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Pap an chuyén dé: Bat ding thirc — Pai s6 10
Bai 40:a)BBTo Ya—-vb + Vo—ve + Je—+a >0

b)BDT< (a —b) +(a—1° +(b—1° >0

¢)BDT < (a—17 +(b—12 +(c—12 >0

d)BbT<(a—b+¢)} >0

Bai4.1:a)BDT< a—-b ¢ <0

a+c b b+a ¢ c+b

< , < . :
a+b a+b+c b+c a+b+c c+a a+b+c
Cong cac BDT vé theo vé, ta dugc dpem.

b) St dung cau a), ta dugc:

a a a
<

¢) Str dung tinh chét phén s, ta c6: <
a+b+c+d a+b+c a+c
, b b b c c c
Tuong tuta co < < : < < ;
a+b+c+d b+c+d b+d a+b+c+d c+d+a a-+c

d d d
< <
a+b+c+d d+a+b d+b

. Cong cac BDT vé theo vé ta duoc dpcm.

a+b < a+b < a+b+d
a+b+c+d a+b+c a+b+c+d
Cung v6i 3 BDT tuong ty, ta suy ra dpem.

Bai 4.2: a) BDT < aba® + a® +b* ay+aby’ > a+b ay

d) Chiing minh tuong ty cau c¢). Ta c6:

Sab r—y ’ > 0 (dang)

(c+a) S (et b)’
c+a* T A+
& (a —b)(c* —ab) > 0. Diéu nay hién nhién dung do giai thiét.

b) Binh phwong 2 vé, ta phai chiing minh:

.11 2 1
c) TacOo —+- = - . ile =

a ¢ b b 2 2b 2 2a

911 S 1+i+1 Loy

2% _1 2921 1+9 1 14+°-1

b b c a
®§+1+3_a+1>4(:>§a+ >3 & a—c220(d1'1ng)

2 2 2¢ 2 2 ac

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

d)BPT< (a+b—c¢)(b+c—a)(c+ a—0b)> 0(dung)
Bai 4.3: a) BDT < —a’y + o® + 22 — ¢’z —22® +42* <0
s@—y(y—2)(z—z)(z+y+2) <0 (dngviz >y >2>0)

b) BBT & L(:J[: —y)(y—2)(x —2)(zy + yz + 2zz) > 0 (ddng viz >y > 2 > 0)
Yz

Bai 4.4: Ta co: 1 + 1 < 1 & 1 + 1 < 1
T a+b c+d” atbtctd
a b ¢ d a+c b+d ab cd a+c b+d

ab N cd - a+c b+d ab c+d +cd a+b - a+c b+d
==
a+b c¢c+d a+b+tc+d a+b c+d T a+b+4+c+d
abe + abd + acd + bed _ ab + ad + be + cd
= <

ac+ad+bc+bd =~ a+b+c+d
< a+b+c+d abe+abd +acd +bed < ab+ad +bc+cd ac+ ad +be +bd

=

& 2abed < a*d* + b’ < a*d? — 2abed + b*c® > 0 < ad —be ] > 0.

Do bat dang thirc cudi ciing dung nén bat dang thic can chimg minh ciing dung.

Déau " = " xay ra khi va chi khi ad = bc.

Bai 4.5: Vi a,b,c € [1;3] do dé ta c6

a—1 b—-1 ¢c—1 4+ 3—-a 3-b 3—c >0

©2ab+betcea —8 atbte +2620% atbtec —8a+tbtec +26>d +0 +¢

Maa-+b+c=6suyraa®+0b"+c <14,
Bai 4.6: Ap dung BDT Cosi cho hai s6 thuc duong ta co:

2ty > 2oz = 2z < 2z _1
z* 4+ 9P Qx\/— Yy
yN
2 1 2 1 1 1 1
Tuong tu: \/; < —; .\/; <—= VI <—+—+—.
v+ Ty P4t Ty Yz 2w

1 1 1 1 1 1
Mit khac: a®> +b0* +c* >ab+bc+ca = —+ —+—< —+ —+ —
y yz oz xt oyt 2

1 1 1 ,
Vay : VT§;+—+Z—2:>dpcm.f)éngtht’rcxéyra(:)arzy:z:1.

2
Ji+a' +y V3
=)

Y
Ty —~7Ty
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N+ +2 V3 1+2+2° _ 3
> : >
Yz Jyz 2y N zx

Cong ve véi veé cac bat dang thuc trén, ta dugc:

Churng minh tuong tu, ta duoc:

1 3 3 1 3 3 1 3 3 1 1
Jital 4y N1+ 42 Nikel+a gl 11
Y Yz T Ty Yz \/Z

Ap dung bat dang thire Co-si, ta co: L + L + L > 3 =3 2

' ’ Ny \/; \/Z_Q/xyz
Tir (1) va (2), ta c6 diéu phai chirmg minh.
Ping thirc xay rakhi vachikhi 2 = y = z = 1.
Baidg L —1- % b ¢, d g bed

