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Pap an chuyén dé: Bat dang thirc — Pai s6 10
Baid0:2)BPTe Va-Vb + Vo-ve + Je—va >0

b)BBT<(a —b) +(a—1° +(b—17 >0

)BT <(a—12+0—17 +(c—17 >0

d)BDT<(a—b+c) >0

Bai4.1: a)BbT < a -0 ¢ <0

a+c b < b+a cg C

< , 5 1
a+b a+b+c b+c a+b+c c+a a+b+c
Cong cac BDT vé theo vé, ta dugce dpem.

b) Str dung cau a), ta dugc:

¢) Str dung tinh chat phan s, ta c6: a & “ :
a+b+c+d a+b+c a+c
, b b b c c c
Twong tuta co < < 5 < < :
a+b+c+d b+c+d b+d a+b+c+d c+d+a a+ec
d d d

. Cong cac BDT vé theo vé ta dugc dpem.

< <
a+b+c+d d+a+b d+b
a+b - a+b - a+b+d
a+b+c+d a+b+c a+b+c+d
Cung v6i 3 BDT tuong tu, ta suy ra dpem.

Bii4.2: a) BDT< abz> + a® +b* zy +aby®> > a+0b ny

d) Chung minh tuong tu cau c). Ta coé:

< ab :zz—y2 > 0 (dung)

: £ N - ’ +a)* _ (c+b)
b) Binh phuong 2 v¢, ta phai chung minh: (c — >
) phuong p g R

& (a —b)(¢* —ab) > 0. Diéu nay hién nhién dung do giai thiét.

1 1 2
c)Tacé—+—:—$g:1+ﬁ,E:l+£

a ¢ b b 2 2¢b 2 2a

& 1 Y1 Loy 1ie gy
BPTe b b >y 2 20 12 20 >y

a C a C

22 W 2°-1 142—1 14+5-1

b b & a
<:>%+1+%+1>4<:>§a+ =8 e a—CQZO(d{mg)

20 2 2¢ 2 2 ac
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d)BPT< (a+b—c)(b+c—a)(c+a—0b) > 0(dung)
Bii4.3: a) BDT & —2*y + ay® + 2°2 — v’z —22® +y2* <0
& @-y)y—2)(z—2)(z+y+2) <0 (dingviz >y >2z>0)
b) BT & L(x — ) (y—2)(x — 2)(zy + yz + zz) > 0 (dGng viz >y > 2 > 0)
TYZ
Bai 4.4: Ta co: 1 + 1 < 1 & 1 + 1 < L
1,101 10 1 a+b c+d” atbte+d
a b ¢ d a+c b+d ab cd a+c Gfd
ab cd a+c b+d ab c+d +cd a+b a+ec b+d
& = % & <
a+b c+d ga+b+e+d a+b c+d SRRD + c "
abc+abd+acd+bcd<ab+ad+bc+cd

ac+ad+bc+bd =~ a+b+c+d
& a+b+cec+d abec+abd +acd +bed < ab+ad +bc+cd ac+ ad +bec +bd

& 2abed < a’d® + b’c® < a*d? — 2abed + b > 0 < ad —be ] > 0.

Do bt ding thic cubi cung ding nén bat dang thirc cAn ching minh ciing ding.

Dau " = " xay ra khi va chi khi ad = bc.

Bai 4.5: Vi a,b,c € [1;3] do d6 ta c6

a—1 b—1 ¢c—1 + 3—a(3—-0g: =V

& 2ab+bctca —8 at+b+e +26>0< a+bt+c —8 atbtc +26>a+b+c

Mia+b+c=6suyraa’+b+c <14.
Bai 4.6: Ap dung BDT C6si cho hai sb thuc duong ta c:

2+ 12 > 2aypa = 32\/;2§ oo 1
2y 2y wy
Tuong ty: 2y Si; 2V §i¢VT§i+i+i.
v+22 e 2P+ Ty Yz 2

