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» DANG TOAN 4: BAT PANG THU'C LUQNG GIAC VA TiM GIA TRI LON NHAT, GIA
TRI NHO NHAT CUA BIEU THUC LUQNG GIAC.
1. Phwong phap giai.
- Str dung phuong phap ching minh dai sé quen biét.
- Sir dung cac tinh chéat vé ddu cua gia tri lugng gidc mot goc.

- Str dung két qua ‘sina’ =1

cosa‘ < 1 vdi moi s6 thue «

2. Céc vi du dién hinh.
Vi dy 1: Chimg minh ring v6i 0 < o < g thi

a) 2cot’ a > 1+ cos22a b) cotar > 1+ cot2a
Loi gidi

a) Bat dang thirc twong duong véi

1 )
2| — —1|> 2cos’a & — —1>1—sin*«
sin? «v sin? «v
& — +sina > 2 & sinfa —2sina+1>0
sin? «v

& sinfa—1 > 0 (ding) DPPCM.

b) Bt dang thirc twong duong véi

cos v sin 2« 4+ cos 2« Ccos «v sin 2« + cos 2«
B o, SLAE o 50 BRIQT GOV )
sin o sin 2¢v sin o« 2 sin «r cos «
. T sinaw >0
Vil<a< —= nén
2 cosar > 0

(*) & 2cos’ a > sin2a + cos® a — sin® «

& 1> sin2a (ding) PPCM.

=2

Vidy2:Cho 0 < @ < . Chung minh ring | sina + 1 cos o + L
2 2cos« 2sin«
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Loi gidi

1 1
][cosa+ - ]:Sinacosa+—+1
cos « 2sina

Tacéd | sina +

4 sin av cos v

n ™ n .
Vid<a< 5 nén sinacosa > 0.

Ap dung bit ding thiic cosi ta c6

. 1 . 1
sinacosa + ———— > 2, fsinacosot. —— =1
4 sin o cos o« 4sin v cos

J > 2 DPCM.

Suy ra [sinoH— ][cosa+

2cos 2sin «

Vi du 3: Chiing minh rang v6i 0 < o < 7 thi

> V2sina—2 3 —2cos2a .

2c0s20 —1 & —4gin?| &%
2 A4

Loi gidi

Bét dang thirc twong duong véi

& 2co82a—1"—-2

1—(:08[04—z
2

]+2 3 —2cos2a >\/2Sina[3—2 1 —2sin? o

& 4cos’ 200 — 8cos2a + 5 4 2sina > V2sina 4sin?a +1
e 41—cos2a + 1+ 2sina > V2sina 4sina +1
& 16sin® o + 2sina +1 > V2sina 4sin*a +1

Pit V2sina = t,vi0<a <7=0<t<+2.

Bitdang thic trothanh ¢* + > +1>¢ t' +1 <8 —* + —t+1> 0 (¥

tNu 0 <t<l:(*) et +£2 1—12 +1—t>0dingvil—t>0,1—£ >0 >0vat’>0
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+Néu 1<t <V2: (et -1 +tt—1 +1>0dingvit® £ —1 >0t t—1 > 0.

Viy bt dang thirc (*) dung suy ra PPCM.

Vi du 4: Tim gia tri nho nhét, 16n nhat cia biéu thuc sau:

a) A=sinz + cosx b) B = sin' z + cos' x
Loi gidi

. . 2 . :
a)Tacd A* = sinz +cosz = sin’z + cos’z + 2sinzcosz = 1 + sin2z

Visin2z <1nén A> =1+sin2z <1+1=2suyra 2 <A <2,
Khix:%thiAzx/E,xz—%TthiA:—&

Do 36 max A = \/5 va min A = —\/5.

2 2
ll — 2 1 2 1—2cos2 & 14+ 2cos?2 29
b)TacéB:[w] +[ - cos 33] ¥ coRGa cos Pz | 1 +2c0s27 + cos” 27

2 4 4
2+2cos’2x 2+1+cosdzx 3 1
= = = — + —.cos4dz
4 4 4
5 .1 3 1 1
Vi —1 < cos4r <1 nén 5 < Z—I—Z.cosélx <1 suyra 5 < B <1.

; \ 1 oas
Vay max B =1 khi cos4z =1 va min B = 3 khi cosdxr = —1.