1+a 1+4a 1+b 14c¢ 14d 1+b6 14+c¢ 1+d
Xay dung cac BPT tuong tu rdi nhan vé véi vé ta duge abed < é
Baidg:1— 4 —1Fb-a_ b ¢ o, be
1+0b 1+0b 14¢c 14a 1+¢c 1+a

Churng minh tuong ty, ta thu dugc:
1+b—a 14+c—0 14+a—c = 8abc
(:)[1+b_1][1+c_a][1+a_1 .

a b c
Bai4.10: Tacdél=ayz 2 +y+2 =yz 2° +ay + 1z
Ap dung BDT cbsi ta co
P=z+ 9y z+ 2z =yz+ 2> +ay+ 2x 22\/yz. tay+x =2
Suyra minP = 2.
Bai 4.11: Ta c6 - 2 - 2 gl[ - -

Ji4+a®>  Nab+eb 4 ca + a? \/a+b a+c 2la+b a+c
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Tuong tu b <1 b + b ¢ <1 ¢ ¢
1402 T 2la+b b+c’«/1+c2_2 at+c b+c)

Cong vé vai vé cac bat dang thirc trén suy ra diéu phai ching minh.
Bai 4.12: Ap dung BDT cosi ta c6

ab ab B ab 1
Je+tab \/c atb+c +ab \/ c+a c+b 2

be <1[ be 4 be ]7 ca <1[ ca ca ]

Tuong tu ta co

Ja+be 2la+b a+c) Jbtca 2b+a b+ec
Cong vé v6i vé cac BDT trén ta duoc ab + be + @ gl.
\/c+ab \/a+bc \/b+ca 2
. 3a+b+c
Bai413:BPbT < a+b+c+——7— >
ab 4 bc + ca

; ) 3a+b+ec 3a—i—b—|—c2
Ap dung BDT coésitaco a +b+c+——— > 2

ab +bc+ca ab + bec + ca

3 a+b+02
- >6

Do d6 ta chi can chang minh 2\/ >
ab +bc + ca
& a+b+6223 ab + bc 4+ ca (ding)

1 1 1
+ +
al+b b 1+c c l4a

Bai 4.14: Tacé 1+ abe + 3 =

1|+ +1

1+abc+1] 1+ abe 1+ abe
a 1+b b 1+c cl+a
:1+a+ab+abc+1+b+bc+abc+1+c+ca+abc
a 1+0b b1+c cl4+a

1+a b1l+c 14+5 c1+b 14+c¢ a l+b
+ - - - -
al+b a l+5b b l+ec bl+e cl+a cl+a

Ap dung BDT cbsi ta co

1+a n 1406 n 1+¢ > 3, 1+a ‘ 1406 . 1+e¢
a 1+5b b 1+c¢ cl+a al+db bl4+c cl+a

=3
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b1l+ec c1+b al+d bl+c ¢c1+b al+bd
+ + > 33 . .
a l+b b l+c cl+a al+bdb bl4+c ¢cl+a

1 1 1

+ + +3>6
al+b b1+ec cl4a

Suyra 1+ abc

= 1 + L + 1 2§BPCM.
al+b b 1+c¢ c l+a 2

bing thic xay rakhivachikhia =b=c¢ =1
Bai 4.15: Ap dung BDT cosi ta c6

\/a+b+\/b+c >3J\/a+b b—l—c\/
2ab 2be 2ca 2ab 2bc 2ca
a+bb+ccH+a

Do d6 ta chi can chiang minh . . >1 (%)
2ab  2bc  2ca

,a+bb+ccH+a 2\/% 2\/& 2\/5 2
Taco . . > . . =— (1)
2ab  2bc  2ca 2ab  2be  2ca abe
Mit khac 3 = a +b + ¢ > 3¥abec = abe <1 (2)
Tir (1) va (2) suy ra (*) dung. Pang thic xay rakhivachikhi a = b = ¢ = 1.
Bai 4.16: TacéBDT©%+é+£+é+£+g>2Lb+c

¢c a a b ¢ abe

a a a a 3a
Ap dun BDTCOSltaco—+ + >33——.—:
P 8 b ¢ a b ca Yabe
., b b b 3 ¢ 3c
Tuongtytaco -+ -+ - > —+ + >
c a b 3ape a b ¢ Yape
Cong vé véi vé cac BDT trén ta duoc
@, bye b cia, g gatbte
b ¢ a a b ¢ A abe
Mat khac theo BDT cosi ta co Lb—FcZ 3
Yabe
Dods 424 Cypbc o yatbic oy
b ¢ a a b c Yabe

Dang thic xay ra khi va chikhi a = b = c.
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Bai 4.17: Ap dung BPT Cosi ta c6:
2a a\/_ N a\/g

2b+2c—a \/3a2b+26—a T a+bitec

Tuong tu: ,/ 2 J
2c+2a —b a—l—b—l—c 2a+2l)—c a—l—b+c

Cong 3 BDT trén ta dugc:
\/g(a +b+c)
a+b+ec

Vay min P = V6.
Bai 4.18: a) Ap dung bat dang thirc Co-si, ta co:

P> :\/E.Déngthﬁcxéyra@a:b:c.

a® + b +0* > 3ab? b* +c* +c* > 3be?, ¢ +a’ +a® > 3ca’
Cong vé voi vé cua cac bat déng thure trén, ta duoc:

3a°+b0+c >3 ab® +bc® + ca?
& ad + 0+ > ab® + b + ca?

