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Pap 4n chuyén deé:
Heé thirc lwgng trong tam giac - Hinh hoc 10

Bai2.56:Dbat BC =2 >0 . MN =3=AC =6.
Theo dinh li ¢osin ta ¢c6 AB*> = CA* + CB* —2.CA.CB.cosC
Hay 81 = 36 + 2 —z.ﬁ.mé sr=31+6

Bai2.57:bit AC =2 >0

‘ . : : : 1
Ap dung dinh i cdsin trong tam gidc ABD tacé BD> =1+ 1+ =z ‘2141 .-
&

Ap dung dinh 1 sin trong tam gidc BCD ta c6 BD = L sin BCD = 2
sin 30 z

Suy ra ta dugc phuong trinh
P 428 -2 —4=0& z+2 2°-2 =0 z=42

Vay AC = 2
2 2 9 )
Bai2.58: cosd— 2t ¢ @ _ 1=z 1 4
2bc 2 22 1 2
Bai 2.59: a) Ap dung cong thirc Hé - rong ta c6 S = \/p(p —a)(p—b)(p—c) = 63
b) Ap dung cong thuc tinh dién tich S :Z—nga S = pr suyra Rz?, rz?
25 126 36
C) hu T e T ———— T ——
a 8 2
Bai 2.60: HD: a)Bati:t>O:>azﬁt,bzﬁt,c:Mt
J3 2
Ap dung dinh i césin ta c6
b2 + ¢ B2 2% + 2—\/§t2—3t2 1
cos A= = =—=-= A=120°
2bc 2 J3-1 ¢ 2

20 o 324 2—+3 2 -2
g U _ ZQ:B:%”,C:BO
2ac V2 3-43 ¢ 2

a 2\/§

2sinA  2sin120°

cos B=

b) Ap dung dinh I sin, ta c6: R =
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Bai 2.61: (hinh 2.22)
a 2073 10V3

snd 3 RT3

b) Goi M, N, P 1an luot 14 céc tiép diém cia BC, CA va AB véi duong tron ndi

a) 2R =

tiép tam giac ABC' . Ta c6

AP = AN —r.cot30° =5, BP+ NC = BM + MC = a =10 Bﬁloj\} ’

= b—AN + ¢—AP =10=b—+c =20 (1).

b+ec? 2

Theo dinh li csin ta c6 a? = b* + ¢* — 2bccos60° = be = - T —100 @)

Tt (1) va (2) suy ra b, ¢ 1a nghiém cua phuong trinh z* — 20z + 100 =0 < 2 =10
Vay b=c=10= AABC déu.

Bai 2.62: a) Theo dinh 1i c6sin ta co
BC? =10* +4* —2.10.4cos60° = 76
= BC ~ 8,72
Suy ra chu vi tam gidc 1a 2p ~ 1044 + 8,72 = 22,72
b) (Hinh 51a.)
K¢é duong cao BH ta co
AH = ABcos60° =5 = HC =5—4=1. Hinh 2.23a
BH = AB.sin60° = 5v/3
D
Vay tanC' = —tan BCH = —g—g 2 -NE
A
¢) (Hinh 51b.) ¢
bé BE la tiep tuyén duong tron (C) ta phéi ¢
BE® = BABD =10 10+6 =160. BT E
Ap dung dinh 1i césin trong tam gidc ABE ta c6 Hinh 2.23b.
BE* =2 4+100—10x = 2> =102 —60=0=2 =5+ 85 .
Bai 2.63: (hinh 2.24)
a) Gia str tam giac can tai dinh A. Pat B=C = a = a < 90"
b2
4R?

, @ b
Tacd sinae = — = cos B =cosC =cosa = /1 —

AB*4 AC*—BC® 1 —2R?

