

Tuong ty ta ¢ :

—

bIE = p—a E—F p—c ﬁ;cﬁ: p—>b ﬁ+ pP—a E

éaﬁ—i—bﬁé—i—cﬁ: 2p—b—c ﬂ—l— 2p—c—a E—i— 2p —a —b I_C"

= a]?l—i—bﬁé—i—cﬁ = aE—i—bﬁ—kc& :6
Bai 1.36: (hinh 1.52)Goi A' 1a giao diém AM véi BC ta
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—— AC~m A'B—— | A
cd MA'= BCMBJrBCMC &)
A'C _ Swwo _ Swae _ AC Swac
— = = =t 1= +1
Mit khéc A B. Swas Swuas A'B Shan
N A'B _ Shap B Al C
BC SMAB + SMAC Hinh 1.52
A'C S
Va o= e ()
BC  Syup + Swuac
~—_  MA'— S —
Mit khic MA' = ——— MA =——2¥¢____ 314 (2)
MA Swap + Swuac

Thay (1) va (2) vao (*) ta duoc diéu phai chimg minh.

Bai 1.37: (hinh 1.53)Ta ching mmh bang quy nap

Vé6i n = 3 dang thic tré thanh a.e + be +ce, = O
(dung vi dang thirc nay tuong duong véi dang thirc &

bai 11)

Giasudungvéin=k—1,k >4

Goi e 1a vecto don vi vudng goc voi A A, , va hudng ra
ngoai tam giac A A, A,

Theo gia thiét quy nap ta co

Ahde + Ahe +.. + A LA 6+ A4 LA — =0(1)

Mt khac xét tam gidc A A, A taco AA e+ A Ae, +AAe =0 (2)
Tir (1) va (2) suy ra diéu phai chimg minh.

Bai 1.38: (hinh 1.54)Goi B,, i =1,2,...,n la cac
tiép diém dudng tron ndi tiép véi canh A4,

Xét tr giac A BIB, ¢c6 AB,I = ABI=90"va
B,AI = BAI

Suyra B,IA, = BIA, . Matkhac IB, = IB, d6 do
IA 1 BB,

Tuongtutacd IA L B, B,,i=2,3,...,n

Xét da giac 16i B B,...B, theo dinh ly con nhim ta c6 Hinh 1.54

—

B.B,.e, + BB,e,+..+ B, B,e, =0

n—1+-n">n

o IBl.cos%fZ +IBQ.COS%62 ot IB,,,.cos7En’ =0

Hinh 1.53

Ma IB, = IB, =...= IB, suy ra dpcm.

2
Bai 1.39: Tacs 1B _ ABBC _
HC HC.BC P
— b? — CQ —
Suyra IH = —IB + e
y c? + b  + b’

2 —
Ma b* + ¢* = a® va IH = —IA nén suy ra IA_b—IB+C—IC

(l a

Hay CTA+VIB+ E1C = 0.
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Bai 1.40: O nam trong doan IK sao cho OI = 20K
Bai 1.41: a) I la diém doi xing cua A qua B.

b) ﬁ:%ﬁ 0 T’K:%E d) EZ%FO

Bai 1.42: a) Cho Mz];sﬁ+17é+2ﬁ:§<:>ﬁ+f_d:6
Vi J 1a trung di€ém cua AB, suy ra I 1a trung di€m cua JC

MA + MB+2MC = kMI < AMI = kMI = k =4

b)k:4,A_f:i 3AB_AD

) k=2 IA=24AB+3AC —4AD

Bai 1.43: M trung voi tim dudng tron ndi tiép tam giac

Bai1.44: Vi a+8+7=0= a+8 + B+7 + 7+a =0
Khong mét tinh tong quat gia st o+ 3= 0= 3! D : aDA+ ﬂDB = O.

Suy ra aMA+ﬁMB+7MC—O<:> a+ 0 MD+7MC—O

Do d6 ton tai duy nhat diém M
b) Gid st ton tai diém N va o = 0

Tacd aNA + Bﬁ + WJ\TC = 6 & C_A = —EC_B) (mau thuan véi ABC' |a tam giac)
o

Bai 1.45: O 14 diém tuy ¥, ta co:

kGA + k,GA + ...+ k GA =0

&k OA—0G +k OA4—0G +..+k OA —0G =0

@OG—E/{OA—F]{OAQ—F +kOA

Suy ra G xac dinh duy nhat
Bai 1.46: a) AP — %E, AN = gAC, AM = gAC—%E

b) W:TB-%A_C’, W:%E}’—%A_d
MP = 2MN =M, N, P thing hang
Bai 1.47:a) IJ = —2@4%@

b) IG = —gA—B + 11TC = 51J =6IG suy ra 1J di qua trong tam G cua tam giac ABC.