Vi du 5: Tim gia tri nh6 nhét, I6n nhit cua biéu thic A = 2 — 2sinz — cos 2z
Loi gidi

Taco A=2—2sinz— 1—2sin*z = 2sin®z —2sinz + 1

Dt ¢ = sin, |t| <1 khi d6 biéu thirc tr& thanh A = 26> —2¢ + 1
Xéthams6 y = 2t —2t +1 v6i [t] < 1.

Bang bién thién:
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! —1 1 1
2
y 5 1
~—, T
2

Tir bang bién thién suy ra max A = 5 khi ¢ = —1 hay sinz = 1.
1. .. 1 . 1

min A = — khi ¢t = — hay sinz = —.
2 2 2

3. Bai tap luyén tap.

Bai 6.53: Cho 0<x< g . Chting minh rang tan x +cotx>2

Bai 6.54: Tim gié tri nho nhat, 16n nhat cua biéu thic B = cos2z + V1 + 2sin’z

Bai 6.55: Chimg minh ring cosx(sinx ++/sin’ x +2)<+/3
Bai 6.56: Tim gia tri 16n nht cua biéu thirc P = 2sinz + sin 2z .

Bai 6.57: Cho tam giac ABC' . Tim gié tri 16n nhét ctia biéu thirc P = sing, /sing Sin% .

» DANG TOAN 5: CHUNG MINH PANG THUC, BAT PANG THUC TRONG TAM GIAC.
1. Cac vi du minh hoa.
Vi du 1: Ching minh trong moi tam giac ABC ta déu co:

a) sin A+ sin B+ sinC = 4COS§COS§COSE

b) sin® A + sin® B + sin* C' = 2(1 + cos Acos Bcos O)
¢) sin2A +sin2B + sin2C' = 4sin Asin Bsin C

Loi gidgi
a) VI' = QS,inA+ BcosA_B +25ingcos€
2 2 2 2
Mat khac trong tam giac ABC taco A+ B+C =7 :>A+TB = g—%
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’ . A+ B

Suy ra sin = Cc0s—, sin— = cos
2 2
A—B A+ B A—-B A+ B

VéyVT:2cos%cos + 2cos * cos%chos% cos + cos *

= 4cosgcosécos§ = VP = bPCM.

2 2 2

by VT = 1—(;2082A n 1—(;20823 1 cos?C =2 _COSQA—;—COSQB — cos?

=2—cos A+ B cos A— B —cos’C

ViA+B+C=m=cos A+ B = —cosC nén

VI =2+ cosCcos A— B +cosCcos A+ B :2—|—cosC[cos A—B +4cos A+ B
= 2+ cosC.2cos Acos B = 2(1 4 cos Acos BcosC) = VP = DPCM.

¢) VI =2sin A4+ B cos A—B +2sinCcosC

ViA+B+C=7n =cosC =—cos A+ B ,sin A+ B =sinC nén

VI =2sinCcos A— B —2sinCcos A+ B :2sinC[COS A—B —cos A+ B

= 2sinC.|—2sin Asin —B | = 4sin Asin BsinC = VP = DPCM.

Vi du 2: Chiing minh trong moi tam gidc ABC' khong vudng ta déu co:

a) tan A + tan B + tan C' = tan A. tan B.tanC'

b) cot A.cot B + cot B.cot C + cotC.cot A =1

Loi gidgi

a) Dang thirc twong duwong véi tan A + tan B = tan A tan B.tanC' — tanC'
< tan A + tan B = tanC tan AtanB —1 %

Do tam giac ABC khong vuong nén A 4 B = g

i i i i — cos A+ B
L tanAtanB — 1 — sin Asin B 1 sin Asin B — cos Acos B _ =0
cos Acos B cos Acos B cos Acos B
Suyra * < Lt B = tanC & tanA + tan B = —tanC < tan A+ B = —tan(C
w ’tanAtanB—l 1—tanAtan B
Dbang thie cudi dungvi A+ B+ C = 7w = DPCM.
b)ViA+B+C=7=cot A+ B = —cotC

Theo cong thirc cong ta co:
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1
ot A+ B — 1 _l—-tanAtan B _ 1= cot Acot B _ cotAcot B —1
tan A+ B tan A + tan B 1 n 1 cot A + cot B
cotA cotB
tAcot B —1
Suy ra coL 2o = —cotC = cotAcot B—1 = —cotC cotA + cot B
cot A+ cot B

Hay cot A.cot B + cot B.cot C' + cot C.cot A = 1 DPCM.
Vi du 3: Chiing minh trong moi tam giac ABC' ta déu co:

a) cos A+ cosB + cosC < g
b) sinA + sin B +sinC < ?