2ABAC 2R
3 2 _ p2
b) S:%BGAH:%.%cosa.bsina:@ -

4R B V C
4R? —b?
2R Hinh 2.24

. . b2 34 2 bz
Ban kinh duong tron ndi tiép tam gidc r = 5 = i

P 2R 2R+ AR — 12
¢) Ta phai tim b dé v = b34R* — b dat GTLN

cosA =

Chu vi tam giac 1a 2p =20+ 2b

Hinh 2.22
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Ap dung BPT Cauchy cho bén sé ta co
bbb

2 12 72 — 4 — 4+ 4+ 4R*?—b?
y=3\/§\/%.%.%. AR? —p* <343 || 3—3 34 = 34/3R!

Déu bang xay ra khi va chi khi % — 4R’ — b & b=R3.
Bai 2.64: HD: a) Theo dinh i c6sin ta co
2 2 o2
cos A = B i S — 7 = A ~ 28%7"'
2.3.4 8
2 2 92
cos B = rra-d_ 1 = B ~ 46'34"
2.2.4 16

C =180" — A — B ~ 10429’
b) Theo dinh i sin ta co
csinA  8,2.sin110°

- -

a 12
Vi goc A ti nén géc C nhon do d6 C' ~ 39°57"
Suyra B =180 — A— C ~ 180" —110° — 39%57"' = 33"3'
. . 0q1
Mt khic b — a:?mB _ 12.sin 33”3 ~ 6.96
sin A sin110°

Bai 2.65: HD: a) A =180" — 33°24'+ 66°59' = 79°37"

_asin33°24' _ a.sin66°59"

sinC = C ~ 39°57" hodc C' ~ 180" — 39°57' = 140°3'

= U ~ 61; = — : ~ 102
sin79°37" sin79°37"
< 0 '
B) B = 7133“;?)7 2 0.6

~20.8in75°45"

Vib<a= B<A= Ba36%2% C~ 755" ~21
to<a < sin 67°23'

Bai 2.66: a) Tacé B =180 — A —C = 180" — 30" — 75° = 75"
Theo dinh 1i sin ta ¢o
o A bsinA _ 4,5.sin 30"

e =a~ 233
sin B sin 75°
. 4 0
C:bblIlC:4,5.blIl75 o A5
sin B sin 75"

b) Theo dinh 1i cosin ta cé

a’> = b+ —2bc.cos A = 14> + 10?7 — 2.14.10. cos 145°
Suyra a ~ 22,92

Theo dinh li sin ta ¢
. . 0

sinp = osind _ 4sinlds o o0 5 ogiag!
a 22,92

Suyra C' =180° — A — B ~ 180" —145° —20"29' = 14"31"
c¢) Ap dung dinh 1i c6sin ta co:
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cos A = \/7:>AN3105' cos B = ,f = B ~ 45°49'
cosC = \/7:>C~50047'

Bai 2.67: ¢ = a’ + 0" —2abcosC = 13* + 4 —2.13.4.[—%] =22=c=15

SinC:g:R: £ = 15 :@
13 2sinC 22 8
13
fo Lt = 0B mony pe ATATE BTl L,
2 2 13 2 2
_S5_24_3
p 16 2

Bai 2.68: a) Ap dung dinh 1i c6sin ta c6:
2 2 2 2 2 32 2 2 W
VP — 2 + & C—I—c.c +a*—b _a +0 -+ +a* b o = VTh)
2ab 2ca 2a

sinA = sinBcosC +sinCcos B < 4 i.COSC + L.COSB
2R 2R 2R

< a = b.cosC + c.cos B (céu a)

¢) h, = 2Rsin BsinC & 25 QR%smO < = —absmC (ding)

a
d) Ap dung cong thirc duong trung tuyén.

—_— 2
e) \/ABQ.AC’2 — ABAC = ABACN1—cos’ A= ABAC.sinA
Tu d6 suy ra dpem.