Dau dang thirc xdyra<> a = b = ¢
3

3 3
b) Ap dung bt dang thiuc Co-si, ta Cé:% +ab > 2a”, v + be > 207, € 1ea>2
c a
I ’ , . a3 3 C3
Cong vé vai ve cua cac bat dang thtc trén, ta dugc: " +—4+—+ab+bctca>2 a>+b +¢
c a
(1)
Laico, a® +b* + ¢ > ab + be + ca (2)

3 3 3
Tfr(l)vé(2)suyra:%—l—b—+C—+ab+bc+ca22 ab + be + ca
C a

33
(:>—+b +—>ab—|—bc+ca
b c a

Dau dang thirc xdy ra khi va chi khi a = b = c.
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6 6
¢) Ap dung BDT cosi a + + b— > 3i
v c
6 6 6 4 4 4
Ching minh tuong tu, ta thu dugc: A T v +<
¥ o add T e a b

Bai 4.19: Ap dung bat ding thirc Co-si, ta co: a® + b* + 1 > ab3

33

b+ > e3¢t ad + —— > caV3

3V3 3V3

Cong ve véi ve cua cac bat dang thac trén, ta dugc:

9 @ b et >3 abtbetca =3

VE]

. 2 1
=2ad 4+ +¢ >F==d+0 + >—
VE] V3

A N , 5 1
Dau dang thuc xdyraa =b =c = —

V3
1,1

Bai 4.20: Taco: 4 a+b+c :3abc(:>i—l——+—=§
ab be ca 4

. L e . 1 1 1
Ap dung bat dang thuae Co-si, ta co: — + X + 3 >
a

N | W

r
b

1 1 1
—+=+>

1 1 1
3 STty
b c 8 a 8

l\JIw

2
be

1 1 1) 3.3
25 +5+5]|T525
b 2

Dau dang thirc xdy rakhi vachikhi a = b = ¢ = 2
Bai 4.21: a) Ap dung bét ding thirc C6-si, ta co:
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3 3
a +Q+b+c>33 a .Q.b—kc §a
bb+ec 2 4 2

bb+ece 2 4 B

3 3
Tuong tu, ta co: b—+£+c+a Z§b70—+g+a+b
c cta 2 4 2 "a a+bd 2 4

Zéc
2

Cong vé vdi vé cua cac bat dang thuc trén, ta dugc:

a’ b? c?

+ +
bb+e cc+a a a+b
3 3 3

a b c S

1
- - > -
b b+e c c+a a a-+b 2

+a+b+62§ a+b+c

a+b+c

Déu dang thic xdy rakhi vachikhi « = b = ¢

b) Ap dung bét dang thirc Co-si, ta co:

3

a +b+2c+b+2023i/ a? .b+2c.b+2c a

broc® 2T 27 hic® 21 20 3

3
Tuong tu, ta co: b 2+c—i—2a+c—|—2a2§,
c+2a 27 27 3
3 2b 2b
c 2+a—|— +a—|— ZE
a + 2 27 27 3

Cong ve véi vé cua cac bat dang thac trén, ta dugc:

3

a N b? N c? +a—H)—Fc>a+b+c

b42% " e42’ a4+’ 9 = 3
! ) 3 2a+b+ec
- a 2+ b 2+ c 22
b+ 2c c+2a a+2b 9

DAu dang thirc xdy ra khi va chi khi a = b = ¢
Bai 4.22: Ap dung BPT Cési cho ba s6 thyc khong am ta co :
2 4+1+1>3Y2 11 =3z < 2> +2>3z.Tuongtu: 3* +2 > 3y; 2° +2 > 3y
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Cong ba BDT trén lai v6i nhau ta duoc : z° +¢* +2° +6 > 3(z +y + 2)
Miatkhac: z+y+2 > 3fzyz =3 =2z +y+2) >6.

=2+ +22+6>@+y+2)+2z+y+2)=2"+9y +2° >x+y+ 2 dpem.
Pingthicxayra & ¢t =y =2 = 1.

Bai 4.23: Ap dung BPT Cési ta co:

a4-|-i >ga2; 1)4+i >gb2;c4+i

81 9 81 9 81

2 2 2 2 2 2

:>a4+b4+c4+i2a+b+c +a,—H) +c
27 9 9

2 C .
> 5 b*> cong ba BDT lai voi nhau

Mat khac: a® +b° + ¢ > =(a+ b+ ¢) :% = 9(a’ + 0"+ ¢') > a®+b> 4 dpem.

