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Bai 4.31: Ta cé Va2 + =\/a+12—2a:\/a—|—1—\/£ a+1++/2a
:%\/24—\/5 a+1-v2a 2-V2 a+1++2a
2

Ap dung BDT cbsi ta c6
242 a+1-+2a + 2-v2 a+1++2a
\Ja? +1<\/1_ 5 :\/5 a—\/g—l—l
2

Tuongtutacd Vo> +1<vV2 b—vVo+1 , Ve +1<v2 c—Je+1
Cong vé véi vé cac BPT ta co

J@ +1+V0 +1+V+1<V2 a+b+c—va—-Vb—vec+3 (1)
Mit khéc theo BDT cési ta ¢ Va + Vb + Ve > 3¥Vabe > 1 (2)

Tir (1) va (2) suy ra \/a2+1+\/62+1+\/02+1§\/§ a+b+ec
b? b ¢ a b b

Bai 4.32: a)BDT(r)——I— ELNPTNL T N WL AL
b? a’ c a b a ¢ b ¢ a
b’ b b b
—2+ ey byes e byt
b & @4 & a a WA
Ap dung BDT cési ta c6 ¢6 :
2 2 2 2
@42 b_H 2, a_+1>2_a b_+1>% C g2
b b ¢ ¢’ b hpel a8 a

Mitkhic 2+ 2+2+ 2424 ¢
b, a ¢ ¢ a b
Cong cac vé cac BDT lai ta c6 BPCM.

3
byTacs |— 2 = -1 gig=2EC
a®+ b+ec 1+z a
Ap dung BDT cési ta c6
1 1 o2 2 2

Vi+2® Ji+adai—z+1 2°+2 b+02+1 b+ec  +2a
a
2 2

Mit khac ta ¢6 bte <20+ = 2a . a

btec 492 @ +b0+¢
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2

a’ a
Do dd ta cod 32 > > >
o+ b+c a”+0b" +c

b b’ é &
Tuong tu ta co - > , >
B+ cta’ OHUCFE N4 atp’ O HP+C
Cong vé véi vé cac BDT trén ta dugc diéu phai chirmg minh.
Bai 4.33: Khong mat tinh tong quat giast (1 —2)(1—y) >0z +y—ay <1
Suyra z(ea+y—ay) <z=zy+yz+zx—zyz <zy+2

$3+y3_}_1.

) ) i 3 S il
Mat khac, theo BDT cosi ta co zy = 3 z°.y°.1 < — 2 =R%2211< u

' +y' +2°+3
3

= 2 bPCM.

Suyra zy + 2z <
Bai 4.34: Phan tich: Do vai trd ciia z,y binh ding nén ta du doan dau bang xay ra khi = = y .Vi vay ta
can chon céc s6 duong m,n sao cho khi danh gia xuat hién biéu thitc S = z + y + 2z .

Tacod: 2* +m® > 2ma,y> + m* > 2my, 2° + n> > 2nz
Do d6 ta can chon m,n thoamin ¢ =y =m, z =n, n = 2m va 2° + 4> + 2° = 18

Suyra m = \/g, n = 2J3. Ta cé 1oi giai nhu sau

Ap dung BDT cési ta c6

2+ 3> 235,02 +3> 203y, 22 112 > 432

Suyra z* + y* + 2° 118 > 2V3 T+y+2z Szr+y+22 < 6v3

Do d6 minS=6v3 < z = = \/g,z =23

Bai 4.35: Ap dung BDT cési taco a® + m® +m® > 3m?a, ¢ + m® + m® > 3m’c
64b° + n® + n® > 12n°b (m,n duong)

Do d6 ta can chon tham s m,n saocho 3m> =12n*, a =c=m, b =nvaa+b+c =3

24 12 x et
Tur do6 ta tim dwgc m = —, n = 17" Ta dé dang c6 duoc 101 giai bai toan.

