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» DANG TOAN 3: CHUNG MINH PANG THU'C, PON GIAN BIEU THUC LUQNG GIAC
VA CHUNG MINH BIEU THUC LUQNG GIAC KHONG PHU THUQC VAO BIEN.

1. Phwong phap giai.
Pé ching minh dang thire luong gidc ta co cac cach bién doi: vé ndy thanh vé kia, bién ddi twong duong,
bién d6i hai vé ciing bang mot dai lwong trung gian. Trong qua trinh bién d6i ta can st dung linh hoat céc
cong thire lugng giac.
Lueu y: Khi bién ddi can phai hudng dich , chang han bién ddi vé phai, ta cin xem vé trai c¢6 dai luong ndo
dé tir d6 lién tuong dén kién thire da c6 dé 1am sao xuat hién cac dai luong & vé trai. Va ta thuong bién doi
vé phuc tap vé vé don gian hon.
2. Cac vi du minh hoa.
Vi du 1: Chirng minh ring v6i moi goc luong gidc o 1am cho biéu thirc xac dinh thi

: 3 cosda
a) sin’ @ + cos' a = =
4 4

b) sin® « + cos® o = g—i—%coséla

1 — sin 2« m
¢) —————— = cot’(— + )
1 + sin 2« 4
Loi giai
;o ’ 2 3 1.
a) Tacd sin' a + cos* @ = sin®*a + cos’ @~ — 2sin* acos® a = 1 —§sm2 200

1 — cosda 3  cosda
4 4 4

b) Ta cd
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1+sin2a  sin® « + cos” o + 2sina cos o sin o + cos o
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Vidu2: Cho 0 < a < m,cx = g Chtng minh rang;

a) \/1-1-(308@ —|—\/1—COS@ = ZSin[%—f—f]

4
b) \/1+cosoz +\/1—cosoa _ tan[g-l—z]
\/1+cosoz—\/1—cosoa 2 4
Loi gidai
. . |la o .
a)Do 0 < a < 7 nén sin §+Z > O,sinav > 0

Ping thirc trong dwong voi

2
J1+cosa +V1=cosa = 4sin2[%—|—%]

o]

& 2—|—2J1+cosom/1—cosoz = 2

< N1 —cos’a = sina

& 1—cos’ a = sin” a < sin’® a + cos® a = 1(ludn dung) = DPCM.

\/1"—(30804 —I—\/l—cosoz i
b) VT =

\/1+cosoz —\/1—cosa \/1+cosoz +\/1—cosoz
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_ 2+ 2J1 + cos N1 — cosa 14Vl —cos?a 1+ ‘sinoz|

2cos « COS v COS «x
Vi< a < 7nén sina > 0 do do

2
T R 2 & e o sin Y 4 cos &
VT_l—I-SiIla_Sm 2—|—cos -}—2311120052 [ 9 9
cos « o o .« « o o«
cos” — — sin® — sin — 4+ cos— || cos — — sin —
2 2 2 2 2 4
a7
sin< + cos = 651“[5"‘2] &
S — 2 _ :tan[§+z] — VP =DPCM.
cos Y —gin Y \/Ecos 9+I
2 2 2 4
Vi du 3: Chimg minh rang
a) sin(a + 8).sin(a — B) = sin® @ — sin* g
a (3 L . .
b) cotgcota =2 véisina+sinfg =3sin a+ 3 ,a+b= k27
sina + sinfcos a + 3
] - - =tan a+
cosa —singsin a +
Loi gidi
a) Ta c6 sin(a + 3).sin(a — 3) Z—%[COSZO{ —COSZ/B]
1 2 2 2 2 2
2—5[ 1—2sina — 1—2sin” g3 ]zsm a —sin” 3
b) Tir gia thiét ta ¢6 QSinOH—/Bcosa_/B:6sina+ﬁcosa+ﬂ
2 2 2 2
Do oz+/3¢k27rz>sina+/8¢()suyra cosagﬁz?)cosa—gﬁ

B

« y B, « s &
< cos—cosé+sm—smé =3 cos—cos——sm—smﬁ
2 2 2 2 2
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g

= QSingsiné = cosgcos—
2 2 2 2

a B
& cot;cotg =2 =DPCM

. 1, . ;
s1noz+f[sm a—+ 28 +sin —« ] sina + sin o+ 28
c) Taco VI = 2

cosa—[—%][cos a+28 —cos —« ] cosa + cos « + 20

2sin « + 8 cos —0

= =tan o+ 8 = VP = DbPCM
2cos a+ 3 cos —f3

Vi du 4: Chimg minh biéu thirc sau khong phy thude vao x .

