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IV. BAI TOAN LIEN QUAN DPEN PUONG TRON.

1. Phwong phap giai.

Ta thuong chon h¢ truc toa do Ozy sao cho tam ctiia duong tron la géc toa do
hodic niim trén céc cac truc toa do.

2. Cac vi du.

Vi du I1: Cho dudng tron (C) ¢ duong kinh AB khéng doi, mot diém M di
dong trén (C). Goi H 1a hinh chiéu cua M trén AB. Tim tap hop trung
diém I cua MH.

Loi giai (hinh 3.21)

Chon hé truc toa 46 Ozy véi A, B € Oz va d6i ximg qua Oy

Ta co ban kinh duong tron (C) 1a R = ATB

suy ra (C) ¢6 phuong trinh 1a 2° + ¢y*> = R?.
Giaistr [ z;y suyra H z;0

I 14 trung diém MH nén
w = 2T — Ty

Yy =2, =Yy = 24
Matkhac M € C' suyra

T =T

2 D ‘
5 2 i Yy Hinh 3.21
$+2y =R <:>E+?_1
4

2
Ching t6 tap hop 113 elip () : = + 2L — 1.
B R
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2
2
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Vi du 2: Cho dudng tron (C) dudng kinh AB. C 13 mét diém thay dbi trén
duong tron (C) sao cho tam giac ABC' khong cén tai C. Goi H la chén
dudng cao ctia tam giac AB C ha ,th C. Goi E, F lan luot la hin}} chiéu cua
H 1én AC, BC. Duong thang EF cat AB tai K . Goi D 1a giao diém (C) va
duong tron (C') duong kinh CH D = C .
Chtmng minh rang K, D, C thiang hang.
Loi giai (hinh 3.22)

Ta chon h¢ truc toa do Oxy sao cho
H=0,C€0y, A€ Ox,B €Oz
Khoéng mét tinh 'géng quat gia st AB = 2t.
Goi I 1a trung diém AB va gid st

I 00, —t<a<t,a=0;C 0;b .

Suyra A —t+a;0 , B t+ a;0

Hinh 3.22
Vi tam gidc ACB vuong tai C cé duong
cao AHnén CH? = AH.BH = b’ = t* —a* (%)
2 2
; c 2 2 ' 2 b b
Taco C : z—a 4y =t", C'" :2° + y—§ :Z

C, D 14 hai giao diém ctia hai duong tron (C) va (C') nén toa do ctia nd 1a nghiém
cua phuong trinh:
2 2 2 b 2 , b’ 2 2
T—a Ty —z ¢ y—§ =t —Z<:>2aa:—by+t —a° =0

Dod6 CD : 2ax —by +t* —a* =0

Phuong trinh dudmg thing AC1a AC t”i +%:1 hay
— a

br + a—1t y—ab+tb =0,

Puong thang HE nhan AC t — a;b  1am VTPT nén ¢ phuong trinh 1a
HE: t—a z+by=20

Toa do cua E la nghiém cua hé tao bdi phuong trinh duong th?mg ACvaEH
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b a—t ba—t’

Suyra két hop (*) suy ra

¥4+ a—t B+ a—t
2 bt—a
2t 2t

Tuongtutacd AC : ad

t+a
HF :— t+a z4+0by=0

+%:1(:>b:1:—|— t+ay—bt+a =0va

B2 g+t batt’

Suyratoado diemH1a H = két hop (*) suy ra
¥+ a+t V+ a+t
2 b t+a
H|Zi———
2t 2t
b2 bt—a
: 8. V5,
Do d§ duong thing EH 6 phuong trinh 14 — 2t 2t hay
a

2ax —2by +b* =0
b b?
Choy=0=2=——dodoK|——:;0
26 2a
Thay toa d6 K vao phuong trinh dudng thang DC ta dugc
2
2a.[—;—] +1* —a’> =0 < b =t —a’ (dungdo (*))
a
Vay diém K thudc duong thang CD hay ba diém K, D, C thing hang dpcm.
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Vidu 3: Cho duong truong tron (C) duong kinh
AB, dudng thing A vudng gbc véi AB tai C ¢b

dinh. H 12 diém thay d6i trén A . Gia sit AH va

BH cat duong tron tai D va E. Chtng minh rang
DE luén di qua mot diém c¢b dinh.

