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GIOI HAN HAM SO LY THUYET VA PHUONG PHAP GIAI TOAN
TOM TAT LY THUYET
1). Giéi han ctia ham s6 tai mot diém:
a). Gi6i han hiru han: Gia st (a;b)1a mot khoang chira diém x, va f la mot ham s& xéc dinh trén tap hop
(a;b)\ {xo} . Tanodi r:?mg ham s6 f ¢6 gidi han la s6 thuc L khi x dan dén x,, (hodc tai diém x, ) néu véi
moi day s6 (xn) trong tap hop (a;b) \ {xo} ma limx, =x, ta déu cd Iimf<xn) =L. Khi d¢ ta viét:
lim f(x)=L hodc f(x)—>L khi x—>x;.

x—=X,
Nhan xét:
e Néu f(x) =c,Vxe| ,trong d6 cla hing s6 thi lim f(x) =limc=c.

X—)XU X—)XU

e Néu f(x):x,Vx e thi lim f(x): lim x=x, .
X*)XO X‘)XU

b). Giéi han vo cuc: Gia s (a;b) la mot khoang chita diém x, va f la mot ham s6 xac dinh trén tap hop

(60)) o)

. 35{}0 f(x) = +o0néu v6i moi day s6 (x,, ) trog tap hop (a;b)\{x,} ma limx, =x, ta déu co

limf(x) =400,

e lim f(x) = —oo néu véi moi day sd (xn) trog tap hop (a;b) \ {xo} ma limx, =X, ta déu co
X*)XU
lim f (x) =—0,
2). Giéi han ctia ham s6 tai vo cuc:
Gia sit ham s6 f xac dinh trén khoang (a; +oo) . Ta noi réng ham s0 f c6 gidi han la s6 thuc L khi x dan t6i

+o0 néu véi moi day s6 (x,, ) trong khoang (a;+e) ma limx, =+ ta déu 6 limf(x, )=L.Khido ta

viét: lim f(x)=L hodc f(x)— L khi x — +oo.

X—>+0

Céc giéi han lim f(x)=+0, lim f(x)=—0, lim f(x)=L, lim f(x)=+, lim f(x)=-% duocdinh

X—>+00 X—>+0 X—>—© X—>—00 X—>—00
nghia hoan toan twong tu.
Nhan xét:
Ap dung dinh nghia gi6i han ctia ham s6, c6 thé chiing minh duoc réng: Véi moi s8 nguyén duong k, ta
co:
) 1 1

Iim x*=40 lim —=0 lim —=0
X—>+30 X—>+00 % X—>—00 Xk

3). Mot s6 dinh li vé giéi han hitu han:
Dinhli 1: Gia st lim f(x)=L va lim g(x)=M (v6iL, M ; ).Khi dé:

X %o X=X
° gi_)ritj[f(X)+g(X)]=L+M o)}i_%[f(x)—g(x)]:L—M
i — ~ <o f(X) B L
* XILHXL [f(x)'g(X)J_L'M eNéu M #0 thi XIEQ]W_M
Hé qua:
e Néu c la mot hang s& thi lim [C.f(x)} =clL.
X—)XU

e lim (a.xk)zaxg (ahangsdva ke¢™).
X—)XO
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Dinh1i 2: Giasir lim f(x)=L.Khi do:

X*)XO
— : _3
£(x)|=[u) * lim () =L
e Néu f(x) >0 véi moi x e]\{xo}, trong do J 1a mot khoang nao do6 chita x,,, thi L>0 va
Xli_)n)}oﬂlf(x) =\/E .

Chu y:
Pinh li 1 va dinh 1i 2 van dang khi thay x — x; bdi x — +00 hodc x — —w.

e lim
X*)XO

Dinh 1i 3: (Dinh li kep vé gi6i han ham s6): gia st J 1a mot khoang chita x,, va f, g, h la ba ham sg xac

dinh trén tap hop ]\{xo} .Néu f(x)ég(x)sh(x) voi moi xe]\{xo} va )}i_l;lxlof(x)z lim h(x):L thi

X=Xy

lim g(x) =L.

X=X,
Cht y: Dinh1i 3 van dung khi thay x — x, bdi x - +0o (trong cac treong hop nay thay tap hop ]\{xo}
bang khoang (a; +oo) ) hodc x —» —o (trong cac treong hop nay thay tap hop ]\{xO } bang khoang (—oo;a)
).