W | =

. 1
bang thiic xdyra & a = b = c=§.

l; b:1+l; c:1+1:>a+b+6212

x y 2

Taco: a' +4' +4' +4' > 4Y42¢" = 414 & o' +3.4' > 4'a. Tuong tu

b* + 3.4 > 4'b; ' +3.4* > 4*c cong ba BDT trén lai v4i nhau ta duogc

a' +b' +ct+94" >4 a+b+c) >124" = a' +b' +¢* > 3.4" = 768 dpcm
1

Déngthtrcxéyra(:)a:b:c:4(:>x:y=z:§.

Bai 4.24: Pita =1+

Bai 4.25: a) Ap dung BDT c6si ta co

1 1 1 1 1 1 1 2 4
—+ — — | —+ > 42 > +2 |—=— —6b)
ab  a®>+0b> 2ab 2ab  a® +b® 2ab 2ab a® + b* a—+b 2 a+b 2

Ap dung BDT cbsi ta co
1 2 1 1 5) 1
A= 4+ — + 4ab = 4+ —|+—+|— +4ab|.
> +b  ab [az + 0’ 2ab] 4ab [4ab ]

ax>—2 5 |l s —aasa=11
a+b a+b 4ab

272 272 2
c) Taco [a2+l][52+l]:ab +1.ab +1:[ab+i]

b? a’ b? a’ ab

16ahb 16ab

7

Ta co: ab+ih=(ab+ ! 1+ 15 1)
a
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Ap dung BPT Cési ta co: ab + > 2 ab.L _1 2
16ab 16ab 2
mal=“+b bnenab<1:>i>4 (€))
2 2 4 ab

Tu(l)(2)(3);»ab+ib> 1., 17

2 16 4
il d)sfaf 2
b? o2 4 16

Bai 4.26: Ap dung BDT c6si ta c6 a2+i2a:>a2+b+%2a+b+%

b{z-kl2b=>b2+a+§2a+b+1
4 4 2

Suyra[a2+b+2][b2+a+z a+b+ - ] 1)

Theo BDT cosi ta lai o [2@4—%][26—1—% < QG%%H] (a+b+ ] (2
Tur (1) va (2) ta ¢6 diéu phai chang minh.
Bai 4.27: Trudc tién, ta dé dang c6 zyz <1
Ap dung cési ta c()i—i— 4
vz (2 +y)y +2)(z+2)
1 L 4 1, 22
2uyz  |2ayz  (x+y)y+2)(z+2)| 2wy Jayu(z +y)(y + 2)(z + x)
_1 22
2zyz \/xy—i—xz yz +yxr zx + 2y
J1, 22 _3
3
2 Yy + 22+ yz +yr + 2w+ 2y 2
3
3 +2 P —2y+4 3 2 —
Bai 4.28: Taco —~ 4 2= Y Y S8, v Sty —y —0
7 T8 27 27 37 F38 27
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Tuong tu ta co
3 2 3 o2
Y 29@/—1—2 z 67 z 29Z+$ x 6nén
2* 48 27 z* +8 27
100z+y+z — 22 +y>+2° =18 12— 22 +9° + 27

VT > = ma ta lai co

27 27
12— @ +yP+20 3+ atytz — @Ay +2

27 27 9 27
Tt d6 suy ra di€u phai ching minh . Pang thirc xayrakhi z = y = 2z = 1.
Bai 4.29: Ap dung BDT cdsi ta c6

\/3a2+8b2+14ab:\/a+4b 3a + 2b §%4a+6b — 2q 4 3b

a’ a’

= =

J3a® + 80 + 14ab  2a+3b
2 2 N
a +2a+3b>2_a:> a >8a 3b

Mat khac > 2
2a + 3b 25 5) 2a + 3b 25
Do dé a’ 8a —3b
J3a® + 8b* + 14ab 25
2 _ 2 o
Tuong tu ta c6 b . 8b — 3c c N 8c — 3a

30 482 +14be 25 3 +8a’ +14ca 25
Cong ve voi ve cac BDT trén ta dugc diéu phai chimg minh.
Bai 4.30: Ap dung bat dang thicc BDT cosi ta cd

6/1+ 16z <[i4 162 ]+9:2(8:1:+5y+5z)
y+z y+z y+z

16z <8:1:+5y+5z

2
=—-—+4+— xy+yz+zx

Suyra |1+ < *). Str dung (*), ta co
y . 30+ 2) (*) g(*)
16z 16z
1+1ix - 1+1ix A [ p— +1z +§/tj5
z z x z
Yy Yy 14 162 16z 1 Yy +1
y+z 3y + 2)
Tuong tu, ta cling céﬂfl—l— 10y > by + 1.
Z+x a:—l—y—{—z cc—i—y x—l—y—{—z

Tir d6 suy ra diéu phai chirng minh
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Bai 4.31: Taco Va? + =,/a+12—2a=\/a+1—\/£ a+1++2a
:%\/2+\/5 a+1—v2a 2—-v2 a+1++2a
2