- 3—

Bai 1.48: a) Taco: 2]0——3]B¢>AI——AB+ AC

N 5_,

5JB = 2JC’ & 5(AB —AJ) = 2(AC’ —AJ) s AJ = gAB —gAC
b) Goi M 1a trung diém BC, ta c6:

- 2= 21—

AG=2am =21+ a0 =Ltas+ a0
3 32 3

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

A6 =247 - Ly
187716

Bai 1.49: a) u cung phuong voi v & ¢ sb thuce k sao cho
u=hkvsa+ 20—1 b=k za+b

kx =1 r=1
= 1
k=2$—1 rT=——

2
b) u cung phuong vai V& o sd thuc k duong sao cho

a:kzégaﬂz:k[ g a_gz‘;]

3=k 1—2 k—§
= = 2 =zx=-1

2
v==3F k=230
Bai 1.50: Tacé AA'+ BB'+CC'

— AG+GG'+G'A' + BG+GG'+G'B' + CG+GG' +G'C"

—3GG"+ AG+BG+CG + G'A+G'B+G'C =3GG"

Suy ra diéu kién can va du dé hai tam giac c6 cung trong tim 1a AA' 4+ BB' 4+ CC" :6
Bai 1.51: G la trong tim ARIP = GE +GI +GP =0

Tacd RJ+1Q+PS= RA+JA + IB+BQ + PC+CS

— RA+CS + JA+IB + PQ+PC =0

Suyra GR+GI+GP=GJ+GQ+GS = GJ +GQ +GS =0

Do do6 G 1a trong tam AJQS

Bai 1.52: Tam gidc ABC va A'B'C" ¢ cing trong tim <> AA'+ BB +CC' =0
& 2AB+2BC +2C4 =0 < 2.0 =0 (ding)

Bai 1.53: G 1a trong tim AANP = GA+GN +GP =0

Taco E+W+@=AC—%AC—%AO=6
Suyra GA+GN+GP =GC+GM +GQ = GC +GM +GQ =0
Do d6 G 1a trong tam ACMQ

R

Bai 1.54: G la trong tim AABC = GA+GB+GC =0
Tacod 2011A4'B +20124'C =0
=2011 A'A+AB +2012 A'A+AC =0

& 4023A4'A + 201148 + 2012AC = 0 (1)
Tuong tu ta ¢ 4023B'B +2011BC +2012BA = 0 ; 4023C"C +2011CA + 201208 = 0

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

Cong vé v6i vé 1ai ta duoc
4023 AA'+BB'+CC' + BA+ AC+CB =0+« AA'+BB'+CC' =0Suyra

GA+GB+GC=CA'+GB'+GC = GA'+GB'+GC' =0
Do d6 G 1a trong tam AA'B'C"

Bai 1.55: Vi AABCva AA'B'C"'c6 cung trong tAim G suyra AA'+ BB'+CC' = 0
Vi G,,G,,G,la trong tdm cic tam giac BCA',CAB',ABC"' nén

3AG, +3BG, + 3CG,

— AB+AC+AA + BC+BA+BB' + CA+CB+CC"

— AA'+BB'+CC =0

Suyra AG, + BG, + CG, =0 do d6 G I trong tim AG,G,G,

Bai 1.56: G la trong tam t& gidc G,G,G,G, < GG, + GG, + GG, +GG, =0 (¥)

Vi G, latrong tam AABC = GA+GB+GC = 3?@—';, tuong tu ta co
GB+GC +GD =3GG,, GC+GD +GA = 3GG, , GD+GA+ GB = 3GG,

Do d6 (*)< 3 GA+GB+GC +GD =0 (ding) dpcm

Bai 1.57: Goi D, E, F twong tmg 1a giao diém ctia MA,, MB,, MC, véi cac canh BC, CA,

AB. O la trong tam déu AABC

Tacod MA + MB, + MC, =2 MD + ME + MF

Mat khac theo bai tap 6 (dang 2) thi MD + ME + MF = gM 0

Suyra MA, + MB, + MC, =3MO do d6 O la trong tam tam giac A, B,,C,

Bai 1.58: Taco OA, + OB, +0C; = 2204, + 92 0G, 57

2
04 @) OC, oc,

2
B
BO+

- gﬁi o 8@1 +c 821 — 0 (Theo dinh I con nhim)

Do d6 O la trong tam tam giac A,B,C,

‘s % AB . .z
Bai 1.59: a) Tap hop diém M la dudng tron tdm I ban kinh - voi 1 1a trung diém cua AB

—_—

b) Goi K 1a diém thoa man: 2KA + KB
L 1a diém thoa man: LB + 2LC’ = 0
Ta co: ‘2MA+ MB‘ - ‘MB n 2MC‘ o ‘MK‘ - ‘ML