Dinh li 4: Néu lim

X—)XO

f(x)|:+oo thi Xh_)r{(loﬁzo

4). Mt vai quy tac tim giéi han vé cuc:
Qui tdc 1: Néu lim f(x) =700 va lim g(x) =L (voi L#0) thi lim [f(x).g(x)} duoc cho boi bang sau:

X=X, X=X X—=Xq
lim £(x) R cia tim [£(x) g (x)]
+00 + +00
+00 - —o0
—0 P —00
—00 - +00
Quy tic2: Néu lim f(x) = L,(L # 0), lim g(x) =0 va g(x) >0 hodc g(x) <0véimoi x € (a;b)\{xo} thi
X—)XO X—)XO
- f(x) y
lim —=% dwoc cho boi bang sau:
X=X, g(x)
D ot o
ductia L Déu cua g(x) . f(x)
X—>Xq g(x)
+ + +00
+ — —Q0
- + -0
- +00

5). Cac dang vo dinh:

Cac dang vd dinh truong gap: %,2,0,00,00 —©.
0]

6). Gidi han mot bén:
a). Gidi han hitu han:
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* Gi6i han bén phai: Gia st ham s6 f x4c dinh trén khoang (x,;b),(x, € ). Tanéi rang ham s6 f ¢6 gici
han bén phai 1a s6 thiee L khi x dan dén x; (hoac tai diém x,) néu v6i moi day s6 (xn) trong khoang
(xo;b) ma limx, =x,, ta déu co limf(xrl ) =L.Khi d6 ta viét:

lim f(x)=L hogc f(x) > L khi x > xj.

XX

* Gi6i han bén trai: Gia st ham s6 f xac dinh trén khoang (a;x0 ),(xo €] ) . Ta néi rf?mg ham s0 f c6 gidi
han bén trai la s6 thuc L khi x dan dén x,, (hodc tai di€ém X, ) néu véi moi day sd (xn) trong khoang
(a;x,) ma limx, =x,, ta déu c6 limf(x, )=L.Khi do ta viét:

limif(x) =L hoac f(x) — L khi x—x;.

X—>Xg

Dinh1i5: lim f(x)=L < lim f(x)= lim f(x)=L

X=X, XX X=X,
* Gioi han vo cuc:

lim f(x) =+, lim f(x) =—o, lim f(x) =400 lim f(x) =-w duwgc phat biéu twong tw nhw cac dinh nghia ¢
X=X XXG X=X X=Xy

phén gidi han hitu han.
Pinh li 5 van dung véi gidi han vo cuec.
Céc dinh 1i vé gidéi han hitu han va cdc quy tac tim gidi han v6 cuc van ding trong trieong hop x — x;
hay x — x; .
PHU'ONG PHAP GIAI TOAN
VAN DPE 1: TIM GIOI HAN CUA HAM SO BANG PINH NGHIA:
PHUONG PHAP GIAI TOAN:

a). D€ im lim f (x) ta lam nhw sau:
X*)XO

* Xét day s6 (x,, ) bét ky thudc tap xac dinh D vdi x,, # x, ma limx, =X,
*Tim limf(xn ) :

e Néutaco limf(x,)=L thi lim f(x)=L.

X—)XO

e Néu ta co limf(xn ) =4 thi lim f(x) =40,
X-—)XO

b). D€ tim lim f(x) hodc lim f(x) ta [am nhu sau :

X—>+00 X—>—00
*Xét day s6 (x, ) bét ky thudc tap xac dinh ma limx,, =+ .
* Tim limf(xn ) :

e Néu ta cd limf(xn)zL thi lim f(x):L.

X—>+00

e Néu ta 6 limf(x,, )= 4o thi lim f(x)=00.
X—>+00

Hoan toan twong tw khi tinh lim f(x) .

X—>—00
c). b&€ chting minh ham s6 f (x) khong c6 gidi han khi x — x,, ta thiong lam nhw sau :
Chon hai day s6 (un) va (Vn) cung thudc tap xac dinh ctia ham s§ sao cho u, > x,,v, 2X, vacd
limu, =limv_ =x,.

Chttng minh lim f (un ) #lim f (vn) hodc mot trong hai giéi han nay khong ton tai.
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Khi d6 theo dinh nghia ta suy ra ham s6 khong c6 gi6i han khi x — X, .

Déi vdi cac treong hop x — x!,x — x5, X = —0,X — 40 ta cling lam tueong tu.
0 0

CACH KHU DANG VO PINH % (Dang nay thwong gap khi x — x).

o P(x) , N
DANG 1: Ham s6 f(x) = m trong do P(x),Q(x) la da thirc theo bién x.
X
PHUONG PHAP: Phan tich da thikc thanh nhan ttt, sau d6 rat gon biéu thikc lam ca t& va mau bang 0.
Phan tich da thitc thanh nhan t¢ c6 cac phwong phap sau:
e Str dung bay hang dang thitc dang nhd.
e Néu tam thutc bac hai thi sit dung ax® +bx+c= a(x—xl)(x—x2 ),(a # 0) vOi X;,X, langhiém cta
phuong trinh ax® +bx+c=0.
¢ St dung phuong phap Hoocner . Phép chia da thttc P(x) =ax* +bx® +ox® +dx+e cho (x—Xx,) theo so
d6 Hoocner nhu sau:

a b C d e

_ 3 2
Xo a bl—aXO-i-b Cl:ax§+bxo+c d; =axj +bxj +cx, +d

Hang th nhat dién hé s6 cua da thic P (x) tr & thit hai dén 6 cudi ciing. O hang thit hai 6 d4u tién dién
gia tri x, 1a mot nghiém ctia P(x) , 0 thtt hai viét lai a, 18y (x0 a+ b) dat vao 0 th ba, 1ay