Bai 4.36: Ta dua vao tham s6 va danh gid nhu sau
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z" { m oz’ { n (
- my? > 2 —wy; —+n >2 -2z, 2—-my '+ 3—n 22>2/2—-m 3—nyz
g T = V2 Y \ Y

Cﬁnchom,nsaocho\/Z—m 3—mn :\/%:\/g(0<m’"§2)

Tacom=n = =
2
Chu y: dbi voi bai toan téng quat , Tim GTNN ctia P = ma?® + ny® + p2® ta dua vé
P = m[af" + ﬁgf + £22] va la twong ty nhu trén.
m m

Bai 4.37: bat P =a® + 20 + 3¢

Vi cac so thye duong «, 3,7 chon sau ta cé

2P = (a® +a® + ) +200° +0° + 5°) +3(c> + ¢ +7°) — (& +28° +37°)
> 3aa’® + 680> +9v¢” — (o +23° +37%)

Céan chon o = 23 = 37 = ¢ va két hgp vdi dau dang thirc xay ra khi

; 6 6 6
a=ob=pc=vya+b +c =1tadugc « ==y = —,v = —
B,c =70 +b + . 75 il
VéyQPz3.§(a2+b2—|—02)—§:>P2§
7 7 7
. : N S 1, 4
Bai 4.38: Ap dung BDT c6si ta ¢ x+§\/:c.4y+z x.4y.16z§§(x+y+z)
Bai 4.38: Ap dung BDT cbsi ta co
2
a +é(b—|—c)2éa
b+c 9
2 2 2 2
b —I——(a+c)2éb ¢ b —|—160 21(640—0,—17)
cta 3 b+c c+a a+b 9
16¢*
+(a+0)>8
a+b
2
Bz‘1i4.39:y2+yz+22=1—3%
12 12 12 12 1 2 2 2
S (—xr+-y)+r+=-2)tyz+-("+vy +2°)=1.
G+t GE +57) e+ 4y )

1 1 1 1
Taco —x* +-y* > oy, —2° +=2° > yz
2 29_ y2 2 =¥
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Suyra%(m%—y%—z)2 §1(:>|P‘§\/§.

Z T T+y —x N,
Bai 4.40: Ta co: = VoW _ e W 5 VW
rT+y Ty Tty 2
2 " 2 f
Chiing minh tuong tu: o Zy—ﬂ; & zz—ﬁ
y+z 2 z+4z 2
N, 1 1 1
Suyra: T2 o+ y+2— YEINELEE oy pp 2o s

2
Mz +y+2>Jay +Jyz +Vaw =1)

1 1
Vay minT = —khizx =y = 2 = — .
ay 5 Y 3
Bai 4.41: Theo BDT coési ta co
xy” 22 22 1
A=z+y+2— y2+ o -+ =23 % \/;y—F\/ZZ-I—\/;fL'
z+y y+z z4+z 2

. 1 1
Lai ¢ \/;y+\/§z+\/;xgi[(a:+1)y+(y+1)z+(z—l—1)x]:§(x+y+z+xy+yz+zx)

1
< (3+§(x+y+z)2):3

N | —

= A> g.Déngthﬁcxéyrakhi ¥ = y R 1

N | o

Vay minA =

Bai4.42: Pata = y + 2,b = 2 + x,¢c = ¢ + y (vdi a,b,c duong)
b+c—a BEL 0 a+b—c
= T = ’y: 72::—
2 2 2
25 b+c—a 4 c+a—0> 9a+b—c 92 4 2 4
VT = + + =[ib+?“]+[ﬁ+9—“]+[f+9—b]—38
a &

a b c a c

>20430+12=24 = VT > 12

25b% = 4a° 56 = 2q £ ; " -
& = =50 =1 =

9507 = 9® — |Be = 3o PO Al S L

Baidd3:Patz =a+b+2c,y=2a+b+c, z=a+b+ 3¢

Dau bang xay ra khi {

Suyrae=-2z+y+2b=5—-y—3zc=2—zx
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—8:1:+4y+4z+2x—y_—83:+82212\/5_17
i Yy z

4y 2z) (4
@+[—y+—x]+[—z+8—x] > 1242 (%)
x Yy x z

Bét phuong trinh trg thanh

: ) 4 2 4
Ap dung BDT cosi ta c6 —y+—x24\/§,—z+8—x28\/§
@ Yy z z

Cong vé v6i vé lai suy ra BPT (*) dung. DPPCM.

