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Chuyén @& nang cao 2
BAT PANG THUC
VA GIA TRI LON NHAT, NHO NHAT

A.MOQT SO PHUONG PHAP

1. phwong phap bién d6i twong dwong

Noi dung caa phuong phap nay 1 ding céc phép bién doi trong duong dua bat dang thirc
can chitng minh vé& mot bat dang thac da duoc khing dinh 1a dang.
Vi du 23. Chitng minh rang véi moi a, b,c ta ¢ :

a’+b*+c’>ab+bc+ca (1)
Giai
Taco (1) < 2a* +2b* + 2¢* > 2ab+ 2bc + 2ca
& (a*—2ab+b?)+(b* —2bc+c?)+(c* —2ca+a’) 20
<:>(a—b)2 +(b—C)2 +(c—a)2 >0
Bat dang thirc cudi dang véi moi a, b, ¢ nén bat dang thie (1) ding véi moi a, b, ¢
bing thic xay rakhi a—b=b-c=c-a=0haya=h=c
Vi du 24. Cho m,n > 0. Chting minh rang :
2 p2 (a+h)’
a b (a+b)” (2)
m n  m+n

Giai
Taco (2) < n(m+n)a’+m(m+n)b* > mn(a+b)2
< mna® +n%a’ + m’b® + mnb? > mna® + 2mnab + mnb’
< n*a’—2mnab +m’b* >0
= (na—mb)2 >0

Bat dang thirc cudi ding nén bit dang thirc (2) ding.
Piang thuc xay ra khi na—mb =0 hayE _b
m n
Chay
Bat dang thire (2) 1a mot dang dic biét cua bat dang thirc Schwarz sau day :
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Véimoi a,,a,,...,a, >0, taco:

2 2 2 2
i_kxi_'_“._'_XLZ (X1+X2 +"'+Xn)
a & a, a +a,+..+a,

2 , , . X X
bang thac xay ra khi b LK

a1 a‘2 a'n

2. Phuong phap phan chirng
Noi dung cta phuong phap 1a: Bé ching minh mot khang dinh 1a ding ta gia sir nguoc lai
khing dinh d6 sai. Sau d6 bang suy luan va céac két qua da biét ta dwa dén mot didu mau
thuan. Dé khdng xay ra diéu mau thuan nay thi diéu gia st 1a sai, tic 1a khang dinh ban dau 1a
dang.
Vi du 25 Cho hai s6 duong x, y théa man diéu kién x>+ y* = x—y. Chirng minh rang :
xX*+y? <1
( Pé thi vao 10 chuyén Chu Vin An va Ha Noi — Amsterdam,1994)
Giai
Tur gia thiéttacox >y >0
Giasir x*+y*>1taco:x’+y’ =x—y < (X— y)(x2 + yz)
Sy < +xy? —xPy—y®
< xy? —x’y-2y* >0
e xy(y—x)+(-2y*)20v0li,viy—x <0va-2y* <0
Diéu vo Ii nay ching to gia sir ban dau 12 sai.
Vay X +y? <1
Vi du 26. Cho hai s6 x, y thoa man diéu kién :
—1<x+y<1 (1)
—1<x+y+xy<l  (2)
Chang minh rang : |x|<2,|y] <2
( Pé thi vao 16p 10 chuyén, PH KHTN — PHQG HN, 2000)
Giai
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Vi vai trd ciia x va y 1a nhu nhau nén ta chi can ching minh |x| <2, viéc chung minh |y| <2
duoc thuc hién tuong tu.
Gia st phan ching rang x| > 2, ta co:

- Néux>2thitr(Itacd: y<l-x<-1=xy<-2

- Néux<-2thitt(Dtacd: y<-1-x>1=>xy<-2

Do vay néu |x|>2 thi Xy <-2 mat khac,x+Yy <1 nénsuy ra X+ Yy+Xxy <—1: mau thuan véi

(2)