0

Tap hop diém M 1a duong trung truc ctia doan thang KL.
Bai 1.60: a) Ta co:

MA + kMB = kMC < MA = k(MC — MB) < MA = kBC

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

Vay tap hop diém M la dudng thing di qua A va song song V0'1 canh BC cua AABC.
b) G01 J 1a trung 13 diém AB, 1 1a trung diém JC ta co IA -+ IB + QIC = O
= v=MA+ MB+2MC= AMI

Do do v cung phuong vaGi BC M thude du:ong thing dl qua I va song song véi BC.
Bai 1.61: a) Goi K 1a dlem thoa man: ZKA + SKB = O

L 13 diém thoa mén: 3LB — 2LC’ = O

Tacs: [2014 + 3MB| = [3MB + 2MC| « | MK | = L]

= Tap hop diém M 1a duong trung truc ciia doan thang KL.

b) Vi I 13 trung diém ciia BC. Goi J 13 diém thoa mén: 4J4 + JB + JC = 0
Ta co:

—_— s —

‘4MA+MB+MC‘ ‘QMA MB — MC‘

o ‘6MJ‘ _ ‘2MA—2MI‘ o ‘GMJ‘ _ ‘QIA‘ o MJ = %IA
. 1
Vay tap hop diém M 1a duong tron tdm J ban kinh R = glA.

Bai 1.62: a) OB + 40C = 20D < OB = %(,Tf voi 114 trung diém BD

b) ‘MB +AMC — 2MD‘ - ‘3M_'A‘ = ‘]\TO‘ - ‘J\ﬂ‘
Vay tap hop diém M la dudng trung truc cua doan OA.
Bai 1.63: Goi P la trong tam cia AABC, Q la trong tam cia ADEF

‘MA+MB+MC‘ +‘MD+ME+MF‘ -

3‘MP‘ n S‘MQ‘ — 3 MP+ MQ >3QP

Déu " =" xay ra khi va chi khi M thuc doan PQ
Vay tap hop cac diém M can tim 12 moi diém thudc doan PQ

Bai 1.64: Goi hai diém M,, N, lan luot thugc tia Oz va Oy sao cho OM, = ON, :%

k—

. Gia

st OM = k0<k<akhldotacoMI——MN Do d6 tap hop diém I 1a doan M N,
a

Bai 1.65: Dat OA = zAC, OC = yAC, OB = zBD, OD = tBD
Suyra&+£+%+@:6@ T+y 14—C;+ z+t @:6

Dod6o z=—y; z=—t = 0A=0C, OB = 0D nén tit giac ABCD la hinh binh hanh.

Bai 1.66: Ta 6 AA'+BB'+CC'—6
o AA 4 BAJ;BCJrCA;CB 0« BA'+CA' =0
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< AA' ciing 13 trung tuyén cuia tam giac ABC'.
Bai 1.67: Giast A'B=FkA'C, B'C =mB'A,C'A=nC"'B
AB—kAC
1—k

AB=kA'C o AB—AA' =k AC—AA" < AA' =

Tuong ty ta c6 BB = BC—mBA_ m—1 AB+AC

1—m - 1—m
@;:C’A—nC’B:—nAB—i— n—1 AC
1—n 1—n
= AA'"+ BB'+CC'=0
P B A+ | =F 4L 4|4 =0
1—k 1—n 1-k 1—m
Suyra=>L—1— n__ _—k + ! —1=0=kk=m=n.
1—k& 1—n 1-k 1—m

Mat khac theo dinh 1i Xéva ta co kmn’: —1nénk=m=n=-1
Vay AA', BB', CC'" la cac trung tuyén cta tam giac ABC

Bai 1.68: AD+ BC —=2IJ < ID +IC = 2IJ

Goi K 1a trung diém DC suy ra ID+1C =2IK dodé K =J hay J 1a trung diém ctia CD.

Bai 1.69: (hinh 1.55) Goi M, N, P, Q 1a trung diém cua AB, BC,

CD DA tur phuang trinh thu hai ta duogc: A 9 D
O—OA+OB—|—OC—|—OD—2OM+20P@OM—FO =0

& M, P,0 thang hang va O 1a trung diém MP M .O P
6:074+(73+@+075:20W+2@@07\f+@:6 B ,fl C
& N,Q,0 thing hang va O 14 trung diém NQ. Hinh 1.55

Tacd AOAD cantaiOnén NQ 1. AD, AOBC can tai O nén
NQ@ L BC suyra AD/IBC.

Tuong tw AB//DC suyra ABCD Ia hinh binh hanh
Ma N, Q Ia trung diém ctia BC, AD nén AB//NQ = AB L BC

Suy ra ABCD la hinh chi nhat.