Bai 4.44: Ap dung BDT Cési ta c6

3
f TH+Yy+z
T+y+z >3y =>—;U7 > 1Yz
o :13+y+23
Matkhéc zyz > x +y+ 2z suyra —— >z +y + 2+ 2

27

3

Datt:x+y+z,t>0tacé;—72t+2<:>t3—27t—5420<:> t—6 t+3 >0<t>6

Suyra z+y + 2 > 6,dingthic xdyra < = =y = 2 = 2.

11 11
Bai 4.45: Str dung bat ddng thirc cdsi ta ¢6 CZ— + abc > 21/(2—@[9(: = 2a°
c c
bll Cll
Tuong tu ta c6 — + abc > 2b°, — + abe > 2¢°
ca ab
all bll 11 ) ) i
Tu dé suyra — + — + — > 2(a’ +0° 4 ¢°) — 3abe
bc ca ab

6 6 6
3 >a+b—|—c+9

Vay ta chi can ching minh 2(a® + b° + %) — 3abe +

Hay 1a 3(a® + b° 4 ¢°) + — 6abc > 9

a’b*c?

Bay gio lai sir dung bét dang thic cosi ta dugce a® + b° + ¢ > 3a2b?c?

Do d6 ta chi can chimg minh 9a2b*c® + — 6abc > 9

a’b*c?

Dit t = abe,t > 0. BDT tr¢ thanh 9¢? +tg— 6t > 9

St dung bt déng thirc cosi ta duge
6
i

9t2+g—6t29t2+ 3(t2+1):6t2+g—3212—3=9DPCM-
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Piang thic xay rakhi vichikhia =b=c¢ =1
Bai 4.46: Tir diéu kién suyra z,y,z € [0;2]. Ap dung BDT C6si ta co:
M2 —2)2— )2 —2)< 2—3+2—y+2—2 "

3

S2M8—4 z4+y+2 +2 zy+yz +2x —xyz]g B8—& —y—5

3

<:>27[8—4 zT+y+z +2 wytyr+x + P4y 4+ —4|(< 8—z—y—2z

a

@27[4—4 z+y+z + x+y+22 < 8—g—9y—z

batt=z+y+21t>0taco

SME —A+4)< 6t < +92—-108<0
& (=3 (46 <0et<3
Suyraz+y+ 2z < 3.
Bai 4.47: Gia thiCt cua bai todn va P 1a nhiing da thirc d6i xung ba bién nén ta biéu dien cdc da thirc nay
qua ba da thuc doi xttng coban = + y + 2, xy + yz + 2z, xyz.
Tacod: 2 +v° +2° + 2wy +yz +22) = (x +y + 2)°
2+ +2° -3z =(x+y+2)(° +v +2° —xy —yz —2x). Suy ra:
(x+y+2P—2
5 )

|P|:‘(x—|—y+z)(x2—|—y2+22—a:y—yz—zx)‘: (z+y+2)2—

Bétt:‘x+y+z|,t20 suyra‘P‘:t(Z——tQQ;Q):—g—l—St.

3
Ta, s i hitmg nrinh —%+3t < W2 o 142 > 6t

That viy theo BDT cosita cé ¢ + 4v2 = 2 + 22 + 2v2 > 3V .2v2.2V2 = 61
Do d6 | P| < 2v/2 . Dang thite xay ra khi va chi khi t = v/2.

Taco P = 2\/5 chénghankhi 7= \/5 ,Yy=2=0, P= —2\/5 chénghankhi = —\/5 ,
y e 0’
Viy min P = —2\/5, maxP = 2\/5.
Nhdn xét :
. £ . . . £ s .
1) Viéc chung biét phai di ching minh — 7 + 3t < 22 1ado chung ta du doan dugc dau bang xay ra tai
bién. w
2) Ta c6 moi da thirc doi xing ba an ludn biéu dién qua dugc cac da thirc d6i ximg so cap

~ A
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danh gi4 qua lai gitta chung, cu thé o> > 3b > 9% ¢? . Vi bai toan trén tir gia thiét ta co:
2