1 1 1 1 1 1
Mit khac: @*> +b0* +c¢* >ab+bc+ca = —+—+ —< —+ —+ —
ry yz 2z oy 2

1 1 1 .
Vay: VI < — + — + — = dpem. Dang thitc xayra & 2 =y = 2z = 1.
z

oy

, . ) /1 3 3
Bai 4.7: Ap dung BDT C6-si, tacd: 1+ z° + ¢* > 3ay = tr Y > \/[,E
Y NTY
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i+ +28 V3 i+ 440 V3

=

Yz N \/;’ 2% Ver

Cdng ve voi ve cac bat dang thuece trén, ta dugc:

Chung minh tuong tu, ta dugc:

3 3 3 3 3 3
\/1+x +y +\/14—1/ + z +\/1+z +x Z\/g 1 4 1 n 1
Ty Yz 2y Yy Yz \/Z
Ap dung bét dang thirc Co-si, ta co: L -4 . + L > 3 =3 2
' Vo ye Na o Y
Tir (1) va (2), ta ¢6 diéu phai ching minh.
Diang thirc xay ra khiva chikhi z = y = 2z = 1.
Baidg — —1- ¢ b ¢ d g bed
l+a 1+a 14+4b 1+c¢c 1+4+d 1+b6 1+c 1+d
Xay dung cac BDT tuong tu rdi nhan vé vdi vé ta duge abed < é
Bai49:1- 2 —1tb-a_ b ¢ o, be
1+0b 145 1+4¢c 1+4+a 14¢ 1+4a
Chung minh tuong tu, ta thu dugc:
1+b—a 1+c—b 14+a—c > 8abc
@[1—!—1)_1][1—#0_&][1—!—@_1 > 8
a b c
Bai4.10: Taco l=ayz z+y+2 =yz 2° + 2y +az
Ap dung BDT cési ta c6
P=x+ vy 2 + 2 =yz+ 28 +ay+ = 22\/yz. ?+aoy+ax =2
Suyra min P = 2.
Bai4.11: Tac ———— = - - i gl[ - :
Vi+a®  ab+cb+ca+ a? \/a+b a+c 2lat+d a+c
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b 1 b b c 1 c c
Tuong tu = = + 5 < - + .
J1482  2la+b b+e) Ji4+e2 2la+cec b+e

Cong vé voi vé cac bat dang thirc trén suy ra diéu phai ching minh.
Bai 4.12: Ap dung BDT cbsi ta co

ab ab ab 1

— — S -

Je+ ab \/c a+b+c +ab \/c+a c+b 2

Tuong ti ta o6 be <1[ be n be ]’ ca S%[ ca " ca ]

ab ab
c+a c+b

Na+be 2la+b a+4c) Jb+ca b+a b+c
. . be ca 1
Cong ve vai ve cac BDT trén ta dugc + + .
\/c+a,b \/a-i—bc Nb+ca 2
3a+b+ec
Bai413:BbT < a+b+c+————>
ab + bc + ca
, , 3a+b+ec 3a+btc’
Ap dung BDT cositacd a + b + ¢ + > 2
ab + be + ca ab + be + ca
s i 3a+b+c’
Do do6 ta chi can chtirng minh 2 =
ab + be + ca
& a+b+0223 ab + bc 4+ ca (dung)
.. . 1 1 1
Bai4.14: Tacd 1+ abc + + + &=
a 1+0b b 1+c c 1+a
_|1taebe ), |10 1| 1tabe |
a 1+0b bl1l+c cl4+a
_1+a+ab+abe 1+b+bc+abc+1+c+ca+abc
a 1+5b b1+c cl4+a
_1+a b1l+c 1+ c 1+5b 1+e¢ a 1+0b
Ca1+b a 1+b b 1+c¢ b 1+¢ cl+a cl+a
Ap dung BDT c6si ta ¢6
>3 =3

3a 146 bl4+ec ¢cl+a

1+a n 1+5b6 n 1+4+¢ | 1+a 1+5b 1+c¢
a l+b b 1+c¢ cl+a |
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b 1+¢ c1l+b a l+b bl+ec cl+b al+b
I + > 33 . .
a l+0 b1l+e cl+a al+db bl+ec ¢cl+a
1 1 1
+

+ +3>6
al+bd b 1+c c l+a

Suyra 1+ abc

1 1 1
< + +
a l+b b l+e cl+a

> g DPCM.