Xy (xoa +b)+ c=axj +bx, +c dién vao 6 tht tw, 13y x, (axg +bx, + C)+d =ax; +bxj +cx, +d dién vao 6
tht nam, 13y x, (axg +bxg +ox, + d) +e =0 (bat budc tdng nay phai bang 0, thi day méi 1a phép chia hét).
Khi d6 P(x) duoc viét lai

P(x) =(x—x0)(ax3 +b1x2 +C1X+d1)

Vi du: Tim cac gidi han sau:

3 3 52 oy 3 2
a). lim : X’ +8 b).L = lim 2x3 5x2 2x -3 0. lim2x +5x° +4x+1
2% +11x+18 3 4x% —13x% +4x -3 ol 53 4 x? —x—1
3
d). lim[ ! .. J e). lim41—X2 ). lim[ . L, - L j
o2\ x=2 x3_8 x-1x* —4x% +3 x=2\ x° =3x+2 x°-5x+6

LOI GIAI
a).Tacd x* +8=x"+2° = (x+2)(x2 +2x+4) (4p dung hang dang thic), va x* +11x+18 = (x + 2)(x + 9)
(véi x; =-2 vax, =-9 1a hai nghiém ctia phuong trinh x* +11x+18 =0).

o xX18 C(x#2)(¥-2x+4) e lovia 12
Do @6 lim > =1lim =1lim =—,
23 +11x+18 2 (x+2)(x+9) 2 x49 7

3_ 2_ _

b).L =lim 2"3 5"2 2x-3

=23 4x” —13x° +4x-3
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Thay x =3 vao ca tit va mau thady déu bang 0, nén x = 3 1a mdt nghiém ctia hai da thitc ca mau va tie. Cé
nghia (x—3) la nhan i chung, ta phan tich da thitc & tir va mau thanh nhan tit bang phuong phap
Hoocner. Cach lam nhuw sau:

Phan tich twr s6; 2x° —5x* ~2x -3 = (x=3)(2x* +x+1)

Ké bang nhu sau. Sau d6 dién hé sd cta tiing s6 hang vo6i s6 ma giam dan vao cac 6 @ hang dau tién véi 6
tht nhat &€ trong. O hang thi hai: dién gia tri lam da thiec bing 0 & day 1a chit s8 3. O thit hai dién lai gia
tri 0 6 thit hai cia hang mot xudng (ta thuong hay néi “dau roi xudng”), sau d6 lay 3.2+(-5)=1 dién

chit s6 1 vao 6 thtt ba, 1dy 3.1+(-2) =1 dién chit s6 1 vao 6 thit tu, cudi cung 18y 3.1+(-3) =0 dién vao 6

cudi cung.
2 -5 -2 -3
3 2 1 1 0
Phan tich mau s6: 4x° —13x> +4x-3 = (x—3)(4x2 —x+1)
4 -13 4 -3
3 4 -1 1 0
x=3)(2x* +x+1 2
Do do L—lim. I )znmwzﬂ.
X3 (x—3)(4x2 —x+1) 3 4x* —x+1 17
3 2
c). L= lim 25X v ax+l .Tathdy lim (2x3 +5x° +4x+1) =0va lim (x3 +x? —x—1) =0 nhu vay day
x—-1 X3 +X2 _X_l x——1 x—-1

la dang gidi han v dinh %ta phai phan tich ca t&t va mau thanh nhan t& d& khtr vo dinh. Phan tich nhan

tr bang phuong phap Hoocner
Phan tich tir s6: 2x° +5x* +4x+1= (x + 1)(2x2 +3x+ 1)

2 5 1
-1 2 3 1 0

Phan tich mau s6: x° +x*> —x-1 :(x+1)(x2 +Ox—1) = (x+1)(x2 —1)

1 1 |1
1|1 0 1 o
1)(2x* +3x+1
Tir d6 L = lim )2t 3t )z lim 2X2+3X+1,tatha’y lim (2x* +3x+1) =0 va lim (x*~1)=0 ta
x——1 (X+1)(X2 _1) x——1 X2 -1 x——1 x——1

X VI | A A bt 5 A e e 5
van con dang vo dinh 0 nén phan tich thanh nhan tt tiép, ta lam nhu sau:

i 2O (x+1)(2x+1) o 2x+1 1
>l 21 o (x#+1)(x=1) ol x=1 2

d). Budc dau tién ta phai quy dong mau, sau d6 phan tich da thikc ctia tit thanh nhan ti va rat gon hang

2 —_—
tr vO dinh Lzlim( L 12 j =lim 1 122 =lim X +22X 8
o2(x=2 x> -8) o2 x=2 (x=2)(x*+2x+4) | 2(x=2)(x* +2x+4)

. (x—=2)(x+4) . xX+4
=1lim =1lim =
2 (x=2)(X* +2x+4) x>2x% +2x+4

1
>
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e). L= hm% Phan tich ttr s8 1-x° :(1—x)(1+x+x2) . Phan tich mau s8 x* —4x* +3
x>l x® —4x" +3