@ —-B=2op=2

tic 12 ta ¢4 thay thé b boi a do d6 khi biéu dién P = 2° + ¢ + 2* — 3ayz

thi chi con hai bién 13 a va c. Mit khéc ta luén danh gid dugc ¢ qua a (hodc a qua c) va lae do trong P chi
con mot bién la a hodc c.
Bai448: Taco zyz = (1—2)(1—y)(l—2) & 1— z+y+2z +ay+yz + 20 = 2zyz

S+ +2=2-234y+2 + s4+y+z —dayz

rTt+yt+z ’

Ap dung BDT cési ta c6 [ > xyz nén

3
P2 >2-2 ghytz + x+y+22—4[%]
Patt =2 +y+ 2 thi 0 <t < 3. Khidé:

ﬁ+ﬁ+w%5~éﬁ+ﬁ—%+2=34%—$¥é—ﬂ+§2
27 27 4 4

o

3hay:z:=y=z:%.DPCM

Ding thirc xay ra khi ¢ = 5

x3 + y3 _ .,L,Q + y2

Cho z,y € R va z,y > 1. Tim gi4 tri nho nhat ciia P =

(z—=1y—-1)
t2
batt=z+y;, t>2.taco :cygz.
3 42 -9 £2
P:t : zy(3t ).Do 3t—2>0va —xy > —— néntacod
zy—t+1 4
2 j—
P> e 4 — oS m 24— 4428
——t+1 a B
4

lz+y=14 % =2
min P = min f(t) = f(4) = 8 dat dugc khi S0, =9

(2;+c0)

Bai 4.49: Ap dung BDT cosi ta c6

. 6(22° +13y* —zy) —6ay . 207 +13y° —2zy

P 2
(z + 2y)° (z + 2y)

6.0
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2t2 — 2t +13 x

Rorang y =0 taco Q = ———, Lt =—
t+2 y
. 2
XétQ—1= - >20=0Q=>21=P>6
t+2
x::I:BJi
Suyra minP =6 < 328.
=+ /=
S P

Cho a,b,c 12 ba sb thuc khong 4m c6 téng bang 3. Chung minh: a + ab + 2abc <

N | ©

2
€r —

Str dung bét ding thirc AM-GM dang zy < Ty ta co

2 2
1 b—i—c—}—; [S—a—i—;] o 9
b + 2abc = 2ab|c+ - | < 2a. = 2. Jelr —20)
2 4 4 8
Do dé, chirng minh s€ hoan tat néu ta chi ra duoc
. 2
a+ alff—Zu) < g < (4 —a)(2a — 3 > 0(Ludn ding v6i 0 < a < 3).

8

Dau dang thire xay ra khi va chi khi(a,b,¢) = [g,l, %]

Bai 4.50: Binh phuong 2 vé ta dugc: (1) < \/(a2 +0) (2" +y*) > ab+axy (*)
e Néu ab + zy < 0 thi (*) hién nhién dung.

e Néu ab + 2y > 0 thi binh phuong 2 vé ta dugc: (*) < (bx — ay)’ > 0 (dung).
a) Sir dung (1). Taco: V1+a® +V1+0> > JA+17 + (a +b)° = J5.

b)Sl"J:dung(l).PZ\/(a+b)2+[1+1] 2\/(a—|—b)2+[ = ] =17
a b a+b

Chuy: L + L > 7
a b a+0b
¢) Ap dung (1) lién tiép hai lan ta dugc:
2
1 1 1 1.1 1
Jﬁ+7+Jﬁ+7+J5+7zJ@+me+P+—+J
z Y

Z z y 2

(véi a, b> 0).
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z\/(x+y+z)2+[L]2 SINEYY

z+y+ =

chay: 1+ 141>

— (VO X,y, 2> 0).
T Yy z x—l—y+z( $ )

2
d) Tuong tu cau c). Ta co: P > \/ 3V223 +(x+y+2)° =+~2010.
4 1 4 1
c

.__|_ Z .

bl b +
a+b b b+ c

Bai 4.51: a) Ap dung (1) ba lan ta duoc: 1 + % >
a

o =

1 4
a c+a.