¢) tan Atan BtanC' > 3v3 véi ABC 1a tam giac nhon.

Loi gidgi
a) Ta cod COSA+COSB+COSO=2COSA;—BCOSA;B+COSC
A+B @© C A+ B :
Vi = — — — nén cos = sin —
2 2 2 2 2

Mit khac cosC =1 — 2Sin2% do d6

A—B 1

2 2

cos A+ cosB + cosC = 2sin%cos +1 —QSingg = —2[sin2 5 —sin;cos

A—B 1 , A—B 1 ,A-B
+ —cos*—|+1+ —cos
4 2 2

= -2 sinQ%— ZSmEECOS

A—-B
2

- B

2
——2 Sin——l—lcos +1+1COSQA
2 2 2
A_

Vi i

cos < 1= cos? <1 nén
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cosA + cos B+ cosC < 1—|—% = g = PPCM.

b) Trudc tién ta chimg minh bb dé sau:

£ . sinz + sin .z
NeuOSxﬁw,Ogygwtm#Ssmﬁ.

Thétvéy,do()g%—w§7r:>sinx+y>OVécosx_y§1nén
w:sinx+ycosx_y§sinx+y
2 2 2
. . s
, o A+ sin B A+ B sinC' + sin — C+—
Ap dung bo dé ta co: B A +Bins < sin " , 5 < sin
Suy ra
sin A + sin B SiIlC-Jr—SiIl% A+ B C+% 1|A+ B C+§ T
+ < sin + sin < 2sin— + = 2sin —
2 2 2 2 i 2 2 3
33

Do dd sin A+ sin B+ sinC < 3sing hay sin A 4 sin B 4 sinC' < S DPCM.

¢) Vi ABC latam giac nhon nén tan 4 > 0, tan B > 0, tanC > 0.

Ap dung bat déing thirc Cauchy ta cé tan A + tan B + tanC' > 3¢tan A.tan B.tan C
Theo vidu 2 tacd tan A + tan B + tan C' = tan A.tan B.tan C' nén

tan Atan BtanC > 3%/tan A.tan B.tan O < é/tanA.tanB.tanC[i/ tan Atan BtanC = — 3 >0

& {/ tan Atan BtanC >3 & tanAtan BtanC > 3\/§ PPCM.
Vi du 4: Chitng minh trong moi tam gidc ABC' ta déu c6:

a) sin A+ sin B+ sinC < cosg—{— Cosg—l—cosg
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b) cos Acos BcosC < Singsingsing

c) tanA+ tan B 4 tanC > cotg + cotg + cot% Vi tam giac ABC khong vuong.

Loi giai

- C . — .
a) Vi sin = COSE > 0 va cos <1 nén
sin4 +sin B = 2sinA;BcosA;B §2cos§

. . A . . B
Hoan toan tuong tu ta ¢6 sin B + sinC' < 2(:035, sinC +sinA4 < 2(:055
Cong vé voi vé cac bat dang thirc trén va rat gon ta duoc

sinA+sinB +sinC < cosg—l- cosg +cos%.DPCM.

b) +TH1: Néu tam gidc ABC' ti: khong mét tinh téng quét gia st A > g = B < g,C’ & g suy ra

cos A < 0,cosB >0, cosC >0
.. A. B.C s A al ST
cos Acos BeosC' < 0. Ma smgsmasmg > 0 do d6 bat dang thirc luén dung.

+ TH2: Néu tam gidc ABC' nhon: cos Acos B = % cos A+B +cos A—B |.

1 :
Vicos A+ B = —cosC vacos A— B <1 nén cosAcosB §§ 1—cosC = sinzg.

. . ., A ., B
Chtrng minh twong tu ta ¢c6 cos BcosC < sin’ 5 ! s Ccos A < sin? =

Do céc vé déu khong dm nén nhén ve vdi vé cac bat dang thie trén ta dugc

A B
cosAcos B cosBcosC cosCcosA < sin® % sin® 5 sin® 5
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& cos Acos BeosC < sin g sin g sin % DPCM.

sin A+ B 2sin A+ B
c)Taco tan A+ tan B = =
cos Acos B cos A+ B +cos A—B

Masin A+ B =sinC,cos A+ B = —cosC nén
) . 4sin — cos —
tan A + tan B = ZEinG > 280 = 2 2 :2cotg
—cosC +cos A—B 1—cosC 2

2sin? —
2

Tuong tytacod tan B 4 tanC > 2001:?, tanC + tan A > 200‘0?