Ap dung BPT cosi ta co
2442 a+1-V2a + 2-V2 a+1++2a
Ja +1<% 5 V2 a—Va+1
2

Tuongtwtacod V0> +1 <2 b—Vb+1 ,J +1<v2 c—Je+1
Cong vé voi vé cac BPT ta co

Vo 1140 +1+V@ +1<V2 atbtre—a—-Vb—Ve+3 ()
Mit khéc theo BDT cdsi ta c6 Va + Vb + Ve > 3¥Vabe > 1 (2)

T (1) va (2)suyra va? +14+V0? £ 14V 41 <42 atb+e

2 2 CQ b

Bai 4.32: a) BDT & Z—2+—2+—2+2(9+9+9)z3+9+9+—+9+9+5

a c a b a ¢ b ¢ a
b? b b b
—2+ +< + +245 >3+ +—-+-
b ¢ a ¢ a a c
Ap dung BDT cdsi ta ¢ ¢6 :
2 2 2 2
“ o2 b—+1>2—b s b—+1>2—b G
b’ b’ b’ b’ c a a
b b a b

Mitkhic =+ -+ -+ 242+ 5>6
b’ a ¢ ¢ a b
Cong cac vé cac BDT lai ta co DPPCM.

3
b) Ta c6 a—gz\/ L y6ig = EC
a4+ b+c I+=z a
Ap dung BDT cbsi ta co
1 1 2 2 2a’
3: 2 2 = 2 - 2
I+a  l+afa? —o+1 &° +2 [b+c]+1 b+c  +2a
a

20> a’

btc +2a2 o +V+

Mitkhactacd b +c ? <20+ =
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3 2
, , a a
Do d6 ta co >

a3+ b+63_a2+b2+02

bS b2 03 CQ

> 9 -
B+ cta’ CHUVFENEL g4’ Y+

Tuong tu ta co

Cong vé v6i vé cac BDT trén ta dugc diéu phai chimg minh.
Bai 4.33: Khong mat tinh tong quat giast (1—2)1—y) >0 <z +y—ay <1
Suyra 2z +y—ay) <z=ayt+yz+zx—zyz <zy+z

 +y’ +1

. S 4+1+1
Mit khac, theo BDT cositaco axy = fz°.9°.1 < — z=R211< u

2 +yt+2°+3
3

Suyra xy + z < = 2 DPCM.

Bai 4.34: Phan tich: Do vai trd cia z,y binh dang nén ta dy doan déu bang xay rakhi z = y .Vivay ta
can chon cac s6 duong m,n sao cho khi danh gia xuét hién biéu thitc S = = + y + 2z .

Tacod: z° +m* > 2mx,y* +m* > 2my, 2° +n® > 2nz
Do d6 ta can chon m,n théamin ¢ =y = m, 2 = n, n = 2m Va 2> +y* + 2> = 18

Suyra m = v3, n = 2v3. Ta 6 16i giai nhu sau
Ap dung BDT cbsi ta co

2 +3 22\/§:v,y2 +3 22\/§y, 22 412 24\/§z

Suyraz? 442 + 22 418> 23 24y 422 o ty+2:<6V3
Do d6 minSzG\/gﬁxzyZ\/g,zz%/g

Bai 4.35: Ap dung BDT césitacod a® +m® +m® > 3m’a, ¢ +m® + m® > 3m’c
640* + n® + n® > 12n%b (m,n duong)
Do d6 ta can chon tham s6 m,n saocho 3m?> = 12n*, a=c=m, b =nVvaa+b+c =3

24 12 x Ceaigas
Tur d6 ta tim dugc m = Ta n = T Ta de dang c6 dugc 101 giai bai toan.

Bai 4.36: Ta dua vao tham s va danh gia nhu sau
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7’ m 2’ \/Z
et my? > 2 —ay; — 4 net >2)—xz; 2—m P+ 3—n 2> >2/2—-m 3—nyz
o =AW 2 Y \ i

Cénchom,nsaocho\/Q—m 3—mn :\/%:\/g(0<m,n§2)

TaCém:n:§
2

Chu y: d6i v6i bai toan tong quat , Tim GTNN ciia P = ma® + ny® + p2° ta dua vé

P = m[w2 +2y2 + 22 vala twong tuy nhu trén.

m m

Bai 4.37: bat P = a® +2b° + 3¢’

Vi cac so thuc duong «, 3,7 chon sau ta cé

2P = (a® + o’ +®) +2(0° +b* + 3) +3(c® +c* + %) — (o +25° +37%)
> 3aa® + 660" +9vc* — (o +25° +37%)

Can chon a = 28 = 3v = t va két hgp vdi dau dang thuce xdy ra khi

6 6 6
=ab=08,c=vad +b +c =1tadugc o« ==, =—,7v = —
a=a B,c =y, +b* +c¢ : 7/8 2 T 9
Vély?P23.§((12+b2+02)—§:>Pz§