Mau thudn d6 ching to diéu gia st 1a sai, tirc 1a phai ¢6 |x| < 2 (dpem)

3. Sir dung bat dang thic vé gia tri tuyét doi.
Co so ciia phuong phap nay 13 hai bat dang thirc sau :
i) [x]>0,vxvalx|=0<x=0

i) [x+y|<|x|+|y|, vx, yva|x+y|=|x|+|y| < xy =0

Vi dy 27. Tim gié tri nho nhét cia bidu thic : p = 242X +6/+33
3|4x+6[+5

Giai

, (21]4x+6|+35)—2 2
Taco: P= =7-

3|4x+6|+5 3|4x+6|+5
ViS|4x+6|+525,Vxnén#SE,VX
3/4x+6|+5 5

:——2 ZE,VX:Y——Z 27—2,VxhayP2§,VX

3|4x+6|+5 5 3|4x+6|+5 5 5

Vay Ry, =35—3khi|4x+6|:0hayx:—g

Vi du 28. Tim gia tri I6n nhét cua biéu thic Q = —3|x —4|+8—3x
Giai

Tacé|x—4|:{x_4 néux =>4

—-x+4 néux<4
- Néu x>4 thi Q=-3(x—4)+8-3x=-6x+20
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Mt khac, vi X >4nén —6Xx <-24 = —6x+20<-24+20hayQ <-4
- Néux<4thi Q=-3(-x+4)+8-3x=-4

Két hop hai truong hop ta co Q <-4 véi moi x.

Vay Q,, =-4khix=4
Vi du 29. Tim gié tri nho nhat cua biéu thic

M =|3x—7|+[3x+2|+8

Giai
Taco [3x—7|+[3x+2| = |-3x+ 7| +[3x+ 2| 2|(—3x+7) +(3x+2)[ =9, ¥x
Dodo M >9+8=17,Vx
Vay M, =17khi(-3x+7)(3x+2)>0< (3x—-7)(3x+2)<0

Ma 3x—7<3x+2nén3x—7£0s3x+2<:>—§£xsg

4. Sir dung bat ding thic Cauchy
Véi ha sé khong am a, b bat ki ta lun co :
(1) ""T”’ > Jab
(trung binh cong cua hai s6 khéng am luén 16n hon hoic bang trung binh nhan cua ching )

2 2 2
(2) a+b > ab hoic [aTer] > ab
Piang thic xay rakhia=b
Trén day la bat dang thirc Cauchy cho hai s6 khong am, (1) goi 1a dang c6 cin, va (2) 1a dang
khong cin. Bat dang thirc nay con dugc mé rong cho n sé khong am a,,a,,...,a, (n > 2) nhu
sau :

a,+a,+..+a,
n

n
j >aa,..a,

Ping thic xay rakhi &, =a, =...=a,
Sau day 1a mot s6 ki thuat tiéu biéu sir dung bat dang tac Cauchy trong bai toan chirmg minh
bat dang thtc hodc tim gia tri 16n nhat, nho nhat.
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% Ky thuat sir dung truc tiép

Vi du 30. Co hai s6 duong a, b théa man : é+bi2= 2.Chang minh rang : a+b>2

Giai
A S , . % 1.1 )
Ap dung bat dang thuc Cauchy cho hai s6 duong ’ ; ~ ta co
1, t.,r,1_ 2
a®> b* \Va* b* ab
Két hop véi gia thiét, ta co: 22%: ab>1 (1)
Ap dung bét déng thirc Cauchy cho hai s6 duong a,b ta c6 a+b > 2+/ab (2)

Két hop véi (1) taco: a+b>2 (dpem)
Ding thire xay ra khi ca(1)va (2) xay ra dau bang , hay a=b=1
Vi du 31 . Cho hai sé khong am thoa man a® +b* < 2. Chitng minh rang :
g/3a(a+2b) +%/30b+2a <6
( Dé thi vao I6p 10 chuyén ngir, PHNN — DPHQG HN, 2008)