Bai 1.70: G la trong tdm tam giac ABC nén 30G = OA+ OB+ OC
Dodé OG = OA' + OB’ + 0C"

Suy ra G la tryc tam tam giac A'B'C"

Bai 1.71: H la tryc tdm tam giac ABC suyra OH = OA+ 0B+ 0C
Do d6 30OH = OA'+ OB'+ OC" hay H la trong tam tam giac A'B'C".
Bai 1.72: Trudc tién ta chirng minh bo dé sau

Cho ba véc to a;b;c d6i mot khong cing phuong va thoa man diéu kién :
ma 4+ nb + pc =0

o o -~ 5 mm'=0

m'a+n'b+p'c=0

Chung minh rang : ﬁzﬁzﬂ'.Thé‘[Vay:

m' n' p

D@ thdy m,m' = 0 thi suy ra ngay n, n’, p, p’ ciing phai khac khong.
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— n—) —

) a="b+2ec
Tur gia thict ta co : m m

a=—0b+—c
m' m'

vi mot véc to chi phan tich duge mot cach duy nhét qua hai véc to khong cting phuong nén
n_n' p p' m __n _p
m m"m m' m' n' p'

Tré lai bai toan
== == . An 2. AD— BE— CF — -
AD+ BE 'F = -— =
Taco + +C 0= MAMA+MBMB+MOMC 0

AD S S S BE S . CF S
Mvtkh' — ABD — ADC — t t — —
a ac MA SABA/[ SAC]\/I S_Sa, uo‘ng u MB S_Sb Va MC S—SC
(v6i S = S,50,5, = Supcr Sy = Sycar Se = Sap)
MA MB MC -
Do d6 ta cé =
odotaco oot g Tog—g

Mat khéc ta cling ¢c6 S, MA+ S,MB + S, MC = 0
1 1 1
S-S, S-S5 _S§-8

Ap dung b6 dé suy ra T - g 3 ¢ & 8, =5, =5, hay M trung trong tam
a b c

tam gidc ABC
Bai 1.73: Do a + 3 + 7 = 0 nén ton tai duy nhat diém I sao cho oJA + BIB + ~vIC = 0.
Tacoé aMA + gMB + vMC = a(ﬁ+ﬂ)+ﬁ(ﬁ+ﬁ)+7(ﬁ+ﬁ)

= (a+ﬁ+7)ﬁ+aa+6ﬁ+vﬁ: (oz—i—ﬁ—kv)]\?f

Dodé T = |a + § + v|.MI

Suy ra T nho nhét khi va chi khi M 13 hinh chiéu cia I 1én duong thing d
BAi 1.74: G la trong tam tam gidc ABC ta co | MA + MB + MC|= 3| MG|
a) M 1a giao diém cua tia GO v6i (C)

b) M 1a giao diém cua tia OG vai (C)

Bai 1.75: BS: minT = 4GG"

Bai 1.76: Taco AM + BN +CP =0

Suy ra AM =— BN +CP :‘w‘:‘B—N+CTJD" S‘B_)N‘—f“CTP.‘

Vi BN va CP khong cuing phuong nén khong thé xay ra dau bang do d6
AM < BN +CP. Tuongtutacé BN < AM +CP,CP < AM + BN

.. = MB—~ MA3 MB MA
Hay MC.AB < MA.BC + MB.AC

i oo mn 2 = MD—  MC-—— MD MC
Bai 1.78: Tacéd: AM = CDAC+ oD AD = AM < CDAC+ oD AD
.= MD— MC— MD MC
va BM—@BC—I—C—DBD :>BM—C—DBC +C—DBD

Tir do suy ra
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MD MC
AM+BM<C—D AC+ BC +—D AD + BD

C
MD  MC ,

= p<max AC+ BC+ AB;AD+ BD + AB
Hay p <max p;;p,
Bai 1.79: Ta chirmg minh bang quy nap

+ V61 n = 0: hién nhién
2k+3

S or

i=1

>1

+ Gia st BDT ding v6i n = k ta di ching minh dung véi n =k +1 hay

Trong 2k + 3 vecto ta chon hai vecto ¢6 goc 16n nhét, gia sir O—PJ, OB, .
2k+2
bit OA = OF, + OP,,.,;, OB=> OPF,.

i—2
Suy ra diém A, B ndm trong goc BOP,,., do d6 AOB < 90"
= ‘ OA + O—B" > ‘ O—B"
2k+2

S 0P
=2

Mit khac theo gia thiét quy nap ta co ‘O_B" = >1

2k+3

Suy ra ZO_B":‘O_XM—O_B"Z‘O_B"Zl
i=1
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