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Pap an chuyén dé:
Tich ctia mot vecto véi mét s6 - Hinh hoc 10

Bai 1.26: a) Theo quy tic ba diém ta c6
AN+ CB = NC+CM = NM

Suy ra

AN+ cBl=mv =L =2
2 2 2

b) Theo quy tic trir ta co
L BC-2MN = BM - BA =AM
:‘lﬁc’—zm‘ _am =93

2 2
¢) Goi F 1a diém déi xtmg ctia 4 qua C,
diém E lé’ l1a dinh cta hinh binh hanh ABEF ,
theo quy tdc hinh binh hanh ta c6

AB+2AC = AB+ AF = AE
Goi I 1a hinh chiéu cia E 1én AC.

Vi AB//EF = EIF = CAB = 60°

. IE . .

sin IFE = —— = JE = EF .sin IFE = asin 60° = a3
EF 2
yia 0o a

COSIFE=—= IF = EF .cosIFE = acos60" =—
EF 2

Ap dung dinh 1i Pitago ta c6
2
AE =N A’ + IE* = [2a+ﬁj2 + a3 = ay28
2 2
a~/28
S

Suy ra |ﬁ+2/Tc| = AE =
d) Léycéc diém H,K sao cho O,ZSAﬂ:m; %ﬁ:ﬁ
Suj ra o,zsm_gmzm_mzﬁ
2 2 2 2
0.25MA->MB| = kH = || 2 (3 mp) - a3 + & _aV7
2 4 2 8 4 8
Bai 1.27: Goi O la tam hinh vudng.

Theo quy tic ba diém ta co
u= MO+0A —2 MO+OB +3 MO+0C —2 MO +0D

Do do

— OA—20B +30C —20D
Ma OD = —OB, OC = —OA nén 1 = —20A

Suy ra u khong phu thudc vao vi tri diém M
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b) ]&\ - \—2@] =204=a\2
Bai 1.28: (hinh 1.49)
a) AM + BN +CP =

:% AB+4C +§ BC + BA +§ CA+CB =0b)
OM + ON +OP =
% OB +0C +% OC +0A +% OA +OB

=OA+O0B+0C
Bﬁi1.29:a)Tacé/ﬁ:2ﬁ—ﬂ§:§ AC + AB —E:%E—éﬁ
CH = AH — AC = —~AB - ~AC

1 —_ B  — 1

b)ﬁ:5 AH— AB + CH :Eﬁ—gﬁ

53 . , MC—-——  MB—-— MC —— =  MB — =

Bai 1.30: Tacé B—CAB+B—CAC——BC AM + MB +—BC AM + MC
—  MC MB

_AM—i-B—OMB—l—B—CMC’_AM

Bai 1.31: Ta co:
B'B+CC'+D'D= AB—AB' + AC'—AC + AD—AD'

— AB+AD —AC— AB'+AD' +AC =0
Bai 1.15: (hinh 1.50) Qua M ké cac dudng thing song song véi cac canh A ABC, cac dudng
thang nay lan lugt cét tai cac diém nhu hinh v&. D&

thdy ta c¢6 cac tam giac déu MD,D,, ME,E,, ME F, va cic hinh binh hanh

MFAE,, ME,CD,, MD,BE; .
Taco: MD = %(El + Ez),

e

ME — %(ﬁl + ME»),

B” p,pD, ¢

N i — Hinh 1.50
MF = 5(MF1 + MF>).

Cong timg vé 3 ding thirc va nhém ta duoc: MD + ME + MF = gMO

Bai 1.32: Ta goi M 1a trung diém AB va M' 14 hinh chiéu cta M 1én d. Khi d9, ta c6:

AA'+ BB'=2MM'

Goi N la trung diém ctiia GC (ta cling cé G 1a trung diém MN) va N' 1a hinh chi€u cia n6 1én
d thi:

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/




Truy cip website: hoc360.net dé tai tai liéu dé thi mién phi

GG'+CC'=2NN', MM'+ NN'=2GG".
Tur ba déng thuc trén ta c6 dpem.