a) A = cos’a + 00:32[237T + a] + cos? [2? — a]

b) B = cos[a — z].cos[a + E] + Cos[az +H Z].cos[a + 3—7T]
3 4 6 4

Loi gidgi

a) Taco: A = COSQa+COSQ[2§+Q/]+COSQ[2§—@] =

[N

3+ cos2a + cos[%r +2a] -+ cos[%7r —204]

_ N

\)

4
= —l3+cos2oz+2(zosgcosQa

. s 7T s s . O 3T . T .
b)Via+—-—=|a——|+—==rcos|la+—|= —sin|a——| vacos|a+ —|= —sin|a+— | nén
6 3 2 6 3 4 4

™ ™ . ™ . ™
B = cos[a ——].cos[oz+—]+sm[az——].sm[a +—]
3 4 3 4

R e e e M a

142 3V2 26

T T T
= COS_COSZ —SsSm—Ssimm—=—.— — —.—— =

2 2 2 2 4

= COS8

Vi du 5: Pon gian biéu thic sau:
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42 20+ 3 COS((I-FZ]-FCOS(CI—Z)
a) A:COSCI CoS 2a +COSsra b)B:

sina +sin2a +sin 3a a
cota—cot—

c) C =cosa+cos(a+b)+cos(a+2b)+...+cos(a+nb) (neN)
Loi giai
(cosa+cos3a)+2cos2a 2cos2acosa+2cos2a  2cos2a(cosa+1)

a) A=-— - - =— - =— =cot2a
(51na+s1n3a)+251n2a 2sin2acosa+2sin2a 2sm2a(cosa+1)
, T T T .
b) Tacd cos| a+— |+cos| a—— |=2cosacos—=cosa va
3 3 3
a . a a . . [ a . a
cOS— SIn—cosa—cos—sing S| —-—a —sin —
a cosa ) 2 2 2 1
cota—cot—=———-— = = = =——
2 sina . a ; . a : . a i . a sina
sin — sin asin — sinasin—  sinasin—
2 2 2 2
cosa ) sin2a
Suyra B= [ = sinacosa=- ;

sina

c) Taco C.2sin§ = 2sin§cosa +2sin%cos(a+b)+2$in§cos(a+2b) +...+2singcos(a + nb)

.(bj.[bj.(%j.(b}.(Sbj.(%j
=sin| —+a |+sin| ——a |+sin| —+a |+sin| ———a |+sin| —+a |[+sin| ———a
2 2 2 2 2 2

+...+sm[@+aj+sm(_@_@

sin(%—a}+sin[@—kaj:%in(lﬁ-l)bcos(%—aj

sin(n+1)bcos(nzb—aj

sin —
2

Suyra C=
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1 1

Vidy 6: Cho sin(a+b)=2cos(a—b). Chimg minh ring biéu thirc M = ——+ ,
2—sin2a 2-sin2b

khong

phu thudc vao a,b.
L3 gidi
4—(sin2a+sin2b) _ 4—(sin2a+sin2b)

Taco M = . - = ; ; . X
(2—sm2a)(2—sm2b) 4—2(s1n2a+sm2b)+sm2asm2b

Ta ¢ sin2a+sin2b=2sin(a+b)cos(a—b)
Ma sin(a+b) =2cos(a—b)=>sin’ (a+b) = 4cos’ (a—b) nén
cos2(a+b)—cos2(a—b)=1-2sin’ (a+b)~| 2cos’ (a—b)~1]
=2-2[sin’ (a+b)+cos’ (a—b) |=2-10cos’ (a—b)

4—-4cos® (a—b)  4—4cos’ (a=b)
4—8cosz(a—b)—%.[2—1000s2 (d-b)] 3=300s*(a7b)

Suyra M =

OSHIFN

Vi du 7: Chimg minh rang

a) sin3a = 3sina — 4sin’ o = 4sino¢.sin[§ — a].sin[g + a]

b) sin® L 4 3sin® = 4 L4 3 sin® & = l[3” sin — — sina].
3 3" 34 3"

Loi gidi
a) Tacd sin3a = sin 2a + a = sin2« cosa + cos2a sin «

= 2sina cos® a + cos2asin &
=92sina 1—sina + 1—2sin’a sina

= 3sina —4sin®a (1)
v ; ) DT | ) 1 27
Mait khac 4 sin cv.sin g — v |.sin g +al|= —4811104.5 cosg —cos —2«