=x"* +0x® —4x? + 0x* +3 bing Hoocner:

1 0 -4 10 3

1 1 1 3| -3|0

Do dé x* —4x? +3= ( )(x +x% —3x— 3)

(1—x)(1+x+x2) —(1+x+x2)

T d6 L =1lim =lim :E.
X—’l(x 1)(x +x% —3x— 3) 1x3 4 x2-3x-3 4

f). L= hm( ! + ! J =lim
2\ x? —3x+2  x*-5x+6

DANG 2: Ham s6 f(x) = P<X) trong do P(x),Q(x) 13 cac biéu thitc c6 chtta can thirc theo bién x.

Q(x)
PHUONG PHAP:
Budc 1: Nhan Iwong lién hop.
2 12
a-b=2 E
2 a+
e a’-b (a+b)<a—b)—> e
a+b=
a-b
3 13 3,13
o a—b:# N a+b:$.
a?+ab+b? a’-ab+b?

. Q/E—b _ a-b°

(%/5)2+€B.b+b2 ({’/3)2+%/£.b+b2'
o R T A
(a) Yabsv? () -Yabev?

bt
a2+a.3b+(3/g)2 a2+a.3b+(§/g)2

(a+§’/§) a’ —a.3b+({’/g)2

e Ja+b=

« 2+3b = L J_ a’+b
a’-a. b+(\/g)2 a’-a. b+(\/g)2
o ]

(R o] (4] o)
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II([M{(I) fﬁ(%” e
(] Gt (o] (%) 9o e(t)

Budc 2: Phan tich da thikc thanh nhan tit, sau d6 rtt gon hang tit chung ctia ca tir va mau.

Vidu 1: Tim cac giéi han sau:

Yx+3-2 o 2- \/ X —2x+6—x2+2x—6
a). lim b). lim ). lim

x—1 X — ]_ x—>7 X — x—3 X2 —4x+3
Vx+2-2 A Ex+2-1-x . Ax+2-+2x
d). lim e). lim f). lim

22\ x+7 -3 xonl x* +x x>2 x—1-3-x
Vax+5—-+/3x+6 Vx+1-+/3x-5

) 1‘”1 Jx+3-2 " }gr;\/2x+3—m
LOI GIAI
a). lim m_zzlim x+3-2 =lim x—1 =lim L —l.
ol x—1 ol (X_1)(m+z) = (x—l)(\/x+3+2) T x+3+2 4

2-+x-3 . 2% —(x-3) 7-x

b). im ———=1lim = -1 L

=1 .
T X9 (i 49)(2+\/ )H7(x 7)(x+7)(2+\/ ) X1$(X+7)(2+\/x—3) 56
o). lim VX2 —2x+6 —Vx2 +2x -6 lim (X2‘2X+6)‘(X2+2X_6)
>3 X' —4x+3 X_>3(xz—4x+3)(\/x2—2x+6+\/x2+2x—6)
=lim _4(X_3) =lim —4 :_l

X3 (x—l)(x—?))(\/xz—2x+6+\/x2+2x—6) e (x—l)(\/x2—2x+6 +\/X2+2X—6) 3

; Ki2-2 <x+2—22)(\/x+7+3)_ ' (x—2)(\/x+7+3) a7 3
). lim =lim =lim =l

ST 8 (xa7g (k2 2) 0 (x-2)(xaze2)  iake2e2 2
I +x+2 -J1-x <x2+x+2)—(1—x) @ 4oxil

e). lim = lim = lim

b X' +x H_l(x +x)(\/x +X+2+1- x) H_lx(x3+1)(\/x2+x+2+\/1—x)
¢ (x+1)2
=lim
H_lx(x+1)(x2—x+1)(\/x2+x+2 +\/1—x)
x+1

:m :O

A x(xz—x+1)(\/x2+x+2 +\/1—x)
x+2—\/§ . (x+2—2x)(m+\/3j)
%2 x—1-+f3-x _Hz(x—l—3+x)(M+x/Z)
(ET) AT
02 2(x=2)(Vxr2+42x) w2 2(Vx+2+42x) S
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i fixe5-\Bxs6 (4x+5—3x—6)(\/x+3+2)
BT k32 ’Hl(x+3—4)(\/4x+5+x/3x+6)

(X‘l)(m”) i Ix+3+2 2

:gg}(X—l)(\/m+M) 1 Jax+5+3x+6 3
x+1-3x-5 —Z(X—3)(M+M)

—2( 2x+3+ x+6)
h). lim lim =lim

x>3\2x +3 —yx+6 x3 (x—3)(ﬁ+ﬁ) X3 ( x+1+ﬁ)

=-3

Vi du 2: Tim cac giéi han sau:

. Yax -2 C 10+2x +x-1 . X3 =27
a). lim b). im —————— ¢). lim
x—>2 X—2 x>-1  x2 41 3x+2 X_’3x+1—\3/4x2+28
o Yx-1 o Pox—1-3x . Yax-3-1
d). lim e). lim~22 Y% f). lim Y22
X—>1«3’x—2+] x—1 \/;_1 x—1 x—1
LOI GIAI
34w 3 2 3 3
() () et gw e , apes)
a).TaCO\/E—Z: 5 = A = A = A
(19/&4) +2.§/&+4
4442 4443
A
3 _ 2(x-2
Do dé lim\/& 2:lim (X )—' 2 2

1
x=2 X—2 va(x—Z)‘A_XLII;X_(Q/E)2+2.§/E+4—g.
b). Ta co J10+2x° +(x—1)

2
[\3/10+2x3 +<x—1)}{(%/10+2x3) —%/10+2x3.(x—1)+(x—1)2}

(3J10+2x3 I —J10+2x (x=1)+(x-1)’

4444444424444 44 443
A
—\3
_(310+2X3j +(X_1)3 3x3—3x2+3x+9_3(X+1)(X2_2X+3)
a A h A B A

Va cod x2+3x+2:(x+1)(x+2)

Y1025 +x-1 3(x+1)(x2—2x+3)

Dodé}i@l x2 $3x+2 =}L1{11 (x+1)(x+2).A

3(x*-2x+3) 34 3

=lim—— -7

x——1 (X+2).A 12 _E
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((x+1) J4x +28)|:
c). Taco x+1-34x*+28 =
(-
4 4

(x+1f+—x )J4x +28 +( 3ax? +28)
144444444244444444

x+1)° +(x+1)34 +28+(J4x +28)}

(x+1)3_(3,l4x2 +28)3 3 (x—3)(x2+2x+9)

X —x2+3x—27_
A - A - A
—3)(x*+3x+9
Va X3—27=x3—33=(x—3)(x2+3x+9) Do d6 lim x* 27 =lim (X )(X P )
1Y 28 (x-3)(xF +2x+9)

A

(X2 +3X+9).A 27.48
=lim > ==
=3 x°4+2x+9 24

@.Cé%Q—lz(y;_wﬂy;f+3x+l}=(y;f_1:X_l,va
(13/;)2+3x+1 A A
442 4 43
A

erl: (i/x—z +1)[(i”/x—2)2—§’/x—2 +1} i (3x—2)3+1 ) x—1.
(1\/f ~Yx-2+1 g B

24448

=54.

0.C6 M_é/;:(\le’ZX—l—\q’/;){(%/Zx—l) +%/2x—1.§’/;+(§’/;) } :(32)(_1)3_(%/;)3 e .
(1\/2X 1) +¥2x-13x + \/7; A A

444/44424444

(Yax-3-1)(¥ax-3+1)  Jiozo1  (Vax-3-1)(Vax-3+1) 4(x-1)

f).C6 Yax-3-1= =
Yax-3+1 GMX—3+1) ¢Mx—3+
44

N
N
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4(x-1)
4 — —
Dodé lim X831 A _pnd_4 g
x—1 x—1 x>l x—=1 x—>1 A

DANG 3: Thém b6t s6 hang hoidc mét biéu thitc vang dé khir dwge dang v dinh: Cac dang hay gap

lim l\(/@“?/%“ hoic lim m”\‘/@*c 1{/@%{/@%

hodc lim . Trong do k, m, n

X=X X=X X=X, (X ~X, )n

€e¥ * va n<min(k,m).
PHUONG PHAP: Thong qua nhitng vi du sau, roi ta rtt ra phuong phép giai:

Vi du 1: Tim cac gidi han sau:

J2x+2 ++/5x+4 -5 im\3/3x+2—\/5x—6

a). lim b). 1

x—1 x—1 x—2 X—=2

P2 rax+11-x47  Bx—14+3 +x—1-5y2x2 1
¢). lim d). lim

X—2 X2 —4 x—1 x-1

LOI GIAI
a). Ta cé khi x -1 thi (\/2x 12 +/5x+4 -5) 50 do d6 day la bai dang vo dinh % ta phai tach duoc vé

[£(x) - | -
dang lim (X) ‘ +lim g(x)l -
X_

x->1  x-1 x—1
dinh . Ky thudt ta thay x =1 vao v2x+2 =2 va ¥5x+4 =3 nén s& (-5) tach thanh (-2)+(-3) va gom

lai nhw sau :

'merm_S =lim(m_2)+(m_3)
Xl

sao cho mdi gidi han nhan luong lién hop déu khtr dugc dang vo

lim . Sau d6 tinh

x—1

=lim
x—1

li

x—1 x—1 x—1

tieng gidi han.