Bai 1.33: it « — OA + OB + OC + OF + OF

Vi ngii gidc déu nén vecto OA + OB + OC + OF cung phuong véi OF nén u cung

phuong Vé’i OF .

Tuong tu u cung phuong voi OE suy ra w=0.
Bai 1.34: Glasunvectolaa 1= 1,201 . Datu-al—i-aQ—F +a

Vi tong clia . — 1 vecto bt k1 trong n VectO’ trén cung phuong véi vecto con lai do dé u

cung phuong vdi hai vecto a], a, nén u=0.

Bai 1.35: (hinh 1.51) )
a) Goi r 1a ban kinh duong tron ndi tieép AABC tacd

B
a = r|cot— —|—cotg
2 2

Theo vi du 5tacd aﬂ—l—bﬁé%—cﬁzgj

= cot§+cotg I?l—k (:otg—kcoté IB + coté—kcotE Ic
2 2 2 2 2 2

_ — —

b) Tacé IM = +IC ;IN =

N | =

Theo cau a) ta co

cotg E—FI—C; +cot§ E—I—E +cot% I71+E§ :6
Suy ra cotgﬁ—kcotgﬁ—kcotgﬁza)

c) Taco

[A=1IP+IN —IM;IB = IM + IP — IN;IC = IM + IN — IP
Két hop Vl dus suyra

aIA+bIB+ch—O

&S btc—a ]M—|— a+c—b E—i— a+b—c 17526
— DC-—= DB p—-c¢—= p—b—

dy ID=—IB+—IC = IB + c
BC BC a a

SalD= p—c IB+ p—a IC véi p lanta chu vi.

Tuong tu ta co :

—_—

bIE = p—a E—k p—c ﬂ;cﬁz p—>b I71+ p—a E

= alD +blE +cIF = 2p—b—c IA+ 2p—c—a IB+ 2p—a—0b IC

— a[?l—i—b?é—i—cﬁ #aﬁ—kbﬁ—l—cﬁ :6
Bai 1.36: (hinh 1.52)Goi A' 1a giao diém AM vé6i BC ta

C A A B
: b=r|cot— + cot—|; ¢ = r| cot— + cot —
2 2 2 2

DM
Hinh 1.51
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i A'C— A'B— . A
co MA'= BC BC —= MC (*)
A'C ‘SM'A'F SMA(' A'C "g]l1'14(1
L Daae _ Dwe 27 | g DOMAC 4
Mélt khéc A B' SMA'B SMAB A'B SMAB
Yy A'B _ Sian B A C
BC S]VIAB + SAJAO Hinh 1.52
A'C S
V MAC (1)
BC SMAB +SMAC
_MA'— ol eV
Mit khdc MA'= ——— MA=——"MC____ 314 (2)
- MA Syap T Syac

Thay (1) va (2) vao (*) ta dugc diéu phai chirng minh.
Bai 1.37: (hinh 1.53)Ta ching mlnh bang quy nap

Véi n = 3 ding thuc tré thanh a.e + be +ce = 0
(dung vi dang thic nay twong duong véi déng thirc &

bai 11)

Giasudungvéin=k—1, k>4

Goi ¢ la vecto don vi vudng goéc voi A A, va hudng ra
ngoai tam giac A A, A,

Theo gia thiét quy nap ta co

Ahde + Ahe +..+ A LA 6+ A4 A — =0(1)
Mt khac xét tam gide A A, A, tacd AA e+ A Ae, +AAe =0 (2)
Tir (1) va (2) suy ra diéu phai chirng minh.

Bai 1.38: (hinh 1.54)Goi B,, i =1,2,...,n la cac
tiép diém duong tron noi tiép vdi canh A A,

Xét tr giac AB,IB, ¢6 AB,JI = ABI=90" va
BnAII = BIAII

Suyra B,IA, = B/IA, . Matkhac IB, = IB, do d6
114] J— Ban

Tuongtutacd IA L B ,B,,i =2,3,...n

Xét da giac 161 B B,...B, theo dinh 1y con nhim ta c6 Hinh, 1.54
B,B.e, + BBye,+..+ B, ,B,e, =0

Hinh 1.53

< IB,. cosg e, +1B,. cos%@—k .+ 1B, cos/; e =0

Ma IB, = IB, =...= IB, suy radpcm.