25 28 25 il 1 2
Biai269:a)b+c=2n & =4+ =2"& 4+ =2
) hb h{: ha, hb h h{z
2 2y _ 12 2 2\ _ 2
b)m§+m2,:5mf(:)2(a i) b+2(a -+ —5. A+ )=
‘ i 4 4 4
&b+ =a” & Goc A vudng
Bai 2.70: a) Dé thdy a > b, a > ¢ = gbc A la 16n nhat
Vaa' =b" +c* <a’b* +ad’c? =a® <b +¢
o, A , b2 + ¢ —a? . P
Mit khac theo dinh 1i cbsin ta co COSA:T=>COSA>OdOdO A <90°. Vay
c

tam giac ABC nhon.
b) 2sin* A = tan BtanC' < 2sin® A.cos B.cosC' = sin BsinC

a ) aQ—FCQ—b2 a* +b —c* b ¢
& 2| — . = —.—
2R 2ac 2ab 2R 2R
Sat=b+c
2 2 9
Bai 2.71: Ap dung cot A — %
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abc  2Rsin A2Rsin B2RsinC

5 & . e _ _opta . )

Bai2.72:a) Taco S = 1R iR 2R’ sin Asin BsinC'
a+b+c 2Rsin A+ 2Rsin B + 2RsinC

b) § = pr = 5 = 5 r

Bai 2.73: Goi I 1a giao diém hai duong chéo. Khi d6
S =851 +Sper + Sepr + Spar
1

= §AI.BI.sinAIB + %B].C].sinBIC + %C].D[.sinCID + %D[.Al.sinDlA

Ta co cac goc AIB, BIC, CID va DIA d6i mét bu nhau suy ra
sin AIB =sin BIC =sin CID = sin DIA = sin«

Dodd S = %B[.AC.sina -+ %ID.AC’.sina = %AC.BD.Sina

Bai 2.74: V&i AB = AC tacd dpecm
Véi AB = AC . Ta co: Bb = A—B
DC AC

BD? = AB? + AD* —2AB.AD.cos60° = AB* + AD* — AB.AD
CD* = AC? + AD* —2AC.AD.cos60° = AC* + AD* — AC.AD
N AB* BD* AB*+ AD* - AB.AD

AC®  DC* AC*+ AD>— ACAD
& AB*(AC® + AD* — AC.AD) = AC?(AB®> + AD*> — AB.AD)

& (AB* — AC*)AD* = AB.AC.AD(AB — AC)

AB = AC e T,

g o 1 — Kl

AD = ABAC T BT U T 4c
AB+ AC

Bai 2.75: a) Ap dung dinh 1i c6sin, ta c6:

2 2 _ 2 2 2 _ 72
2abc cos A + cos B :2abc.[b T i +a te b ]

2bc 2ac
=a b4+ —ao@lbd g+ -0 = a+b[cz— a+b2]
= a+b b4+c—a c+a-—0>

cosA+cosB b+c—a c+a-0>

Suy ra
a+b 2abc

b) Ap dung dinh Ii sin va cdsin, ta c6:

a a®+c®—b

tanA  sinAcosB  9R°  92gc 2 &+ b
tanB  sinBcosA b b+ —a® b0+ —a
2R’ 2bc

Suyra ¢ +0>—a’ tanA = ¢ +a* —b* tanB
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a

Bai 2.76:2) Tacd S,,. = \/p(p —a)(p —b)(p —¢) = %a,h
Matkhic (a +b—c)la+c—b) =a* — (b —c) <a’

= (p—b)(p—C)S%aiha <<plp—a)

by vis=2_1,
AR 2

a

1 1 i e )
f,, = §bhb = §chc nén bat dang thuc tuong duong véi

272 2.2 2.2

GRIZ bRCQ +CR‘Z <(@+b+cP o4 +h2+h? <(a+b+c)

Str dung céau a) suy ra

4 hP+hP+h> <O+cf—d+(c+af = +(@+b’ —c =(a+b+c)Vay
a’h® +b°c® +cfa® < R*(a+b +c)