Loi gidi (hinh 3.23)

Gén hé truc toa d6 Ozy sao cho

C=0A€0x, BeOy, A =0y

Khong mat tinh tong quét gia st A a;0 , B b;0

2

2
+ 2:b__a (1)
Y 1 )

_a+b

Suyra C : [:1:
. Hinh 3.23
giast H O;m , m = 0 va m thay doi. Goil la

giao cuia BD va A.
Tacé AH = —a;m lam VTPT cua duong thang BD nén
BD:—a z—b +my =0<% —azr + my + ab = 0 Cho

2
x:0:>y:—a—:>l[0;—a—b]
m m

Suy ra dudng tron duong kinh HI 13 2 +
2)

D, E 1a giao cua hai duong tron (C) va duong tron duong kinh HI nén toa
d6 thoa man phuong trinh (1) va (2) do d6 n6 théa man phuong trinh

2
a+b) - m? —ab) b—a m? +ab)
T Ty - |y — = -
2 4 2m

mQ—OLb]2
y—

2m

[m?—FOLb]2

2m

m? — ab

Hay — a+b =+ y + 2ab = 0 va day chinh 1a duong thang

m
DE.

Suy ra DE di qua diém c6 dinh 1a P[ 2—C|L—bb ;O] :
a

3. Bai tap luyén tap.
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Bai 3.166: Cho doan AB = a,a > 0 ¢6 dinh. Tim tap hop céc diém M
2

thoa man MA* + MB* = 5% . Hay néu va giai bai toan tong quét dang

nay. 7 : 7

Bai 3.167. Cho hai diém A, B va mot s thyc duong k. Tim tap hop diém

M trong mat phang sao cho MA = kMB.

Bai 3.168: Cho A, B ¢6 dinh. Tim tap hop diém M thoa man

|MAB — MBA| = 90°.

Bai 3.169: Trong miat phang cho hai diém A, B. Xét diém C thay d6i trén
ntra mit phang bd AB. Dung ra ngoai ctia tam gidc ABC cac hinh vudng
ACED va BCFG . Chimg minh ring duong thang DG ludn di qua mot
diém cb dinh khi C thay d6i.

Bai 3.170: Cho tam giac ABC . Tim tip hop diém M théa mén trong cac trudng
hop sau:

a) AM.AB = AC.AB
b) MA+ MB MA+ MC =0

c) AMAB = AM.AC =0

Bai 3.171: Cho tam giac ABC can tai A. Goi H la trung diém BC, D 14 hinh
chiéu cia H trén AC, M 14 trung diém HD. Chimg minh raing AM 1 BD.

Bai 3.172: Cho tam gidc déu ABC . M la mét diém bat ky trong mét phang tam
gidc. Goi D, E, F 1a chan cic dudng vudng goc ha tir M xuéng BC, CA, AB

. Chimg minh ring P = MA®> + MB? + MC? —2 MD® + ME® + MF?

khéng phu thude vao diém M.

Bai 3.173. Cho tam giac ABC', duong tron dudng kinh BC cit AB, AC
1an luot tai E va D. Goi F, H 13 hinh chiéu ctia D va E trén BC. Goi M 14
giao diém cta EF va DG. Chirng minh rang AM vudng géc véi BC.

Bai 3.174. Cho tam giac ABC déu , gol «, 3, vy lan luot 12 gbc gitra

duong thang A bat ky v6i duong thang BC, CA, AB. Ching minh rang
16 cos? a.cos® 3.cos® v + sin® a.sin® B.sin®* v =1

Bai 3.175. Cho tam giac ABC khong can c6 hai dinh B va C co dinh va
dinh A di dong. Qua B dung duong thdng d vudng goc vdi BC, d cat trung
tuyén Al cua tam giac ABC tai K. Goi H la tryc tam cua tam giac ABC.
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Chtng minh rang néu TH song song véi KC thi diém A di dong trén mot
dudng c¢b dinh.

Bai 3.176.(VMO 2007) Cho tam giac ABC ¢6 2 dinh B, C ¢6 dinh va
dinh A thay ddi. Goi H, G lan luot 1a truc tAm va trong tam tam giac
ABC' . Tim tip hop diém A biét trung diém K cua HG nam trén dudng
thang BC

Bai 3.177: Cho tam gidc ABC' c6 duong cao AD. Lay hai diém E, F
thudc duong thang A di qua D va khic D sao cho AE | BE, AF 1L CF

.Goi M, N lan luot 1a trung diém cua cic doan thang BC, EF. Chiing
minh ring AN L MN .

Bai 3.178: Cho tam giac ABC' can tai A. Cac diém D, E di dong voi D la
diém nim trén canh AB va diém E trén canh BC sao cho hinh chiéu cua
DE trén BC c¢6 d6 dai bang nira doan BC. Chitng minh rang duong thing
vudng gbc voi DE tai E ludn di qua diém c6 dinh.