2
Bl 1395 Thal 2o DB _ €
HC HCBC

2 2 RN

Suy ra IH— b IB+ IC
¢+ b c+ b

2 —
Ma b’ + ¢ =a’ va IH*—IA nén suy ra —IAﬂb—]B%—C—IC
a’ a’

Hay @ TA + 0IB + 10 = 0.
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Bai 1.40: O nam trong doan IK sao cho OI = 20K
Bai 1.41: a) I la diém doi xting cua A qua B.

b)(TJ:%A_B' c)ﬁzgﬂé d)ﬁz%B—d
Bai1.42:a)Cho M =T= [A+ IB+2IC =0« [J+1C =0

Véi J 1a trung diém cua AB, suy ra I 1a trung diém cua JC

MA+ MB+2MC =kMI < AMI =kMI = k=4

b)k:4,ﬁ:i 3AB—AD

©) k=2 IA=2AB+3AC —4AD

Bai 1.43: M tring véi tam duong tron ndi tiép tam giac

Baild44: a)Via+38+7=0= a+p8 + B+7 + 7+a =0
Khongmat tinh tong quat gla sur a+6¢ 0=3!D: aDA—i—BDB = 0

SuyraonA+ﬁMB+7MC—0<:> o+ 3 MD+7MC'—O

Do d6 tén tai duy n}lat diém M

b) Gia st ton tai diem N va o = 0

Tacé aNA + SNB +yNC =0 & CA = —QCTB' (méu thudn véi ABC 1 tam gidc)
Bai 1.45: O 1a diém tuy y, ta c6: ¢

KGA + k,GA, + ..+ kGA =0

&k OA—0G +k OA—0G +..+k OA —0G =0

& 0?:% KOA + k04 + .. +k OA
Suy ra G x4c dinh duy nhat

Bai 1.46: a) AP = %E, ﬂv‘zgrc‘, ngm_%@

b) MP = 4B - A0, MN = 5 AB - S AC

MP = 2MN = M, N, P thing hang

Bai 1.47: ) IJ = —QEJ%A_C’

b) IG = —gﬁ—#%ﬁ = 5I] =6IG suy ra 1J di qua trong tdm G cua tam gidc ABC.

Bai 1.48: a) Ta c6:2IC = —3IB & Al — gﬁ +§ﬁ.

S 5_,

5JB = 2JC < B(AB — AJ) = 2AC — AJ) & AJ = —AB——AC
b) Goi M 1a trung diém BC, ta c6:

Ezgw_él(ﬁ+ﬁ) 3(A—é+fd).
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> AG=247-LuJ

48 16
Bai 1.49: a) u cung phuong voi v cosd thuc k sao cho
u=kvea+ 20—1 b=k za+b

rz=1

kr=1
= = 1
k=2x—1 €rT=——

2
b) u cung phuong voi v & cbsh thuc k duong sao cho
i= oS +ab =k 1=z 3~ 30|
3=k 1—x i 3

2 = :E =r=-—1
=738 k=-30

Bai 1.50: Taco AA'+ BB'+ CC'

=

—_— _— _—

— AG+GG'+G'A' + BG+GG'+G'B' + CG+GG'+G'C’

—3GG'+ AG+BG+CG + GA+G'B+G'C =3GG"

Suy ra diéu kién can va du dé hai tam giac c6 cing trong tim 1a AA' + BB' + CC" :6
Bai 1.51: G la trong tim ARIP = GR +GI + GP =0

Tacd RJ+I1Q+PS= RA+JA + IB+BQ + PC+CS

= RA+CS + JA+IB + PQ+PC =0

Suyra GR+GI+GP=GJ+GQ+GS = GJ +GQ+GS =0

Do d6 G la trong tam AJQS

Bai 1.52: Tam giac ABC va A'B'C" ¢6 cung trong tam < AA'+ BB'+ CC' =0
& 2AB+2BC +204A =0 < 20 =0 (ding)