\/2x+2—2+ . Abx+4-3
x-1 x-1

, Lo N2x+2-2 (\/2x+2—2)(\/2x+2+2) . (m)2_4
e Tinh L, —ELI}T—EE} (x_1)(M+2) —1(13} (X_1)(m+2)

=1lim Z(X_l) =1lim 2 _1 .

x=1 (x—l)(\/2x+2 +2) x->12x+2 42 T2

Joxid-3 (\/5x+4—3)(x/5x+4+3) (\/5x+4)2—9

Tinh L, =1i 1 _
B (x-1)(V5x+4+3) Xﬂ(x—l)(\/5x+4 +3]
=lim S(X_l) =lim > = 5.

x>l (x—l)(\/5x+4 +3) 1 5x+4+3 6
NV2X+2 ++/5x+4 -5 _

Két luan lim _1.5_4
x—1 x—1 2 6 3
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. Y3x+2-5x-6
b). L=1lim

1 5 . Ta dé dang thay day la dang v6 dinh % va tir s ¢6 hai can thic khac loai,
X—> X —

3 f(x) -C c—./g (x) 5
nén ta phai thém b6t mot hing s6 ¢ sao cho dua duwoc vé dang 111rr%—2 + lim}—2 va moi gioi
X—> X — X—> X —

han déu tinh duoc gidi han khi khir duoc dang vo dinh biang phuong phap nhén lwong lién hop.

K§ thuat 1: Thay x =2 vao 3/3x+2 va v/5x—6 déu bing 2. Suy ra 2 1a gia trj ta can thém bét.
Y3x+2=2 {3x+2 =8 {x=2

= = =c=2 lagiatri
J5x—6 =2 5x-6=4 xX=2

K thudt 2: Cho x-2=0 < x =2 sau do6 giai he {

can thém bdt.

Y3x+2 —[5x—6 =lim(m_2 +(2—M)

Cu thé 1am nhu sau: L =lim

x—>2 x—2 X2 —
 Yaxia2 . 2y
=lim +1lim )
X—2 X—2 XD X—2
3 B : 2,
ioh 1, —tim m_z_hm(m z)[(m) +z.m+4}

o2 X2 o2 (x—z)L(m)zm.%Hz +4}
444442444443

A
:lim—3(x_2) =lim el
x—2 (X—Z).A x=>2 A

5 ) s

1
4

Tinh L=y © (x- 2)(2+ Bx— 6) (x —2)(2+\/5x—6)
B —5(x 2) -5 :_E
( (2+ Bx— ) 2+\Bx—6 4
1

Dodé L=L, +L, ———§=—1-
4 4
). L= zm_ B , teong tw cau b) thay x =2 vao J2x% +4x+11 va VX+7 deubangB
x% X4
(\3/2x2+4x+11—3)+(3—\/x+7)

Nhu vay 3 1a gia tri can thém va bot, cu thé L =1lim >

Xx—2 xX“ -4
V2P +4x+11-3 . 3-+x+7
=lim +1im .

X—2 X2 _4 X—2 X2 _4
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2
T (\3/2X2 +ax+11 —3){({’/2% +4x+11) 13322 +4x+11 +9}
. TmhL —lim 2x° +4x+11-3 —lim

x—2 2 —4 X—2 2
X (x2 —4)[(\3/2% +4x+11) +332x% +4x+11 +9}

444444442444444443

A
3
) (3¢2x2+4x+11j -27 2 i4x—16 2(X—2)(X+4) ' 2(X+4) 1
=lim =lim =lim =lim =—.
x—2 (X2—4).A x—2 (X2—4).A X%2(X+2)(X—2).A X%2(X+2).A 9
e Tinh: L, =lim 3_“X+7zhm(3_ X+7)(3+ X+7) = lim 27X
2 x3o4 x2 (x2—4)(3+m) X_’z(x—Z)(x+2)(3+\/x+7)
=lim -1 =—i
X—’2(x+2)(3+\/x+7) 24
Dodd L=L, +L, =~ =2
9 24 72
2
d). li 1”5""“3‘/’( X+X1‘1‘5J2X ~ L Ta thay khi x 1 thi ca tir va mau déu -0 nén day Ia bai
X—> -

A NP USRI T " n o AA A \
thudc dang vo dinh o KV thuat giai bai nay cing giong nhu cac cau a, b, c. Budc dau tién thay x =1 vao

v5x—1 duogc2, thay x=1vao VX% +x-1 duoc1va thay x =1 vao V2x* =1 duoc 1. Nén gi6i han duoc

(JsT )+3(\/x Fx=1- 1)-5(%—1)

viétlai L =lim

x—1 x—1
Lolim Y122 gy N ex- Vax“-1-1
x—1 x—1 x—1 x—1 x—>1

/ 5x—1-2){v5x—-1+2 _

e Tinh L, =lim x-1-2 2~ —lim (\/ X )(\/ o ) —lim 5(X 1) . 5

x>l x—1 x—1 (X—l)( ’5X—1+2) x—>1 (X—l)( 5X—1+2) x>1 (5x—1+2
/x2+x—1—1 ' ( x2+x—1—1j(\/x +x— 1+1) 2 ix_2

e Tinh L, =lim =lim

=l x-1 x>l (x—l)(mnj ol (x—l)(mﬂ)

i (x—1)(x+2) —lim X+2 E
X_)l(x—l)(\/x2+x—1+1) I rx-1+1 2
i (\/2x2—1—1)(\/2x2—1+1) 0o
Tinh L, = lim Y= "=~ lim ~ lim alin
x—1 x—1 x—1 (X 1)( ,2X _1+1j x—1 (X—l)( [2X2_1+1j
2 )
X*l(x—l)(\/zxz—ul) 2 -1+1
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Tt déosuyra L=L, +3L, -5L, =%+%—10_—%.

