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Pap an chuyén dé:
Vecto trong khong gian - Hinh hoc 11

1. Ta c6 PQ=PA + AE+EQ (1)
PQ=PD+DF+FQ (2)

Twr (2) ta cd 1PQ =1PD +1DF +1FQ (3)
L&y (1)—(3) theo vé&'ta c6
(1-1)PQ=AE-1DF

~PO=—L AE-_' DF
1-1 1-1

M3t khac EA = kEB,FD = kFC nén

ﬁz 1 AE_ 1 DF - -k BB kl If:—k(ji
1-1 1-1 1-1 1-1

Vay P,QR thang hang.

2. A
{ﬁ:ﬁ#ﬁﬁa
a) .

. 4,:>2fj:A‘CE+ﬁj.
I[J=IB+BD+ D]

b) @+@+&+@:(@+€B)+(&+®) 1

=2€1+2€]=2(€1+€])=6.

c) Taco ‘m+l\ﬁ3+MC+MD’:4‘MG‘ nén
MA -+ MB + MC + MD)| nhé nhét khi M=G.
3. BA=a,BC=b,BB'=c.

Gia sit AM=xAC,DN =yDC'.

Dé dang c6 céc biéu dién BM=(1-x)a+xb va BN=(1-y)a+b+yc. Tit
désuy ra MN=(x-y)a+(1-x)b+yc (1)

D& MN//BD' thi MN=2BD'=z(a+b+c) (2)
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Tt (1)ﬂva (2) teico: - D o
(x-y)a+(1-x)b+yc =z(a+b+c) :\ P
/
<:>(x—y—z)£+(1—x—z)5+(y—z)5=6 A | \\ //
| 7/ 1D’
2 Y
X== IN( \
x-y—-z=0 3 Dl _|_ _
1 s N\ ]==/C
Sil-x-z=0 jy==. y, N
3 sy \
y—z=0 1 L’ \
“T3 4 B
Vay cac diem M,N duoc xac dinh béi ngfc,ﬁzéﬁ
Ta cting co MN:zBD'leD':MNzl.
3 BD' 3
4,
a)Diat AA'=a,A'B'=b,A'D'=c D’
Tacé A'D=a+c nén /
cos(AB,A'D): COS(E,E)‘ v ’l
‘@ﬁ’ 5(5+E)‘ \ !
[l p— ey Py P \ )
AB[AD| |afa+d] IR
2 ///
w7 = = -/~ =\ a /
beyrang a+c=a,a(a+c):3_ ///
Twr do A

cos(AB,A'D):l:(AB,A'D):60°
2

Tacé AC =b+c—a,B'D=a—b+c, tir d6 tinh duoc
ACB'D=(b+c-al(a—b+c)=0=(AC,B'D)=90".
b) AC=a+b+¢,BD=a—b+cm ACED=(a+b+c)(a—b+c)=0

=A'CLBD nén S, :%A'C.B'D.

Dé dang tinh dugc A'C:a»\/E,B'D :a\/E:SA,B,CD :%a\/ia.x/i =a’

S =AA'ACsin(E,E), AA'=a,Ac=a+/3.

AA'C'C
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N

Tinh duoc sin(E,ATC): \/1—cos AA' AC)_
VAy S, . cc :AA'ACsin(ﬂ,AT:) za.a\/?j.% —a’\2.

o) bs: (AC',AB) - (AC',AD) - (AC',AA') =arccos% .

5.5, = %ABAC SinA = %\/ABzABZ sin?A = %\/ABZA@ (1 — cos? A)

ABC

— 1\/ABZAC2 —(E.AT:)2 :
2

6. Cach 1.
Ta co

m:%@im-ﬁ:-%ﬁ

. BM-= %ﬁ

Lai cé ﬁ\l:%ﬁ do d6 MN // AC.