Bai 1.53: G 1a trong tim AANP = GA+ GN +GP =0

Ta 6 ,TC+W+TQ=E—%A_C’—%E:6

Suyra GA+GN +GP=GC+GM +GQ =GC +GM +GQ =0
Do d6 G la trong tam ACMQ

—_—

Bai 1.54: G 1a trong tim AABC = GA+GB+GC =0
Tacéd 20114'B +20124'C = 0
2011 A'A+AB +2012 A'A+AC =0

& 4023A'A+ 201148 4 20124C = 0 (1)
Tuong tu ta ¢6 4023B8'B +2011BC + 2012BA = 0 ; 4023C"C +2011CA + 2012CB = 0
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Cong vé vé6i vé lai ta duge
4023 AA'+ BB'+CC' +BA+AC+CB=0< AA'+ BB'+CC' =0Suyra

GA+GB+GC=GA'+GB'+GC'= GA'+GB'+GC' =0
Do d6 G la trong tam AA'B'C"

Bai 1.55: Vi AABCva AA'B'C'c6 cung trong tdim G suyra AA'+ BB'+CC'= 0
Vi G,,G,,G,la trong tam céc tam gidc BCA',CAB',ABC" nén

12 Y9

3AG, +3BG, +3CC,
= AB+AC+AA + BC+BA+BB' + CA+CB+CC"

—AA'+ BB +CC' =0

Suyra AG, + BG, +CG, = 0 dod6 G la trong tim AG,G,G,

Bai 1.56: G la trong tam t gidc G,G,G,G, < GG, + GG, + GG, + GG, = 0 *)

Vi G, latrong tim AABC = GA+GB+GC = 3?&’;, tuong tu ta co
GB+GC +GD =3GG,, GC +GD + GA=3GG, , GD + GA+ GB = 3GG,

Do d6 (*)<> 3 GA+GB+GC +GD =0 (dung) dpem

Bai 1.57: Goi D, E, F tuong Gng la giao diém cua MA,, MB,, MC, véi cac canh BC, CA,

AB. O 1a trong tdm déu AABC

Tacé MA + MB, + MC, =2 MD + ME + MF

Mat khéc theo bai tap 6 (dang 2) thi MD + ME + MF = gz\To

Suy ra MA, + MB, + MC, =3MO do d6 O 1a trong tam tam giac A, B,,C|

- , O4, = OB,=—= 0C,==
Bai 1.58: Ta c6 OA, + OB, +0C, = O—AiOAl + O—BfOBl * 00? 06
. OA b OB + 06, —0 (Theo dinh 1y con nhim)

0A "7oB T 0C,

Do d6 O la trong tdm tam giac A,B,C,

Bai 1.59: a) Tap hop diém M la duong tron tim I ban kinh AQ—B v6i 114 trung diém cua AB

R

b) Goi K 13 didm thoa méin: 2KA + KB = 0
L 14 diém thoa man: LB +2LC =0
Ta cé: ‘2MA+MB‘ _ ‘MB+ 2MC’ N ‘MK‘ _ ‘ML

Tép hop diém M la dudng trung tryc cua doan thing KL.
Bai 1.60: a) Ta co:

MA + kMB = kMC < MA = k(MC — MB) < MA = kBC
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Vay tap hop diém M la dudng thang di qua A va song song vdi canh BC ciia AABC.
b) Goi J 1a trung 1a diém AB, I 14 trung diém JC tacé IA + IB +2IC = 0
=v=MA+ MB+2MC= 4MI

Do d6 ; cung phuong véi R’ M thudc duong thang di qua I va song song véi BC.
Bai 1.61: a) Goi K 1a diém thoa min: 2KA + 3KB — 0

L 1a diém thoa man: 3LB — 2LC = 0

Ta 6 [20A + 3015 = |35 + 2310 < 3K | = [

= Tép hop diém M 1 dudng trung tryc cua doan thang KL.

b) Véi 1 14 trung didm cita BC. Goi J 12 diém thod mén: 4JA + JB + JC = 0

Ta co:

_ —  — _— —  —

‘4MA+MB+MC" — ‘QMA—MB—MC"

o ‘6M_j‘ — ‘2]\7/1— 21\71" o ‘6]\7}‘ - ‘231‘ o MJ = %IA
y 1

Vay tap hop diem M la duong tron tdm J ban kinh R = glA.