Pang thuc xay rakhi vachikhia =b=c¢ =1
Bai 4.15: Ap dung BDT c6si ta co

\/a+b+\/b+c+\/c+a 23?\)/\/a—i—b.\/b—l—c.\/c—I—a
2ab 2bc 2ca 2ab 2bc 2ca
a+bb+cc+a

2ab  2bc  2ca

,a+bb+cct+a_ 2V¥ab 2Vbe 2V ca 2
Ta co . . 2 . . =—(1)
2ab  2bc  2ca 2ab  2be  2ca abce

Matkhic 3 =a+b+c > 3Vabe = abe <1 (2)
Tir (1) va (2) suy ra (*) ding. Pang thirc xay rakhi vachikhi a = b = ¢ = 1.

>1(%

Do d6 ta chi can chimg minh

Bai4.16: Taco BT« 2+ 24 C 40 ¢ a ,atbhe
b ¢ a a b ¢ Yabe
Ap dung BDT cési ta c6 E+ﬁ+ﬁ > 3@ - — [3a
b ¢ a b c a Jabe
Tuongtu:tacéé-lré-l-éz b ,£+E+EZA36
¢c a b Yagbe a b ¢ Yabe
Cong vé v6i vé cac BPT trén ta duoc
8 2, C gl N A 30t0tcC
b ¢ a a b ¢ Yabe
M3t khéc théle BB Teosi tacs 2121 ¢ > 3
Yabe
Dods 42y Cpbcasyatbte ooy
b ¢ a a b c Yabe

Ding thirc xay ra khi va chikhi a = b = c.
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Bai 4.17: Ap dung BPT Cosi ta c6:
2a a\/_ > a\/g

2b4+2c—a \/3a2b+20—a T a+b+ec

Tuong tu: ,/ 2 w/
2¢c+2a—b a+b+c 2a+2b—c a+b+c

Cong 3 BDT trén ta dugc:
< \/g(a +b+c)
T a+4+b+c

Vay min P = V6.

Bai 4.18: a) Ap dung bat dang thirc Co-si, ta co:

= \/E.Déngthﬁ’cxéyra o= b= e.

a® + b +b* > 3ab®, b* +c + & > 3bc?, & +a® +a® > 3ca’
Cong vé véi vé cia céc bat déng thue trén, ta duoc:

3 a2+ 4+ >3 ab® + bc® + ca?

S ad 4+ 02+ > ab® +be? + ca®

Dau dang thirc xdy ra<s a = b = ¢

3

3 3
b) Ap dung bét déing thirc Co-si, ta c6: % dmi > 20 | e > 952, & 4 eq > 92
C a

3 .
Cong vé v6i vé ciia cac bat ding thie trén, ta duoc: ? F— 0 + +ab+bc+ca>2 a*+ b+
c a

(1)
Laicd, a® + b* + ¢ > ab + bc + ca (2)
3 3 3

Tﬁ(l)vé(2)suyra:%+—+C—+ab+bc+ca22 ab + bc + ca
c a

3
(:>—+b +—>ab+bc+ca
b c a

Déu dang thirc xay ra khi va chikhi a = b = c.
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7 . 6 6 bb 4
¢) Ap dung BDT cési 44842 > 3a_
v c

6 b6 6 4 b4
Ching minh tuong tu, ta thu dugc: a + — + C— > a 4= 4 =
/S & c a b

Bii 4.19: Ap dung bét ding thitc Co-si, ta ¢6: a® + b° + —= > abV3

3\/_

b4+ — > bV, ¢t ad + —— > cav3

3J3 3V3

Cdng ve voi ve cua cac bat dang thuc trén, ta dugc:

2 @ + b 4 c* _|_L2 3 ab+bc+ca =3

V3
; A ‘ 2 ‘ A 1
$2a3+b3+63 2_:>a3+b3+032_
7 7
Dau dang thic xdyra ¢ = b = ¢ = L
V3
1
Bid.20: Tacs: 4 a+b+c = 3abees g 1413
ab  bec ca 4
1 iy 1 1
Ap dung bét dang thirc Co-si, ta c6: — 3PS+ §—
a®> b 87 2 ab
1 1 1_.31 1 1 1_31
—t+—+=-zZ2-FfF - t=-=-—
b ¢ 87 20bc ¢ a4t 87 2 ca