Bai 3.179: Cho tam giac ABC'. Goi M la trung diém canh BC va N 1a

chén dudng phén gidc cua goc BAC'. Buong thang vuong goc voi NA cat
cac duong thang AB, AM lan luot tai P, Q. Goi I 1a giao diém duong
vuong goc voi AB tai P va AN. Ching minh rang IQ) L BC

Bai 3.180: Cho tam giac ABC' . Tim quy tich cic diém M nam trong mit
phang sao cho khoang cach tir M dén BC bang trung binh nhan khoang
cach tir M dén AB va AC.

Bai 3.181: Cho hinh thang vuong ABCD , duong cao AB = h , canh day
AD = a, BC = b. Tim hé thtrc lién hé gitta a, b, h sao cho:

a) CID = 90° véilla trung diém ctia AB

b) BD vudng goc véi CI

¢) AC vuong goc voi DI

d) Trung tuyén BM ciia AABC vudng goc véi trung tuyén CN cilia tam gidc
BCD.

Bai 3.182: Trén cung AB ciia duong tron ngoai tiép hinh chit nhat ABCD ta
lay diém M khéc A vaB. Goi P, Q, R, S 13 hinh chiéu ctia M trén céc doan

thang AD, AB, BC, CD.Ching minhring PQ 1 RS .

Bai 3.183. Cho hinh chit nhat ABCD . Cac diém E, F thudc canh CD sao
cho DE = EF = FC . Céc diém G, H thudc canh BC sao cho

BG = GH = HC . Puong thing AE cit DG tai M, duong thiang AF cit
DH lan luot tai N. Chtng minh ring MN song song véi CD.

Bai 3.184: Cho hinh vuéng ABCD . Tir A ké mét duong thang bat ky cét
BC, DC tuong g tai E va F. Goi I 14 trung diém ctia BE.
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a) Chung minh rang FI tiép xtc véi duong tron nodi tiép hinh vudng

b) Gia str DE cit FI tai M. Ching minh rang M nam trén dudng tron ngoai
tiép hinh vudng.

Bai 3.185. Cho gdéc vuéng Oy . Mot hinh chit nhat OABC' c6 chu vi
khong d6i véi A, C 1a cac diém thay ddi thudc Oz, Oy . Ching minh rang

duong vudng goc ké tir B vuong géc voi duong chéo AC ludn di qua mot
diém cb dinh.

Bai 3.186. Cho duong tron tam O ban kinh bang a. C6 hai duong kinh
vudng goc voi nhau la AB va CD. M, N lan luot 1a cac diém di dong trén
doan OD, OC sao cho CN = OM . Pudng thing AM cit dudng tron lan
nira tai P.

Vi vi tri ndo cua diém M, N thi ANP = 90°

Bai 3.187: Cho duong thang A khéng cat duong tron C' I; R .M, N la
hai diém di dong nim trén duong thing A sao cho duong tron dudng kinh
MN luén tiép xtc ngoai véi dudng tron C' I; R . Ching minh ring ludn

t6n tai diém A sao cho tir d6 nhin doan thang MN dudi mét gée vudng.
Bai 3.188: Cho A, B, C, D 1a bon diém phan biét nam trén mot duong
thang, theo thtr tu d6. Puong tron dudng kinh AC va BD cit nhau tai X va
Y. Puodng thiang XY cat BC tai Z. Cho P 1a diém nam trén dudng thang
XY khac Z. Puong thang CP cat dudng tron duong kinh AC tai C va M,
duong thang BP cit duong tron duong kinh BD tai B va N. Chimg minh
cac duong th.'fmg AM, DN cét nhau tai mét diém thudc duong th:fmg XY.
Bai 3.189: Cho diém A nam trén dudng tron (C) tim I va goi A 1a tiép
tuyén tai A ctia dudng tron (C). Goi M sao cho khoang cach tir M ti A
bing d6 dai tiép tuyén MT ké t6i dudng tron (C) véi T 1a tiép diém.

a) Tim tap hop diém M

b) Chirmg minh dudng tron tim M, ban kinh MT luén tiép xtic véi mot
duong tron ¢b dinh.

Bai 3.190. Cho tam gidc ABC c6 phén giac trong va ngoai tai dinh C cét
canh AB lan luot tai D va E. Biét ré“mg CD = CE . Chung minh

AB? + AC? = 4R? vé6i R 14 ban kinh duong tron ngoai tiép tam giac
ABC.
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