Bai 1.62: a) OB + 40C = 20D < OB = %E v6i 112 trung diém BD
by |15+ 431G — 231D = 3314 < (170 = |8eA|

Vay tap hop diém M la dudng trung truc ctia doan OA.

Bai 1.63: Goi P la trong tdim cua AABC', Q la trong tim cia ADFEF

‘MTHMB+MC‘ +‘MD+E+W‘=
3‘MP‘+3‘MQ‘ — 3 MP+MQ > 3QP

Déu " =" x4y ra khi va chi khi M thudc doan PQ

Vay tap hop cac diém M can tim 1a moi diém thudc doan PQ
Bai 1.64: Goi hai diém M, N, lan lugt thudc tia Oz va Oy sao cho OM, = ON, = % Gia

st OM =k, 0 <k < a khidd tacéd MI = MMUNO . Do d6 tap hop diém I 1a doan M,N,
a

Bai 1.65: Dit OA = 2AC, OC = yAC, OB = zBD, OD = { BD

Suy ra 0_1'4+O_B'+%+£:6<:> Tty 14—C"—|— z+t E)':E)'

Dodd z=—y; 2=—t = 0A=0C, OB = 0D nén t& gidAc ABCD la hinh binh hanh.

Bai 1.66: Taco AA' + BB+ CC' =0

o a4 BATBC  CAX B _ G 534 ORI =
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& AA' ciing 13 trung tuyén ciia tam gidc ABC .
Bai 1.67: Giasu A'B=FkA'C, B'C =mB'A,C'A=nC"B
AB—kAC
1—k

AB=kA'C e AB—AA'=k AC—AA < AA =

Tuong tu ta co @:BC~mBA_ m—1 AB+ AC

>

1—-m 1—-m
C,—>C”:CA~nCB:—nAB—|— n—1 AC
1—n 1—-n

= AA'+ BB'+CC' =0

ol Lo a1 1|aB=0
1—k 1—n 1-k 1—m
Suyra:>L—1— B _H + 1
1—k 1—-n 11—k 1—m
Mt khac theo dinh i Xéva ta co kmn’: —1lnén k=m=n=-1
Vay AA', BB', CC" la cac trung tuyen cua tam giac ABC
Bai 1.68: AD+ BC =2IJ < ID+1C =2IJ

Goi K 1a trung diém DC suy ra ID+1C =2IK dodé K=J hay J 1a trung diém cua CD.

Bai 1.69: (hinh 1.55) Goi M, N, P, Q Ia trung diém cua AB, BC,

CD DA tir phuong trinh thu hai ta duoc: A
O—OA+OB+OC’+OD—20M+20P<:>OM+O =0
& M, P,0 thang hang va O 14 trung diém MP M

0=0A+O0B+0C+0D=2N+20Q«ON+0Q=0 g
& N,Q,0 thang hang va O 1a trung diém NQ.

Tacd AOAD cantai Onén NQ L AD, AOBC cén tai O nén
NQ L BC suyra AD//BC.

Tuong tw AB//DC suyra ABCD 1a hinh binh hanh
Ma N, Q la trung diém cia BC, ADnén AB//NQ = AB L BC

Suy ra ABCD 1a hinh chit nhat.

Bai 1.70: G 1a trong tdm tam giac ABC nén 30G = OA+ OB+ 0OC
Do d6 OG = OA'+ OB+ 0C"

Suy ra G la tryc tam tam giac A'B'C"

Bai 1.71: H la truc tam tam giac ABC' suyra OH = OA+ OB+ OC
Do d6 30H = OA'+ OB'+ OC" hay H la trong tam tam gidc A'B'C".
Bai 1.72: Trudc tién ta chung minh b6 d€ sau

- = —

—1=0=k=m=mn.