Vay Néu M,N,P,Q dong phang thi
(MNPQ)n(ACD)=PQ // AC
= E — % =1 hay

PD QD

DP= 1D—(f:>1<——
2 2

Cich 2. D3t DA=a,DB=b,DC=c thi khong khé khin ta c6 céc biéu dién
MN=-2a+2b, MP=—2a-1b+ke, MN=—-a—b
B 3 3 3 6 3

Cac diém M,N,P,Q dong phang khi va chi khi cac vec to MN,MP,MQ

déng phang < EIx,y.MP—xMN+yMQ

o —2a—tbrke=x| —2a+2¢ |+y[—~a—~b
3 3 3 3 6 3

Do céc vec to a,b,c khong dong phing nén diéu nay twong duong véi
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2 1.2

3576773

I U SRR
37773 4

gx=k

3

7. Goi B',C' lan luot la trung diém
cua SB,SC. Thiét dién la tam giac
AB'C'.

Theo bai tap 5 thi

5 |

Ta ¢6 ﬁ@_s?:%s%_s:

ABC'

%\/AB'Z AC'Z—(E‘.AC'

— AB” =%SBZ +SA%_SASB

a2

= Z(S —4cosa). Tinh tuong ty, ta ¢d

2

AB'AC’ :a—(4—3cosa).
4

4

Vay S, o = %\/%(5—4&50()2 —i—6(4—3cosoc)2

2
=%\/7cosza—16cosa+9 .

8. Do G la trong tam ctia AABC nén
GA +GB+GC=0=35G=SA +5B+5C

3655544, B
SG' SA' SB'
SCqa
SC'

Mat khac A',B',C',G' dong phéng nén
SA SB SC SG

——t—— 4 —=3—.
SA' SB' SC' SG'

Chu y: Ta c6 mot két qua quen thudc
trong hinh hoc phéng :
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Néu M la diém thudc mién trong tam giac ABC thi

S MA+S,MB+S MC=0 trong dé S_,S,,S. Ian luot 1a dién tich cac tam

giac MBC,MCA,MAB. Vi vay ta cd bai toan tong quat hon nhu sau:

Cho hinh chép S.ABC, mit phing («) cdt cac tia SA,SB,SC,SM( M Ia
diém thudc mién trong tam giac ABC) lan lwot tai cac diém A',B,C,M'.

S,SA S,SB SSC_SSM
SA" SB' SC'  SM'

tich cac tam giac MBC,MCA,MAB va S la dién tich tam giac ABC).

Chttng minh: (Véi S,,S,,S, Tan luot la dién

9. Goi O la tam ctia hinh binh hanh
ABCD thi SA +SC=SB+SD =250
A sa+ 2 5C= D sp+ 2= 5CDo
SA' SB' SB' sC
A',B,C,D' dong phang nén dang thitc
SA SC _SB SD

trén < —+ = +—.
SA' SC' SB' SD'

=

10. Goi G la trong tam ctia tam giac
ABC. Ta c6 35G=SA+SB+SC

_ A g, B, SCoa,
SA' SB' SC'
Ma G,A' B, C d‘éngphéngnén %+SB+SC:3<:> a +L+L:3
SA' SB' SC' SA' SB' SC'
Theo BDT Cauchy schwarz:
2
Ta co 12+ 12+ 12 (a2+b2+cz)2 i+£+L
SA” SB“ SC' SA' SB' SC'
S t + 2 + L3P s
SA™QSBY SC? a’+b*+c*
Dang thtzc xay ra khi
1 _ 1 _ 1 ké’thopvéii+£+iz3 ta duoc
aSA' bSB' cSC' SA' SB' SC'
SA._a2+b2+C2 SB,_a2+b2+c2 SC'—a2+b2+C2
3a ’ 3b ! 3¢ )
1 1 9
Vay GTNN cua + + la .
. SA? SBZ SC? © a4bric

11. Vi M ndm trong t& dién ABCD nén
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ton tai x,y,z,t >0 sao cho xm+y1\ﬁ+zl\TC+tl\ﬁ:6 (1)
Goi () 1a mat phang di qua M va song
song v6i mit phang (BCD).
Ta co
() (BCD)
(BB'A")n(a)=MB, =MB, //BA'.
(BB'A')n(BCD)=BA'
Do do Mo _MB_ym  _MBEAT (2)
BA' BB BB
Trong (1), chi€u cac vec to 1én duong

thang BB' theo phuong (ACD) ta duoc:

XWerl\ﬁJrzWHW=6:>(x+y+z)1\ﬁ+yl\ﬁ=6

:(x+y+z+t)W:y@:>MB . |
BB' x+y+z+t

T (2) Suy ra @’zﬁﬁ (3)

= z —
Tuong tw ta cd MCl_x+y+z+tCA (4)
MD -— DA (5)

X+y+z+t

Mit khéac chiéu cac vec to trong (1) 1én mit phing (BCD)theo phuong

AA' ti thu duoe yA'B+2zA'C+tA'D=0. Vay tir (3),(4),(5) tacd

MB, + MC, + MD, =;t(yBA’ +zCA'+tDA') =0, hay M la trong
X+y+z+

tam cta tam giac B,C,D,.