2 —_— —_— —_—
BAi277: Tacs S =pro =2 = -0 -0

2

)ﬁﬂiﬁlﬁiﬁ2+pgﬁ A e,
b p
(p_b>ac77,2 _l_(p_c)Q — (p—c)ab

=+ (p—af = (p—o

Tuong tu 7* + (p — b)* =

Do d6 BDT cin chiing minh twong dwong véi

\/(p —a)bc + \/(p —b)ac + \/(p —c)ab < \/p(ab + be + ca)
BDT nay dung vi theo CauChy-Schwarz ta c

V(v = ajpe +J(p = bjac + (p = c)ab

= \/(l)—a+p—b+p—c)(ab+bc+ac) = \/p(ab-l-bc—l—ca)
Bai 2.78: Ta co:

Ssz@r:§:JMP—@@—®@—®:J@—®@—®@—@
P p 7
(v—a)tan’d = (p - a)\/@ﬁ He—c) _ J(p —a - Hr—9

2 p(p —a) D

Tudo: r = (p —a)tang
Tuong tu: 7 = (p —b)tang var=(p— c)tan%.

Dodd: r = (p—a)tang = (p—b)tang = (p—c)tan%.

b +c* —ad’
, =i
Ap dung cong thitc dudng trung tuyén ta cd

e_m 62'2((12 +8)—¢ _ b2.2(a2 +c) -0
b m, 4 4

b* + ¢* = 2a* dpem.

Bai 2.79: Ap dung cot A = suyra 2cot A = cot B+ cot C' < b* + ¢* = 2a°

b —c" =2 *—¢ Suyra
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Bai 2.80: Ap dung dinh li cosin trong tam gidc MAB, ta ¢6
BM? = AB* + AD* —2AB.AD.cosa

Mmkmcst:%ABAMsma:>BMQ:AB?+AD%—Mwwcm@

Tuong tu ta c6 CD* = BC”? + BD* — 48,5.cota, AD> = AC? + CD? — 48,,0,4.cot a
2 2 2

Cong vé v6i vé suy ra cota = % = cot A 4 cot B + cot C

b+ ¢ — g2

Bai 2.81: Ap dung cot A =
48

va cong thirc duong trung tuyén véi chi y

Sesc = Seea = Seap
Bai 2.82: C1: Goi D 1a diém ti¢p xuc cia duong tron ndi ti€p ;7 tam giac véi BC. Suy ra

a=BD+ DC = r[cot§+cot%],tuongtuta co b= r[cot%%—cotg}

Dodd a—b cotg:r

B
cot—cot g —cot g cot —

2 2 2 2
X4y dung céc biéu thirc tuong ty va cong lai suy ra dpem.

C2: (o — b)cot% +(b— c)cot§+ (c — a)cotg =0

& (a—t)|—HE=9
(p—a)(p—b)
+b—c) M+(C_a) _pp—b)
(p—b)(p—¢) (p—a)(p—o)
S (a=b)(p—c)+b—c)p—a)+t(c—a)p—0)=0
a0 —cla—b)+bV - —ab—c)+c —a*—blc—a)=0
Diéu nay luéng ding. Vay ta co dpem.
Bai 2.83: Taco AC® + BD* = 2(AB* + AD?) = AB* + AC® =5BD" .
Str dung dinh ly csin va bét dang thitc Cauchy ta ching minh dugc

cos BAD > % = cot BAD > %

Bai 2.84: Cl: Ap dung cong thirc dién tich Hérong va bét dang thirc cauchy
C2: Ap dung dinh 11 cosin va cong thurc tinh dién tich ta c6

A4+ >403.8 < 2 B2+ +becosA > 4@.%bcsinA
b4 ¢ >be 3sin A+ cos A
Bit ding thiic cudi ding vi V3sinA+cosA <4 sin® A+cos’ A =4 va b? + ¢ > 2be

s 5 2 y 1 1, . P
Bai 2.85: Su dung céng thtc Szziam::§bcmnA ta co

h, = c.sin A < bh, = ah, < a =b suy ra tam giac ABC' cantai C
Bai 2.86: Sir dung cong thuc duong trung tuyén va dinh i sin.
2b2+C2 _a2 b?_l_CQ_aZ