Vi du 2 *: Tinh cac gioi han sau:

J1+4x -1+ 6x J2x2 —6x+5—33x2 —9x+7

b). lim

a). lim

x=0 x2 x—2 (x—2)2
. lim V8x% 4 X% +6x+9 —9x2 +27x+27 9. lim J6x® +2-2Vx
x—=0 x> 1 53 3 —x+1
LOI GIAI

Céch khir v6 dinh 2 dang lim Y~ Y2 2 V)~ e (x ta phai thém va bét mot biéu thiie h(x) sao cho lién hop

X—Xq (X XO)
thi t&r xudt hién mot lwgng nhan ti (x —Xp )n sau d6 khit duoc vo dinh. Cach lam nhw sau:
-0 (,/ ~h(x))+(h(x)-%f(x))
TR T e
_ lim (kf(x) —hfx)) + lim (h(X)_m\/gle)) _ u(x)(x;xo)rl ) v(x)(x;xo)n ‘
T xexg)T T (xexg)T (xex) P(X) (x=x0) Q(x)
Trong dé P(x) la lwong lién hop cta (k f(x) —h(x)) va Q(x) la lwong lién hop cua (h(x)—n} lg(x)) .Cu

thé qua nhiing vi du cac ban sé hiéu r6 hon.

/ _3
a). Phan tich huéng giai, budc dau tién ta phai thém mot luong h( ) c6 nghia 11m L dx —V1+6x

(m-h(x))+(h<x)—M) (m—h(x)) (h(x)—m) )

=lim =lim +lim
x—0 2 x—0 X2 X0 X2
Vi+dx-h Vi+4x-h(x))(Vi+4x +h _p2
Tinh L, —hmu ta 6 1+4x — h( ) :( X (X))( Hax (X)) _ 1+4x—-h (x)
. x* V1+4x +h(x) V1+4x+h(x)

nhu vay ta phai tim ham h(x) sao cho h? (x) phai xuat hién (1+ 4x) . Ta phan tich

Tt dx+.. =h? (x) & 142.1.(2x)+(2x)" =h?(x) & (1+2x)" =h?(x) = h(x) =1+ 2x. Dén day bai todn
xem nhw da hoan thanh (vi phurong phap nhan luong lién hop cac ban da thanh thao trong nhitng vi du
trén).

Jirax—3x6x :hm(\/1+4x ~(1+2x))+((1+2x) - Y1+ x|

Céch lam cu thé: lim 5

x—0 X x—0 X

. (\/1+4x —(1+2x)) o ((1+2x)—\3/1+6x) |

x—0 X2 x—0 X2

(\/1+4x—(1+2x)) . (\/1+4x 1+2x))( T dx +( 1+2x))
* Tinh b ‘El% x2 :}E’% (m+(l+2x))
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\/1+4x)2 ~(1+2x)’ ) T dx—(1+4x+ 45 ) ) e
= =11m = 11m

X0 42 (\/1+4x +(1+2x)) x>0 42 (\/1+4x +(1+2x)) x50 42 (x/1+4x +<1+2X))
=1lim 4 =-2.

x>0 /1 + 4x +(1+2x)

((1+2x)—M) p [(1+2X)—M]{(1+2X)2+(1+2X)§’/1+6x+(ﬂ)2}
X X0 x> [(1+ 2x)2 +(1+2X)m+(m)2:|

444444442444444428
A

e Tinh L, = lir%
X—>

(1+2x)’ —(\3/1+6x)3

2 3_ 4x% (3+2x 4(3+2x
i L16x+12C +8C —(146x) ( ):lim ( )=4

x—0 x2 A x—0 N A x—0 2. A x—0 A

Dodo L=L,+L,=-2+4=2.

2 _3 2
b).Lzhm\/zx 6x+5—33x2 —9x+7

.DEdé thém béttanén diat x—2=t=>x=t+2 vi x > 2
x—2 (x—2)2

J2(t+2)2 —6(t+2)+5 - 33(t+2)2 ~9(t+2)+7
t2

= (x-2)—>0dodo t—>0 .Suyra L:Iin(}
t—

2 _3fr2

~lim V2 1at41 2*/3“ #3141 4én day ta phai thém va bot mot luong h(t) dé trén tir phai xuat hién

t—! t

( 2t +2t+1 —h(t))+(h(t)—\3/3t2 +3t+1]
mot lugng t2 .u(t) . Ta b4t dau thuc hién L = lim
t—0 tz
( 2t2+2t+1—h(t)) (h(t)—\3/3t2+3t+lj

=lim +1im .

t—0 2 t—>0 t?