Giai
Ap dung bat dang thic Cauchy cho hai sé6 khéng am 3a va a + 2b ta co:

Bata ) <a 2TEIB) o0 oy )
Tuong tu ta cd &/3bb+2a < 2b? +ab (2)
Cong c4c vé tuong tng cua (1) va (2) ta co :

WH/MS 2(a® +b*)+2ab <4+ 2ab
Ap dung bat dang thirc Cauchy cho hai s6 khéng am a,b ta co:
4+2ab<4+(a’+b*)<4+2=6

Tur do suy ra 2/3a(a+2b)+%/3bb+2a <6( dpcm)
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3a=a+2b

, . . |3b=b+2b
bang thoe xay rakhi < < a=b=1
a“+b°=2
a=b
s K¥ thuat tach nghich dao

C , 1
Tu bat dang thic Cauchy ta c6 : a+g >2,Va>0

2 . R .. . 1
bé ap dung két qua nay, vai moi hang tir a ta tao ra hang tir nghich dao — va str dung
a

danh gia tir trung binh cong sang trung binh nhan.

Vi du 32. Cho a>b>0. Chang minh rang: a+ b(al—b) >3
Giai
Taco: P:a+b(a—b) =(a—b)+b+b(al_b)(v‘la>b>0nénP>0)

Ap dung bt dang thic Cauchy ta co :

p? :{(a—b)+b+ b(al—b)} 233.(a—b).b.b(a_b) =3

Suyra P >3(dpcm)

, . =2
bang thuc xay ra khi a-b=b= 1 = a
b(a-b) b=1

. . . T . .2 2
Vi du 33. Véi x > 0, hdy tim gid tri nho nhat cua bieu thic: Q =3x* +—
X
Giai
A 2 2 2 1 1 ~ A
Taco Q=X"+X"+X"+—+—.vix>0nénQ >0
x* X
Ap dung bat dang thuc Cauchy ta c6 :

5
Q5=(x2+x2+x2+i3+i3j 255.x2x2x2.i3.i3=55:>Q25,Vx>0
X X X3 x
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Vay Qu, =5khix® = x* =X’ :%:%hayle

s K¥ thuat ghép cap
Vi du 34.Cho a,b,c > 0. Chirng minh rang :
a_b+@+@ >a+b+c
c a
( Dé thi HSG 9, TP H6 Chi Minh, 2009)
Giai
Vi a,b,c > 0nén ap dung bat dang thirc Cauchy ta c6 :

ab by /2R R 1)
c a C a

Chung minh tuong tu ta cling ¢6 :

—+—2>2c 2
- (2)
%%ﬁzza (3)
Cong ba bat dang thirc (1)(2)(3) vé Véi Vé ta duoc :
Z(a—b+E E)22a+2b+2hay'31—b+E+E2a+b+c
c a c a b
ab bc ca

DPang thirc xay rakhi — =—=-"haya=b=c
al g U ay c a b y

< Ky thuat nhan thém hang sb

Vi du 35. Vi x>9, tim gid tri I6n nhat ctia biéu thac P = ‘);_9
X
Giai
- 9(x-9
Taco P?== ?:gpzz(_z)
25X 25X

0+(x-9)T »*
2 4

Ap dung bat dang thirc Cauchy ta ¢6 : 9(x—9) < {
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X2
— 2
Suyra 9P <4 - :i:> pzs(ij = pSi,VXZQ
25x° 100 30 30

Vay P, = %khiQ = Xx—9hayx =18 ( thoa mén)

5.Sir dung bat diang thirc Bunhiacdpski

Vi du 36. Cho a+b=2. Chiang minh ringa‘ +b* > 2

Giai

Ap dung bat dang thirc Bunhiacopski cho hai cap s6 (11)va(a;b)taco :
(La+1b) <(1+1%)(a’ +b?)