12. Do tit dién ABCD c¢6 BC=DA =a,CA=DB=b,AB=DC=c nén
ABCD =AADC =ADAB=ACBA . Goi S' la dién tich va R la ban kinh

duwong tron ngoai tiép mdi mat d6 thi S=4S'= % , nén bat dang thitc can

1 1 <2<:>a2+b2+C2£9R2.

chitng minh + + <
a’b® b’ da’ §
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Theo cong thirc Leibbnitz: Véi diém M bat ki va G 1a trong tam cta tam
giac ABC thi

MA? + MB? + MC? = GA” + GB? + BC? + 3MG? = %(a2 +b* +c* +9IMG?)

Cho M trung v6i tam duwong tron ngoai ti€p tam giac ABC ta duoc

IR* =aa’ +b’ +c* +90G* za’ +b* +*.
13. Dt AD=a,AB=b,AA'=c.

Tt gia thi€t ta c6 :

AM=—(b+¢) (1)

H\T=B+ﬁ(£+z) (2)
AP=a b+ L (cB))
Tt do ta co

MN =AN-AM

X - 1 - X k
= a-— b+ = C
x—1 k-1 x-1 k-1
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A D
I
I
B | C N
I
| I
A*— N V4 ID'
/)
/ I L/ P
B ] fod
M
MP = AP-AM =a— (Y41 )b X _ K [
y-1 k-1 y—-1 k-1
Ba diém M,N,P théng hang khi va chi khi tén tai A sao cho
MN=AMP (*).
Thay cac vec to MN,MP vao (*) valuuy a,b,c khong dong phéng ta
tinh dwoc x:% y:—l.
1-k k

14. it AD=a,AB=b,AA =c.

Vi MeAA' nén AM=kAA'=kc

NeBC=BN=IBC=la, PeC'D'=C'P=mb

Tacé NM=NB+BA +AM=-la—b+kc

ﬁ):ﬁr+ﬁ+ﬁ+cﬁ>=(1—n;+mﬁ+é

Do NT/I:2ﬁ5:>—lz;—B+kE:2[(1—1)5+mB+E]
-1=2(1-1) : VA

<3-1=2m < k=2m=--,1=2. Vay ——=2
K_? 2 MA
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15. Goi E=BPNCN,F=CMnN AP,
T=ANNBM.

Trong (BCM) c6 I1=BFNCT trong
(ANP) c6 NFNPT=].

D4t SA=a,5B=b,SC=c va

SN = xMA, 5N = yNB, 5p = 2PC

Ta co

7 -
C

SM=——a,5N=——b,SP=
x+1 y+1 z+1

(x>0,y>0,z>0).
Do T=ANNBM nén

Te AN S?ZO(@+(1-O()ST§
{TeBM:{ﬁzgsTw+(1ﬁ)sI
:>a§/1+(1—a)§3=[5®+(1—ﬁ)§k

A —xoi(l a+ (1 - 0()]—1; = —yﬁfl b+ (1 — [5); .Viab khong cung phuong nén ta co

ax X
—1:1_6 R <) X - .
xT Y7 gy - a+—
[S—yzl—a _ Yy x+y+1  x+y+1
y+1 X At 1
Hoan toan teong twta co:
SE=—Y _b+—~ ¢, SF=—2 _c+——a
y+z+1 y+z+1 z+x+1  z+x+1
Lam tuong tu nhw trén d6i véi hai giao diém [=BFNCT va NFNPT =]
ta dwoc :
SI=—————(xa+yb+zc), SJ=————(xa+yb+zc
x+y+z+1( & Z) ]x+y+z+2( y Z)
o X+y+z+ls & =
Suyra SJ=————SI=S5]=(x+y+z+1])I
y J X+y+z+2 J ( yrz )]
Vay S,1,] thang hang va g:x+y+z+1:S—l\/[+s—1\I+S—P+1.
I MA NB PC
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