2t2 42t +1 —h(t)j ( 22 42t +1 —h(t))(\/2t2 +2t+1 +h(t)j
Phan tich L, =lim =lim
b ¢ =0 t2.(\/2t2 +2t+1 +h(t))

2t +2t+1-h?(t) ) )
=lim nhu vay ta phai tim ham h(t) sao cho h (t) phai xuat hién mét lwong

=0 tz.(\/th +2t+1 +h(t)j
(2t+1). Ta thuc hién nhwrsau: ...+2t+1=h*(t) < t* +2t+1=h’(t) < (t+1)2 =h*(t)=h(t)=t+1
mau chét ctia bai toan ta da giai quyét xong. O day vi sao ta lai 14y gidi han dau &€ phan tich? That ra 14y
gidi han nao ciing duwoc vi thém va b6t phai cung mot lwong h(t) , ta tim dwgc bét lvong h(t) 0 gidi han

dau thi gidi han sau hién nhién phai nhan thém luong h(t). Va tim ham h(t) 1dy gidi han c6 cin thite

bac hai dé nhan lwong lién hop hon.
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Cach lam cu thé ¢ bai nay: L =1lim

t—0

(\/th +2t+1 —(t+ 1))
=lim +lim
t—0 t2 t—0 tz

(\/2’(2 +2t+1 —(t+1)j [\/2# +2t+1 —(t+1)}[\/2t2 +2t+1 +(t+1)]
=lim
t 0 t2 [\/2t2 +2t+1 +(t+1)}
(\/2t2+2t+1)—(t+1)z 2 ) )
=lim =lim =lim ==
0 { 267 +2t+1+( t+1)} 0 [ 212 +2t+1+(t+1)} 0 o +2t41+(t+1) 2

((t+l) 33t +3t+1j

(\/2t2 +2t+1 —(t+1))+((t+1)—\3/3t2 +3t+1)
)

((t+1)—\3}3t2 +3t+1

e Tinh L, = lin(}
t—

e Tinh L, =lim

t—0

=lim

t—0
L(t+1) +(t+1)338 +3t+14( 38 +3t+1 }
44444444424444444443

2
[(t+1)— 32 +3t+1 {t+l +(t+1)33¢ +3t+1+(\/3t +3t+1”
+(

A
3
(t+1) —(\3/3t2+3t+1) 3
==lim =lim =lim—=0
t—>0 t2 A t—>0 t2 A to0A

Kétluan L=L, +L, :%+0:%.

7

.Twong tu cau a va b treedc tién ta phai tim lwong h (x) .Co

( 8x% +x% +6x+9 —h(X)j(\/SXS +x2 +6x+9 +h(x))
V82 +x% +6x+9 +h(x)

bai nay twong di dé, ta thdy ngay x* +6x+9 = (x + 3)2 c6 nghia

. lim V8x% X2 +6x+9 —Y9x2 +27x +27

x—0 X3

V8 +x% +6x+9 —h(x):

B 8x3+x2+6x+9—h2(x)

\/8x3 +x2+6x+9 +h(x)
h? (x) = (x+ 3)2 = h(x) = (x + 3) . C4ch l1am cu thé nhu sau:

[\/8x3 +x% +6x+9 —(x+3)}+[(x+ 3)—\3/9x2 +27x+27}

L=1lim

x—0 X3
[\/8x3 +x% +6x+9 —(x+3)} [(x+3)—\3/9x2 +27x+27}
=lim +lim
x—0 X3 X—0 3
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|:\,/8X +x2 +6x+9 — (x+3)}

e Tinh L, =lim

x—0

|:\/8X +X% +6x+9 —(x+3) }[\/8x3+x2+6x+9 +(x+3)} 8x3+x2+6x+9—(x+3)2
=lim =lim 3
x>0 x? L\/8x3+x2+6x+9 +(x+3)} x>0 XA

444442444443

[(x+ 3)—9x% +27x + 27}
e Tinh L, =lim

x—0 X3

(x+3)" =(9x® +27x+27) I 11
=lim =lim
2:| x>0x3 B x>0 B 27

=lim
R L(x+ 3) +(x+3)3ox? +27x+27 +(§'/9x2 +27x+27

4444444444424444844444443
B

Kétluan L=L, +L, —4 1.3
3 27 277
d). lim V6x’ +2 2\/_ . Mau s8 dwoc phan tich x3—x2—x+1=x2(x—l)—(x—1) :(x 1)(x —1)
x-1 x —x2—x+1

J6x2 +2 —2x

:(x—l)2 (x+1) nén giéi han dugc viét lai L =1lim m—————— . Ddt t=x-1 nén
! (x—l) (x+1)

L —lim J6(t+1)* - \/6t +12t+6 =2+t —

-0 (t+2) g t* (t+2)

Jox? +2 —24/x _lim\3/6x2+2—(x+1)+(x+1)—2\/; _lim\3/6x2+2—(x+1) D - 2%
3 r: i -

lim
ol 3 x? x4l x> x> —x?—x+1 -1 33 _x? —x+1 X—>1x3 x?

x+1
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