Két hop Vi gia thiét ta co 2* <2(a’+b°)=a’ +b* =2 (1)

Lai 4p dung bét dang thuc Bunhiacopski cho hai cap s6 (1;1)va(a*;b*)taco :
(La?+1p?) <(1* +22)(a* +b*)

Kéthop véi (1) taco 22 <2(a’+b?) <2(a* +b*)=a‘ +b* 22

, a
bang thuc xay ra khi {

a2

b
_p? haya=»Db

Két hop vai gia thiét taco a=b=1
Vi du 37. Cho 36x*+16Yy? =9. Tim gié tri I6n nhat va nho nhat cua biéu thic :
P=y-2x+5
Giai

Taco (y—2x)° =(-2x+y) = E'(_GX)JF%(LW)T

Ap dung bat dang thire Bunhiacopski cho hai cap sb @;%)v&(—Gx%y) ta co:

2 2

(y—2x)° < {(%)2 +GJZ}.[(—GX)Z + (4y)2} = ;7(36% +16y°) = %
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Suy ra |y—2x|£§<:>—§§ y—2xs§<:>E£ y—2x+5§§hayEsPs§
4 4 4 4 4 4 4

-18x =16y x:_—2

Vay P =2 5 ol 2
4 y—2x=Z y:i
20

15 -18x =16y x_g

V I:)min :_khl 5 < 5
4 y—2x:—Z y_—_9
20

B.BAI TAP

4.45. Cho a, b, ¢ 1a do dai ba canh cua mot tam giac. Chiztng minh rang :
a(b—c)2 +b(c—a)2+c(a—b)2 <a’+b*+c?
4.46. Cho 0<a,b,c <1Chuang minh rang :
a+b®+c’—ab-bc-ca<1
’ 9 (Dé thi vao 16p 10 chuyén, PH KHTN — PHQG HN, 1998)
4.47. Tim gié tri 16n nhat cua biéu thac
Azlﬂx+ﬂ+32
6|x+1/+8
4.48. Tim gia tri nho nhat cua biéu thire B = 3|x 1|+ 4 —3x
4.49.Tim gid tri nho nhat cua biéu thic C =|x+3|+|2x—5/+|x—2|
4.50. Cho 2x+ Yy =3Tim gia tri nho nhét caa biéu thuc

D=|2x+3+[5-y|+2

4.51.ho 0<a,b,c<2. Chiing minh rang c6 it nhat mot trong ba bat dang thirc sau 1a sai:
a(2-b)>Lb(2-c)>Lc(2-a)>1
4.52. Chobasd a, b, ¢ thoa man a’+b?+ab+bc+ca<0. Chitng minh rang : a’ +b* <c?

( Dé thi vao I6p 10 chuyén Thai Binh, 2007 )
4.53. Cho céc sé duong a, b, ¢, d. Ching minh rang :
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Vrrera Hlersma laams et
+ + + >2
b+c+d c+d+a d+a+b a+b+c

( Dé thi vao 16p 10 chuyén BH su pham Ha Noi, 1998)
454, Cho a,b >cvac >0.Ching minh rang :

\/c(a—c)+\/c(b—c) <ab

( Bé thi HSG 9 Tp. Hb Chi Minh, 2002)

4.55. Cho a>b>0. Chung minh rang

ar— >3

(a—b)(b+1)"
3x* +16

XS

4.56.V6i x>0,hdy tim gia tri nhé nhat caa biéu thuc Q =
457.Cho a,b,c 1a d6 dai ba canh ciia mot tam gic . Chirng minh rang :
(b+c—a)(c+a—b)(a+b-c)<abc
4.58. Cho a,b,c > 0 Chang minh rang:
1+£+E23( ! + ! + ! j
a b c a+2b b+2c c+2a
(Dé thi vao 16p 10 chuyén ngir , PH NN — DPHQG HN, 2007)
4.59. Cho a,b>1. Chirng minh rang avb—1+bJa-1<ab
4.60. Cho a°+b*+9=6a+4b. Tim gia tri Ion nhét, nho nhét cua biéu thuc Q =3a+4b
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