= —QSina.[—% —cos?oz] = QSina[% +1 —281n2a]

= 3sina —4sin’ a (2)

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

Tir (1) va (2) suy ra DPCM

3sina — sin 3«

b) Theo ciu a) ta ¢O sin3a = 3sina — 4sin’ a = sin’ a =

4
BSing—sina - ?)Sin%—simg " 3sin%—sin -
Do d6 sin® — = 3 , sin® — = 3 3.0’ — = 3 3
3 4 32 4 3z 4
BSing—sina ?)Sin%/—sing 3sin%—sin n'_l
Suyra VT = 3 +3 3 3 4 .43 3 3
4 4 4
sin «v BSin% 1 «
=— + 3”*173 = J|3"sin - —sina | = VP =DPCM.

Luwu y: Hoan toan tuong tu ta chirng minh duoc cos 3a = 4 cos® @ — 3cos v,
sin 3o = 3sin« — 4sin® «v, hai cong thirc nay dugc goi 1a cong thirc nhan ba
3. Cac bai tap luyén tap.

Bai 6.40: Chiing minh rang

1 1
a) sin a = 3 — —cos2a + —cosda
8 2 8

b) sin‘*l—ksin“g—7T —I—sin45—7T +sin47—7T _3
16 16 16 16 2
\s . ; ™ , . Siny
Bai 6.41: Cho sinz = 2sin z4+y ,2+y = 5+k7T.Chu’ngm1nh tan z+y = p—
cosy —

Bai 6.42: Chung minh cac hé thuc sau:

a) 4 cos’ asina — sin® acosa = sinda
2sin(z + y)

cos(z 4 y) + cos(z — y)

b) tanz + tany =

tan’® 2z — tan’ z

¢) tanz.tan 3z =
1 — tan®2z.tan’ x

Bai 6.43: Chtng minh cac biéu thirc sau khong phu thudce vao bién x
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; ; .. 3
a) A=+/4sin* x+sin’ 2x+4c0s2(%—§) voi 7z<x<7ﬂ
b) B=4cos* x+cos’ 2x—4cos’ xcos2x
¢) C =cos” x+cos’ [%+xj+cos2 (%—xj

Bai 6.44: Don gian biéu thic sau:

) f = 95 B0 b)B:\/l—l /1+lcosa (0<a<r)
sin2¢ —sina 2 2\V2 2

T T

cos| 2a—— |—cos| 2a+—

cosa—cos3a+cosSa—cos7a 6 6
d) D=cosa—

sina +sin3a+sinSa +sin7a 2cosa
Bai 6.45: Chirng minh cac h¢ thure sau:

a) Néu 2tana = tan(a + b) thi sinb = sina.cos(a + b)

b) Néu 2tana = tan(a + b) thi 3sinb = sin(2a + b)

¢) Néu tan(a + b).tanb = —3 thi cos(a + 2b) + 2cosa = 0

d) Néu 3sin(a+b)=cos(a—b) thi 8sin’(a+b)=cos2acos2b

4z b4 Sz Iz 3

Bai 6.46: Chirg minh ring sin Z sin e SIn — = COS — COS— COS — = —
9 9 18 18 18 8

c) C=

Bai 6.47: Chiing minh rang

sin 2z
a)cosr = ——.
2sinx
b) cos Lcos 2 ... cos = BT
Zz % r f . B
2" sin —
27l
Bai 6.48: Chiing minh rang: a) —— = cotZ — cotz.
sinz 2
1 1 a n—1 n—1
b) — + — e — — =cot— — cot2" 'av (2" v = k)
sina  sin2a« sin2" '«

Bai 6.49: Chirng minh rang a) tanz = cotz — 2cot2x
1 1 1 1

b) = tan + — . tan— = aa =T —,.tami = —.cot— — cota
2 2 22 22 2n 2n 2n 2n

tan 3z

Bai 6.50: Chirng minh ring néu = = k—w,k € Z thi — tan| = — z [tan| = +x
6 tanz 3 3

Ap dung tinh A = tan 6° tan 54° tan 66°.
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Bai 6.51: Cho 7 14 s6 nguyén duong. Chimg minh rang
1 1 1

+ e
sin1’sin2’  sin2°sin 3 sin(n — 1)’ sinn

- = cot1’ — cotn’

Bai 6.52: Chirng minh ring 2sin2° + 4sin4” 4 ... +178sin178" = 90cot1°
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