7 7 7
e N 1, 4
Bai 4.38: Ap dung BDT cosi ta co6 = + 5\/3041/ + Z\/x.4y.162 < g(x +y+2)
Bai 4.38: Ap dung BDT cosi ta ¢6
2
L YA
b+c 9
2 2 2 2
b +—(a+c)2éb=> - b 10 21(640—61—5)
cta 9 3 b+c c+a a+b 9
16¢°
+(a+0b) > 8¢
a+b
2
Bai4.39:y2+yz+z2:1—3%
1 2 1 2 1 2 1 2 1 2 2 2
S(cr+-y)t=r+=2)+yz+=(z"+y +27)=1.
Qo+ o)+ Go o) tur ot 4y )

1 1 1 1
Tacd —z° +~y* > oy, —2° +-2> > yz
2 Qy_ y2 2 =Y
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Suyra%(x+y+z)2§1<:>|P|§«/§.

. , 2 T Tty —x /
Bai 4.40: Ta c6: —~ vy W _ W, NW

Tty x4y r+y 2
2 2
Chiing minh tuong tu: Y > y——\/;;—z > z——\/Z
y+z 2 z4x 2
Suyraa T >z +y+=z2 Vi +\/;+\/_$=:E—I—y—l—z—%21—%:%

M z+y+z>Joy +yz +Vez =1)

VaymmT——khl:E—y—z—S.
Bai 4.41: Theo BDT cosi ta ¢

2 2 2

T Z 2T 1
A=z+y+z— y2—|— Y =+ S| =3—= \/;y—k\/;z—l—\/;x
T+y y+z z4+x 2

- 1 1
Lai co \/;y—kx/;z—k\/;x§§[(x+1)y+(y+1)z+(z+l):v]:§(x+y+z+xy+yz+zz)
1, 1 ,
<1@+ i@yt =3
2" "3
3 ., )
:>Azg.f)angthucxayrakhlx:y:zzl

Vay minA =

DN

Bai 4.42: Pat a = y + 2,b = z + z,¢ = z + y (Vi a,b,c duong)
b+c—a c+a—>b a+b—c
=T = Y = & =
2 2 2
25 b+c—a 4 ¢c+a—> 9a+b—c 25h 4 92 4 b
+ + =[5 i B R B L

__I__
a b b c

2VT =

a b c
>204+30+12=24 = VT > 12

25 = 4a” 5 = 2a
<~
25¢* = 9q° 5¢ = 3a

Baid443:Patz =a+b+2c,y=2a+b+c,z=a-+b+3c

a C
Dau bang xay ra khi { = 5b+5c=>5a =2 =0 (voli)

Suyraea=—-2r+y+z2b=5—-—y—32,c=z—=
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—8x+4y+4z+2x—y_—851:+8z212\/5_17
x Y z

Bét phuong trinh tré thanh

y 2z
< | —+— |+
Z Y

285102 ()
T Z

Ap dung BDT cosi tacé -4 + 22 > 4z, 24 82 5 3o
x Y x z

Cong vé voi vé lai suy ra BDT (*) diing. PPCM.

Bai 4.44: Ap dung BPT Cbsi ta co

3
r+y+z
x+y+z23«3/myz:>§—72xyz
. . x—l—y—l—z3
Mat khac zyz > x + y + 2 SuyraT2x+y+z+2

3

Détt:x+y+z,t>0tacé;—72t+2<:>t3—27t—5420<:> t—6 t+3 >0et>6

Suyraz+y+z>6,dingthiicxdyra & z =y =z = 2.

11 11
Bai 4.45: Sir dung bat dang thirc cosi ta co (Z— + abc > 2«12—.(1170 = 2a°
c c
bll Cll
Tuong tu ta c6 — + abc > 20°, — + abe > 2¢°
ca ab

11 11 11
C

Tu d6 suy ra Z—+b—+—b>2(a6+bﬁ + ¢%) — 3abe
C

ca ab

6 6 6
3 >a+b+c+9

a’b’c® 2

Vay ta chi can ching minh 2(a® + b° + ¢®) — 3abc +

Hay 1a 3(a® +b° 4 ¢°) +

e — 6abe > 9

Bay gio lai sir dung bat dang thirc cosi ta dugc a® + b° + ¢® > 3a2b?c?

Do d6 ta chi can chimg minh 9ab*c® + — 6abc > 9

a’b*c?

Dit t = abe,t > 0. BDT trd thanh 9¢° +tg_ 6t > 9
Str dung bit dang thirc cosi ta dugc

9t2+g—6t29t2+g—3(t2+1):6t2+g—3212—3=9DPCM~
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Ding thirc xay rakhiva chikhia =b = ¢ =1
Bai 4.46: Tur diéu kién suy ra z,vy,z € [0;2]. Ap dung BPT Cbsi ta c6:

3

212 —2)2—y(R2—2)< 2—z+2—y+2—2

3

S2118—4 z+y+2z +2 2y +yz+2x —xyz]g 8—x—y—=z

3

4:)27[8—4 r+y+z +2aytyr+x + P4y +2F —4|< 8—z—y—2z

3

@27[4—4 sHy+z + x+y—|—22}§ 8—z—y—2
bitt=z+y+2t>0taco

SME —4+4)< 6—t <P +92—108 <0

& =3 (46 <0et<3

Suyraz+y+z<3.