Cong cac BDT vé theo vé ta duoc dpem.
b) Tuong tu cau a).

c)Apdunga)vab)taduqc:1+1+124[ L + L - L .
a b ¢ 20 +b+c a+2b6+c a-+b+2

d)Theo(l):Lgl B 1]@ ab Sl(a—l-b).
a+b  4\a b a+b 4
Cung véi cac BDT tuong tu, cong vé theo vé ta duge dpem.

e) Ap dungcaud)véi a =z, b =2y, ¢ =4z thi a +b+c =12 = dpem.
f)Nhanxét: p—a + p—-b =2p— a+b =c.
Ap dung (1) ta duoc: 1 + L > £ :é.
p—a p=b"(p-a+(-b ¢
Cung véi 2 BDT tuong tu, cong ve theo vé, ta dugc dpem.
1 1 1

Bai4.52: Taco: (1)< (a+ b+ c)[— + ) + - | > 9. Dé dang suy tir BDT Co-si.
a ¢

a) Ap dung (1) ta duoc: L + L + . = 0 .
a+b b+c c+a 2a+b+c)

Na® 4+ b° 4 ¢*) 0.3 3@ +b° + ) "
2(a + b+ c) a+b+c
Chuy: (a +b+c) <3(a® +b° +¢%).
b) Bé ap dung (1), ta bién d6i P nhu sau:

1—1 1-1 1—1 1 1 1
A U kil il + +

= VT2 ; g(a—l—b—l—c)

Z y+1 z+1 z+1 gy+1 2+1
1 1 1 9 3
Ta co: + + > ) =9.Suyra:P£3——:—.
x+1 y+1 2z4+41 zxz+y+2z+3 4 4 4
c)Tacod: P> ) = ) >9.
&—2be b 4 2ea—4 4+ 2ab—{a—+b e
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d) Tacéd

: 1 n 1 n 1 > 9 _ 9 >1
>+ +c* ab+bect+ca ab+bctca a4+ 4+ +2 ab+be+ca at+b+a’
va 3 ab+bc+ca < a+b~|—02 nén 2007 > 3.2007 . > 669.

ab+bct+ca 4 4p4e
Ding thirc xay rakhivachikhia =b =¢ =1

Bai4.53: Taco: a’ +b° > a’® + b%a* = a**(a +b) = a® + 0" +ab > abLHC
o

s ab < ab _ c .

a® +b° + ab aba-l—b—l—c a+b+c
a
Tuong ty : e < a : ca 3 2
b +c® +bc a+b+c S +a+ac a+btc

Cong ba BDT nay lai vdi nhau ta c6 dpem.
2 2 2

Bai 4.54: * Trudc tién, ta s&€ ching minh két qua sau: a + b + £ 52 to +e (1)

b+c c+a a+b ab+bcH+ca
Nhan hai vé cta (1) v6i ab + be + ca, va dé y rang
(ab Hpe* ea) = [a(b+c)+bc]:a2 + abe
b+c b+e b+c
Dé thay khi d6, (1) tro thanh

g ObC g abe L ab S ey e
b+c c+a a
1 1 1 A A s A e 1 .
Hay abc + + > 0 (hién nhién ding). Di€u phai chimg minh.

b+c c+a a+b
* Quay trd lai bai toan, str dung két qua trén, ta suy ra
b 2 2 2 2
Za + 0 4 ¢ \/—fab+bc+ca +4\/§ VS — a° +b +c
ab—l—bc+ca a* +b* + ¢ t \ ab + be + ca
Vi cach dit trén, dé dang suyra t > 1.
w3 : 4N2 .
Vay ta s& tim gid tri nho nhat cua f(¢) = ¢* +T voi t > 1.

2\/_ 2J_ 2\/_ 2\/—

Ap dung BPT cositaco f(t) =t + —= + = > 3322 =6
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Ding thic xay ra khi ¢ = J2 hay a = b > 0, ¢ = 0 hodc céac hoan vi tuong ting.
Vay min P = 6 khi va chi khi a = b > 0, ¢ = 0 hodac cac hoan vi tuong tung.
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