Cong vé véi vé va rut gon ta duge

tan A + tan B + tanC > cotg + Cotg + cot% DPCM.

Nhan xét:

+Péchimgminh z + y + 2 > a + b + ¢ taco thé di ching minh z + y > 2a (hodc 2b, 2¢) r0i x4y

dung bt ding thirc twong tu. Cong vé voi vé suy ra dpem.

+ Pé chimg minh zyz > abc véi 7,7, 2, a,b,c khong 4m ta di ching minh zy > o (hodc b?, ¢?) 1di xay

dung bt ding thirc twong tw. nhan vé véi vé suy ra dpem.

Vi du 5: Chirg minh trong moi tam giac ABC' ta déu co:

V3

a) Vsin A + Vsin B + VsinC < 3 -

b)[1+ = ].[1+ ! ].[1+ L

sin A sin B sinC

3]

ILSNE]

Loi gidgi
a) Ap dung bat dang thic =z 4+ y < J2 2° +y* véimoi z,y khong 4m ta c6
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\/smA—i—\/SlnB < \/2 sind+sinB = \/2 251nA+BcosA_B SZ\/SinA;B

2
Tuong tuta co vsinC —l—,/sm— <2 fsm— C’—I—

Cong vé véi vé ta duoc Vsin A 4+ Vsin B + VsinC + ,fsmg <2
Ma¢mA+B sni|c+ T g2anA
2 2 3

Suy ra Vsin A4 4 Vsin B + VsinC +4/sing < 41/sin§
Hay Vsin A 4+ Vsin B + VsinC <31/sm— —SQ/ DPCM.

1 1 1
b)Tacod |1+ 1+ =1+ -+ + .
) [ smA] [ smB] smA sinB sin Asin B

J.A+B J [C+]
=9 sm = 2./sin T
\j 3

C+

Ap dung bat dang thirc 1 + ! =

voi moi z,y duong ta cd

z Yy T+ Yy
I 4 B 4 B 2
sinA sinB  sinA+4sinB  2+sin Asin B \sin Asin B
1 1 P 1 1 i
Do do |1+ — ].[1+ . >1+ + — ' :[1+—]
[ sin 4 sin B Vsin Asin B sin Asin B Vsin Asin B

Mat khac

sinAsinB:—%[cos A+ B —cos A—B ]:%[cos A+ B +cos A—B ]
cos A+ B +1 . ,A+B
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1 1 1
Nén |1+ J14 > — 1
[ sinA][ sinB | . A+ B 0
sin
2
2
. 1 1 1
Tuongtutacd |1+ — J1l4+—> |1+ (2)
sinC . 1 s
sin — sin—|C' + —
Nhan vé véi vé cua (1) va (2) ta duoc
2
1 1 1 1 1
1+ A1+ 14 J14+— > [1+ 14
[ sinA][ sinB][ SinC] . . A+ B 1
sin — sin sin —
2 2
Talarco 1+ﬁ 1+% 1M B1 1
sin 2T sin=|C + = ,L+,C+f
2 2 3 2 2 3
4
1 1 1 1 1
Suyra |1+ J1+ JL4 A1+ —— > |1+ —
d [ sinA][ sinB][ sinC] Lom| .
sin — sin —
1 1 1 1 2 )
Hay |1+ — | Bh— 14— >|11+——| =|1+—=| BDPCM
sin A sin B sinC . J3
Slng

Nhan xét: Cho tam gidc ABC va ham sd f
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e Péchimgminh f A +f B +f C ZSf[g].Tadichfmgminh

fA+¢z3z2f4i£]

T
C+—
= 2f 3 rds suy ra

khidé f C + f 5

f
3

fA+fB+fC+f§

T
C+ —
A—;—B]_l_f 3

|

Dodo f A +f B +f C 23f[§].

e Péchingminh f A f B f C > f°

A+ B
4

%J.Tadichl’mgminhf AfB >Fp

w
C+—
> f? 3 tir 6 suy ra

khido f C f 5

s
3

> f?

O+ —
fAFBFCS A*ﬂﬁ

3 > 4
2 2 =

)

Vi du 6: Cho tam giac ABC' théa man cos g cos(B — C') + cos Acos

4

al
3

Dodo f A f B fC >f

B—C:O.