Bai 4.47: Gia thiét clia bai toan va P 1a nhitng da thtrc d6i xtng ba bién nén ta biéu dién cac da thic nay
qua ba da thtrc doi xung co ban = + y + 2, xy + yz + 2z, zy=z.

Taco: 2 +9° +2° + 2y +yz +22) = (z +y + 2)°

24y +2 =3By = +y+2)(@ +y° + 27—y —yz —zx). Suy ra:

2
—2
‘P‘:‘(x-l—y—l-Z)(x?—i—y?+22_xy—yz—zx)|:(x+y+z)(2_($+y—|2-z) )
o 2 _9 2
Pit t =|z+y+2[,t >0suyra|P|=1t2— ):_5+3t_

3

Ta s& di ching minh —%+ 3t <22 & ¢ +4V2 > 6t

That vay theo BDT cosi ta c6 * + 442 = ¢ + 2v2 + 242 > 3v¢*.2v2.242 = 6t
Do d6 |P| < 242 . Déing thire xay ra khi va chi khi ¢ = V2.

Tacd P:2\/§ Chénghankhi x:\/g v y=2=0, P:—2\/5 Chénghankhi x:—\/g :
y=2z2=0,

Vay min P = —2\/5, maxP = 2\/5.
Nhin xét :
3

1) Viéc chiing biét phai di chiing minh — Py + 3t < 242 1a do chung ta du dodn dugc dau bang x4y ra tai
bién.
2) Ta c6 moi da thirc d6i xng ba an ludn biéu dién qua dugc cac da thirc doi xung so cap

g — 0 3 — 3 — H oo N a I a h a Fa a a a
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danh gi4 qua lai giita chung, cu thé a> > 3b > 93/ ¢* . Vi bai toan trén tir gia thiét ta co:
2

@ —%=2op="2

tirc 1a ta da thay thé b boi a do d6 khi biéu dién P = 2 + ¢* + 2° — 3zyz

thi chi con hai bién 13 a va c. Mit khéc ta ludn danh gia dugc ¢ qua a (hodc a qua c) va lic d6 trong P chi
cOn mot bién 1a a hoac c.
Bai448: Taco zyz =(1—2)1—y)(l—2) = 1— z4+y+2z +ay+yz+ 20 =2xy2

S PP +2=2-2z+y+z + a+y+z —daye
3

> xyz Nén

Ap dung BDT cosi ta co [M

3
P AP+ >2-2 s +y+z + x+y+z2—4[#]
Pit t =z +y+2 thi 0 <t < 3.Khidé:

4y + 2 z—it3+t2—2t+2=i(2t—3)2(§—t)+§2
27 27 4 4

o

: . 1
bang thtrc xdy ra khi ¢t = 5 hay 2 =y = 2z = 3 bPCM

2
x3+y3 _ x2—|—y2

Cho z,y € R va z,y > 1. Tim gié tri nho nhat ctia P =
(z —1)(y—1)

2
batt =x+y; t>2.tachd :vygz.

3 42 . 2
Pzt t— wy(3t 2).Do 3t—2>0va —xyz—t— nén ta cé
oy —t+1 4

1t:;_252_152(31t—2) .
p>— 4 :tt2:t—2+£+428
LA a a
4

— 1 — = <1;>> .

Bai 4.49: Ap dung BDT cosi ta c6

6(22° +13y* — ay) —6zy 6 227 +13y° —2zy

P> . .
(x 4 2y) (x 4 2y)

6.¢)
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2_
Rﬁrz}mgy:cOtacc’)Q:w,zfzE
t+2 Yy
- 2
Xét Q—1= S>0=>Q>1=P>6
t+2
IL‘::|:31/3
Suyra minP = 6 < 328.
-
Y 28

Cho a,b,c 13 ba s6 thuc khong 4m c6 téng bang 3. Chirmg minh: a + ab 4 2abe <

2

T
St dung bat dang thire AM-GM dang zy < Ty taco

2

b—i—c—l—1
2

< 2a.

b + 2abc = 2a.b[c +%

Do d6, chiing minh s€ hoan tat néu ta chi ra dugc

a(7—2a) _9

a+ <§(:) (4 —a)(2a — 3 > 0(Ludén ding v6i 0 < a < 3).