Cong vé vdi ve cua cdc bat dang thuc trén, ta dugc:

1 1 1 373 1 1 9 1 1 1
A=t md | Fo> S o — = = >
[a3 b? 03] 8 _Q[ab be ca] 8 a* v

co|w

Diu dang thirc xay ra khi va chikhi a = b = ¢ = 2
Bai 4.21: a) Ap dung bat dang thirc Co-si, ta c6:
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3 3
_ @ yhybhesg) o bbte 3,
b b+c 2 4 bb+c 2 4 2
3 3
Tuongtuf,tacc’):b7+£+c+az§b,67+g+a+bz§c
cct+a 2 4 2 aa-+b 2 4

Cong v€ vdi ve cua céc bat dang thuc trén, ta dugc:

CLS b3 CS

+ +
b b+ ec c c+ta a a-+b
a® 1 b? c
b b+ c c c+a a a+b

—|—a+b+czg a+b+c

3

2% a+b+c

Déu dang thirc xay ra khi va chikhi a = b = ¢

b) Ap dung bit ding thirc Co-si, ta co:

o +b+20+b+20>3i/ i .b—|—2c.b+2c_a

hioe’ 2T 27 T e U
3

Tuong tu, ta co: . 2+c+2a+c+2a2§’
-9 27 ST 3

3

c 2+a+2b+a+2bzg

o+ % 27 27 ~ 3

Cdng ve vdi ve cua céc bat dang thuc trén, ta duogc:

3 b3 3 b b
a 2+ 2+ c 2+a—|— —l—cza+ +c
b+ 2 c+2a a+2b 9 3
a3 b3 C3 2a+b—|—c
& =+ -+ ;=
b+ 2c c+2a a+2b 9

Déu dang thirc xay ra khi va chikhi o =b = ¢
Bai 4.22: Ap dung BDT Cési cho ba s6 thuc khong am ta ¢o :

P +1+1>32% 11 =3z < 2> +2>3z.Tuongty: 4> +2 > 3y; 2° +2 > 3y
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Cong ba BDT trén lai v6i nhau ta dugc : 2° +y* +2° +6 > 3(z +y + 2)
Miatkhac: 2 +y +2 > 3Jazyz =3 = 2(x +y +2) > 6.

=2+ +22+6>@+y+2)+2ze+y+2)=2"+9y +2° >z +y+2 dpem.
Pang thic xdyra & ¢z =y =2 = 1.
Bai 4.23: Ap dung BDT Cosi ta co:

ot +i zzaﬁ - p? +i > 2 b2 ; c* + 1 > 8 b* cong ba BDT lai v6i nhau
81 9 81 9 81 9
1 a4+ d+b 4+
= a'+b' +c' +—=> e
27 9 9

Mat khac: a® + 0> 4+ ¢* > —(a + b+ ¢)’ 2% = 9a* +b*+c*) > a®* +b*+¢* dpem.

Wl

. 1
béng thtic xdyra & a =b = ¢ = 3

Bai 4.24: Data—l—l—— b—l-l—l; c:l-l-léa—l-b-l-cle

z y z
Tacod: a* +4* +4* +4* > 4Y42¢* = 4*q & a* +3.4* > 4*a. Tuong ty
b* +3.4* > 4'b; ' +3.4* > 4*c cOng ba BDT trén lai v4i nhau ta dugc

at +b0'+ct+94 >4 (a+b+c¢)>124" = a' +b* +c¢* > 3.4 =768 dpem
Pangthiicxdyra & a =b=c=4 oz =y=2=-.