Cho ba véc to a;b;c doi mot khong cing phuong va théa mén diéu kién

ma + nb + pc = 0

- - = - mm'=0
m'a+n'b+p'c=0
ﬂ' = ﬁl = E'.Thétvéy:

m n D

D@ thdy m,m' = 0 thi suy ra ngay n, n’, p, p’ ciing phai khac khong.

Chimg minh rang :

[¢ D
[ ° > P
0]
N C
Hinh 1.55
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3 g 3
) a="p+Lc
Ttr gia thiét ta co : i e
a=—b+—c
m' m'
vi mot véc to chi phan tich duwgc mot cach duy nhat qua hai véc to khong cung phuong nén

n_np_p _ .m_n_p

m m''m m' m' n' p'

Tro lai bai toan

Taco AD+ BE+CF =0 & 20 ad+ 2235 O 3 =

AD S S S BE S . CF '

MA= S — S — g MONEN pp = oo VA s = oy

(v6i S = S,pcsS, = Supes Sy = Sucar S. = Swup)

MA N MB N MC

S-S5, S-=-5 S-S5,

Mait khéc ta cling ¢ S,LFA+ Sbﬁ +S(3FC =0

1 1 1

-5 S§-85 S5-%

Ap dung bb dé suy ra 5 L = T~ g £ & S5, =5, =25, hay M trung trong tam
b

a C

Mat khac

Do dbtaco :6

tam giac ABC
Bai 1.73: Do @ + 5 + v = 0 nén tdn tai duy nhét diém I sao cho «JA + 3IB + ~vIC = 0.
Ta cé aﬂ—i—,@%—l—y% = a(ﬁ['—i—f_z'ﬁl) +ﬁ(ﬁ+[§)+y(ﬂ7f+f_0')

=(a+B+)MI + alA+ PIB +~IC = (a+ B+ v)MI

Dodé T = |a + 8 + | Ml

Suy ra T nho nht khi va chi khi M 1a hinh chiéu cua I 1én duong thing d

Bai 1.74: G la trong tam tam gidc ABC ta c6 | MA+ MB + MC| = 3| MG|

a) M la giao diém cua tia GO véi (C)

b) M 1a giao di€ém cua tia OG véi (C)

Bai 1.75: BS: min7 = 4GG"'

Bai 1.76: Tacé AM + BN +CP =0

Suyra 43 = — BN+ CP = |A0| =| BN +0F| <| BN| +|CP|

Vi BN va OP khong ciing phuong nén khong thé xdy ra dau bang do d6

AM < BN 4+ CP . Tuongtutacd BN < AM +CP,CP < AM + BN
MB—— MA—= MB MA

Bai 1.77: CM:ECA+ECB:>MC<ECA+ECB

Hay MC.AB < MABC + MB.AC

o —— MD——=  MC-= MD MC
Bai 1.78: Tacs: AM = 55 AC + 55 AD = AM < 5 AC + =5 AD
. =— MD—s MC o= _ MD MC

vi BM = 55 BC + 55 BD = BM = 2 BC + 50 BD

Tlr d6 suy ra
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MD MC
AM+BM<C—D ACH+ BC +C—D AD+ BD

MD MC

= AM + BM < [C—D+C—D].max AC+ BC;,;AD + BD

=p<max AC+ BC+ AB;AD+ BD + AB

Hay p <max p;;p,

Bai 1.79: Ta chli:pg minh bing quy nap

+ Véi n = 0: hién nhién

2+3

> 0%
=1

+ Gia st BDT dung véi n = k ta di ching minh dung véi n =k +1 hay >1

Trong 2k + 3 vecto ta chon hai vecto c6 gbc 16n nhat, gia sit OF, OP, ., .
2k+2

Pit OA=OP, + OB,,,, OB= > OP.

=2
Suy ra diém A, B nam trong géc P,OPB,,., do d6 AOB < 90°
:>‘OT)4+O—B" Z‘OT?‘

2k+2

T
i=2

Mit khac theo gia thiét quy nap ta c6 ‘O_B" = >1

2k+3 _
>-op
i=1

Suy ra :‘m+@‘2‘@‘21
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