Dau déng thirc xdy ra khi va chi khi(a,b,¢) = [g , 1%]
Bai 4.50: Binh phuong 2 vé ta dugc: (1) < /(> +b°)(z> + ) > ab+ay (¥)
e Néu ab + zy < 0 thi (*) hién nhién dung.

e Néu ab + xy > 0 thi binh phuong 2 vé ta dugc: (*) < (bz — ay)? > 0 (ding).
a) Strdung (1). Ta c6: N1+ a® +V1+0* > JA+ 1) +(a +b) = 5.

b)SfIdung(l).PZ\/(a+b)2+[1+1] zJ(a+b)2+[ 1 ] =17
a b a—+b

Chuy: 1+12
a b

voia, b>0).
a+b( )

¢) Ap dung (1) lién tiép hai 1an ta dugc:

2
1 1 1 1,1 1
\/x2+—2+\/y2+—2+\/zz+—22\/(x+y+z)2+[—+—+—]
y

x z r Yy Z

N | ©

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

2
2\/(x+y—l-z)2+[L] = /82.
r+yt+z
Chl])'/:1+1+12L(V6ix,y,z>0).
T y z xztytz

2
d) Tuong tu cau c). Ta co: P > \/ 3223 +(z+y+2)° =+~2010.

Bai4.51:a)Apdung(l)baléntaduqc:1+1z 1 ,1 12 i 1
a b a+db'b ¢ c

+

Cong cac BDT vé theo vé ta dugc dpem.
b) Tuong tu cau a).

c)Apdunga)vab)tadugc;1+1+124[ S SR B |
a b ¢ 2a+b+c a+2b+c a+b+2c
d)Theo(l):Lgl[l 1]@ ab 1y

a+b 4\ a b a+b 4
Cung v6i cac BDT tuong tu, cong v theo ve ta dugc dpem.

e) Apdung caud) v6i a = z, b = 2y, ¢ = 4z thi a + b+ ¢ = 12 = dpem.
f)Nhanxét: p—a + p-b =2p— a+b =c.

Ap dung (1) ta duoc: 1 + 1 > k = 4 :
p—a p=b (p—a)+(p-b) c
Cung voi 2 BDPT tuong tu, cong ve theo vé, ta dugc dpem.

L . 11 1 x .
Bai 4.52: Tact: (1) < (a + b+ c)[— + 3 + —] > 9. Dé dang suy tr BDT C6-si.
a c

a) Ap dung (1) ta dugc: 1 + L + L > ) .
a+b b+4+c c+a 2a+b+c)

9Ya® +b* +¢*) 3 3@ +b +c) 3

2(a+b+c) T2 a4bte 2

Chuy: (a+b+c) <3(a® +b +c%).

b) Bé ap dung (1), ta bién do6i P nhu sau:

_adlol ydl-l ef1l-1_, (111

= VT2

(@a4+b+c)

z+1 y+1 z+1 z+1 y+1 2z+1
Ta c0: L + L + L > 2 zg.Suyra:Ps3—9=§.
z+1 y+1 z+1 z4+y+2z+3 4 4 4
c) Tacé: P> ) = ) >9
&+ 2bet+b: 4+ 2eq e 4 2ab (g b tef
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d) Tacd

1 n 1 n 1 > 9 _ 9 >1
> +b 4+ ab+bct+ca ab+be+ca @+ + +2 ab+be+ca a+b+ec
va 3 ab+bc+ca < a+b+02 nén 2007 > 3.2007 22669.

ab+bc+ca 44 p4c
Ding thirc xdy rakhi vachikhi a = b = ¢ =1

BAI 4.53: Taco: a® +b° > a®h? + ba? — a’b2(a +b) = a® + b +ab > ab 0 C
c

o ag) < ab _ c .

a’ + b +ab aba+b+c a+b+c
c
Tuong tur . bf <—1 = < b
>+ +bc at+b+c & +a’+ac a+b+c

Cong ba BDT nay lai véi nhau ta ¢c6 dpcm.
2 2 2

Bai 4.54: * Trudc tién, ta s& ching minh két qué sau: N b +-c >4 bt (1)

b+c c+a a+b ab+bc+ca
Nhan hai vé ctia (1) v6i ab + be + ca, va dé y rang
abc

(ab+be + ca) = la(b+c) +be| =a® +
b+c b+e b+c

D@ thay khi d6, (1) tré thanh
abce abce abc

a® + +b* + +c* + >a’ + b+
b+c c+a a+
1 1 1 2 A e A o1 .
Hay abc + + > 0 (hién nhién ding). Picu phai ching minh.
b+c c+a a-+bd

* Quay trd lai bai toan, st dung két qua trén, ta suy ra
2 2 2 2 2
2a—i—b + \/—/ab+bc—i—ca t2+4\/§,véit: /a +b +c
ab+bc+ca a +b +c t ab + be + ca
Véi cach dit trén, dé dang suy ra ¢ > 1.
R . N2 .
Véy ta s& tim gia trj nho nhat cua f(t) = t* + T\/_ voi t > 1.

Ap dung BDT cési taco f(t) = t? +i+i>3d p N2 22 2;/_ 6
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Ding thirc xay ra khi ¢ = J2 hay a =b > 0, ¢ = 0 hodc cac hoan vi tuong ung.

Vay min P = 6 khi va chikhi a = b > 0, ¢ = 0 hodc cac hoan vi tuong Gng.
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