Bai 4.25: a) Ap dung BDT c6si ta ¢6

1 1 1 1 1
= = — +|—f&t > _ = 6b)
ab  a®>+ 0> 2ab 268\, o> —H)2 2ab o’ +62 a+b a—l—b

Ap dung BDT cési ta c6

1 2 1 1 5 1
A= +—+4ab =|— +—|+—+|-—+4ab|.
a>+b  ab [az + b 2ab] 4ab [4&6 ]

a>—2 4y 05 s =4454+4=11
a+b a+b 4ab

272 272 2
c) Tacod a+ b + . b+1ab+1 b—l—1
b2 a2 b’ a’ ab
1 1 15
Taco: ab —:[ b 1
aco. a +nh “ +1ﬁnh/ 16ab ()
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1 1

Ap dung BDT Cési ta c6: ab + > 2,/ab. =—-(2)
16ab 16ab 2
mal o0 o ntnab<i o l>d 3)
2 2 4 ab

TfI(l)(Z)(3):>ab+ib21+E4:£
a

2 16 4
2
:>a2_|_l b?+izg :@
% a? 4 16

Bai 4.26: Ap dung BDT cési ta co a2+i2a:>a2+b+22a—l—b+%
b2+12b:>62+a+§2a+b+1
4 4 2

2
Suyra[a2+b+2][b2—|—a—l—2 > a+b+%] (1)

2 2
Theo BDT cdsi ta lai ¢ 2a+1 2b+1 % 20 st "1 a+b+1 (2)
) 3 9 2
Tir (1) va (2) ta c6 diéu phai chirng minh.
Bai 4.27: Trudc tién, ta dé dang c6 zyz < 1
Ap dung cosi ta c6 L + i
zyz  (z+y)(y+2)(z+7)

! L, 1 L 22

2zyz  |2zyz (49 +2)+2)| 2092 Juye(e +y)(y + 2)(z +2)
_ 1 22

2zyz \/:vy—I—xz Yz +yr 2x + 2y
Sl 22 3 3

2 ycy+a:z—|—yz+yx—l—zm+zy] 2

3
3 +2 > —2y+4 3 -
Bai4.28: Taco — 4= ¥ Y S8, v %ty y =6
Yy + 0 Z( Z [5) Y +0 Z
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Tuong tu ta cd
3 Y 3 w2
Y >9y+z =6 =z >9z+x T 6n‘

> : > én
2*+8 27 7’ + 8 27

0z+y+2z — 2+y*+2° —18 12— 22 +4> 4+ 722 ,

> = ma ta lai co
27 27
12— 22 + 9> + 27 3+ x+y—|—z2—x2+y2+22 1 2
= =—+4— gy + yz T
27 27 9 27

Tir d6 suy ra diéu phai chtimg minh . Pang thirc xay rakhi z = y = z = 1.
Bai 4.29: Ap dung BDT cési ta co

\/3a2+8b2+14ab:\/a+4b 3a 4 2b §%4a+6b — 9a + 3b

a’ a’

= >
J3a2 + 802 + 14ab  2a+ 3b
2 2 N
a +2@—1—3b>2_a:> a >8a 3b

Mat khac = 2z
2a + 3b 25 5 2a + 3b 25
2 i
Do dé a > 8a — 3b
J3a® + 8b? + 14ab 25
2 _ 2 _
Titemg e 05 b g 8b — 3¢ @ s 8¢ — 3a

J30? 8¢ +14be 25 /3¢ + 8a® +14ca 25
Cong vé voi vé cac BDT trén ta dugc diéu phai chirg minh.
Bai 4.30: Ap dung bat dang thirec BDT co6si ta cé

6/1+ 16z <[14 16z ]+9:2(8x—|—5y+5z)
Y+ z Y+ 2z Y+ z

Suy ra /1 + i < — (*). St dung (*), ta c6
Y+ 3 3y +2)

16z 16z
1 16z A 1 16z 1 | — y+z 1>8 5y—l—z5 1 — 6z L
+ z + z T+ by + bz T+vy+z
Yy Y 1 16z 1 Y 1 Y

y+z)

y+ =z 3(
1 1
Tuong tu, ta cling cé 1f1+ Oy > by +1, ,/14— bz > 0z + 1.
Z+x rT+y+z T+ TH+y+z

Tir d6 suy ra dién phai chirng minh
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