4m? =b b+4c.cosA & 4————— =blb+4c——— | &S a=0DBa
4 2bc
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2

i2.87:Taco 1’ =5 = p—a p—b p—c

p p
3p—m—b—g 3_[£]3
3 3

Theo Cauchy p—a p—5b p—c <

2
‘ 3 a+b+c
Suy ra 3672 §4L:7§a2+b2+c2
3p 3
Déu bang xay ra khi va chi khi a = b = ¢ hay tam gidc ABC déu.
Bai2.88: b(b> —a’) =c(* —a*) &b —c* =a*> b—c SV +bc+* =a°
Theo dinh i cosin thi a® = b? + ¢* —2bccos A
Do d6 b* + be + ¢ :bQ+c2—2bccosA<:>cosA=%<:>A=60“

3 3 13
Bai2.89: Tact > TC ¥ e phe bt = bte
at+c—0b

@cosAz%@AzGOo

2 2 2
a=2bcosC©a=2bm@b=c
2ab

Vay tam gidc ABC déu.

2

Bai 2.90: TacéS:ia—l—b—c a—b+c :iaz’— b—c
., 21 1 1
:Z b*+c* —2cosA — b—c :Z 26c 1—cosA =§bc 1—cosA

) 1, .
Mit khac talai c6 S = gbc sin A nén

1—cosA=sinA < 1—2cosA+ cos®* A=sin” A
& cosAd cosA—1 =0 cosA=0 A =090
Vay AABC vubng tai A
Bai 2.91: Ta co: l+cosB _ 2a+c N (I1+cosBf’ 2a+c
sin B Jaa? — &2 sin® B 2a — ¢
o (L+2cosB+cos”B)+sin” B 2a+c+2a—c
sin® B 2a — ¢
1+cosB  2a
1—cos’B  2a—c
c+a® —b°

S p—F — =csdl-0P=0&a=05b
2ac

< AABC latam giac can tai C.
Bai 2.92: Ta co:

< 20— ¢ = 2a — 2a.cos B

2 2 _ 2 2 2 _ 12 o N
cos A+ cosB = b"+c —a _|_C +a -0 _ 2(a +b)(p —a)(p —b)
2bc 2ca abe

Vay sinC = cosA + cos B & — = 2(a+0b)(p —a)(p—b)
2R abc
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2¢5 _ 2a+b)(p—a)(p—
abe abe

o> =b+c
2

s FllatbP =) = (@ + b7 — (@b

s =@ -0) e < AABC vubdng tai A hoidc B.

¥=c+a

Bai 2.93: Goi G la trong tdm, khi d6 tam gidc GBC vudng tai G. Theo dinh li pitago va
cong thire duong trung tuyén suy ra b* + ¢ = 5a>.

, trong do Rza—bc,r=§ suyra b+ c = aV10

be
2 1410 48 p

Tir 2 gia thiét trén suyra b = ¢ = a5

B M@\/@—bxp—@\/(p—c)(p—a) _ ab

Bai 2.94: HD: Ta c6: sinésin— =
2 2 4c

St dung R.r =

be ca 4e

o (=P -a(p—b) = -

S la+b—c)b+c—a)llla+b—c)(c+a—0b)] = a’b?
S —(c—aflld —G—cFl=a¥ (1)

Nhén thdy: 0 < 0® —(c —a) <P? va 0 <a® —(b—cf < a’
Nén [0* — (c — a)*][@® — (b — ¢)’] < a’b?

c—a=10
b—c=0

Vay(1) < Sa=0b=c< AABC déu

:p—c

(p—c><p—a>\/<p—a><p—b>

Bai 2.95: Taco ptangtang =p—c& p\/
2 2 p(p — ) p(p — )

Sp—a=p—cESa=c< AABC can

Group:
https://www.facebook.com/groups/tailieutieuhocvathcs/