Chting minh rang cos2B + cos2C < 1.
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Loi giai
Tur gia thiét ta co
—-C

Cosé 2 cos? —1 —i—cosB_C 200824—1 =0
2 2 2

A B-C B-C A A B-C
< 2c08—cos cos + cos— | — | cos— + cos =0
2 2 2 2 2 2

& cosé—kcosB_C 2COS—COSB_C—1 =0(1)
2 2 2
ViO<é<z:>cosé>O,—z<B_C<z:>cosB_C>OVe‘l
2 2 2 2 2
B+C «w A A . B+C A B-C
= —— = = cos— = sin nén (1) & 2cos—cos —D=0
2 2 2 2 2
& 2sinB+CcosB;O =1 sinB+sinC =1
2 . . 2
’ A T+ y . ) sin B + sinC' 1
Ap dung bat dang thuc z° + y* > —Y P sin? B + sin? C' > . ==
Do d6cos2y + cos2z =2 —2 sin*y +sin®z < 2 —2.% = 1 DPCM.
Vi du 7: Chirg minh ring trong tam gidc ABC' ta luén ¢
SinéCOSE—FSinECOSQ‘l‘SiHQCOSé < @
2 2 2 2 2 2 4
Loi gidi
s 2 A n . 2 G A_ B
Do A, B,C binh dang nén khong mat tinh tong quatgidse A > B> C = — > 2 = 5 =

A B A B
Suyra sin— > sin— > sing > 0,cos— > cos— > cosg >0
2 2 2 2 2 2

>0

& . B B C
= | sin— — sin— || cos = — cos —
2 2 2 2

B
< 8sln — coS— — sin — cos — — sin — Cos — —I—sin—cosg >0
2 2 2 2 2 2 2
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) B . B C . . B B
& sin—cos— + sin—cos — < sin — cos — + sin — cos —
2 2 2 2 2 2 2 2
Do do sinécosg—}— sin—cosg+ singcosé < sin—cosg + singcosé + sin — cos —
2 2 2 2 2 2 2 2 2 2 2 2

.. A C . C A . B B . |A C . B B . B B
Ma sin — cos — + sin— cos — + sin—cos— = sin| — + — | + sin — cos — = cos — + sin—cos— (1)
2 2 2 2 2 2 2 2 2 2 2 2 2

Ap dung bit dang thirc cosi ta co:

cos? E—|— 3 > 2 §cos — \/gcos— 3sin® — 24 —l-c:osZE > 2\/381n2§0082§ — 2\/§Sin§COS§
2 4 4 2 2 2 2 2 2 2

Suy ra 2 cosg§+§ + 3sin2§—|—cos2§ 22\/5(:0854—2\/§sir1§cosE
2 4 2 2 2 2 2

Hay 23 cos§+sin§cos§ §§+3 sin2§+0082§ =
2 2 2 2 2 2

N | ©

3\/_

= cos§+sm§cos— <— ()
2 2 2

3\/_

Tu (1) va(2) tacod smgcosg + smgcos% T sm%cosg < — DPCM.

2. Bai tap luyén tap. ‘
Bai 6.58: Cho tam gidc ABC. Chirng minh rang:

a) sinC = sin A.cos B + sin B.cos A

_smb tan A + tan B (4,B = 90°)
cos A.cos B
cos(C cos B
c)cot B4+ —— =cotC + ——— (A =90
) sin B.cos A sinC.cos A ( )
A B X . . . . , C
d) cos—.cos —.cos— = sin —sin —cos — + SlD—COSESID— + cos;sm;sm—

C

e) sin’ 4 + sin? 5 + sin? & _ 1+ QSinésingsin—
2 2 2 2 2 2

Bai 6.59: Cho tam gidc ABC . Chung minh:

a) tan A 4+ tan B + tanC' > 3\/5, VY AABC nhon
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b) tan® A+ tan® B + tan’C > 9, VAABC nhon
¢) tan® A + tan® B + tan® C'> 81, VAABC nhon

d) tanzé—l— tan2§+ tanQQ >1
2 2 2

e) tané + tanE + tang = NE)
2 2 2
Bai 6.70: Ching minh rang trong moi tam giac ABC ta déu co
14+ cos Acos BcosC > \/gsinAsinBsinC

Bai 6.71: Cho AABC . Ching minh ring 2sin A + 3sin B + 4sinC' < 5cos§ + 3005? + cos% ;

Bai 6.72: Cho AABC . Chimg minh rang z° — 2(cos B 4 cosC)z +2 —2cos A > 0 V.
Piang thirc xay ra khi nao ? o
Bai 6.73: Cho AABC nhon . Chitng minh bat dang thirc sau:

(tan B 4 tan C)z* — 4z + 2tan§ >0 Vz. Ding thirc xay ra khi nao ?
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