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, GIO1 HAN DAY SO LY THUYET VA PHUONG PHAP TIM GIGI HAN DAY SO
A). TOM TAT LY THUYET
1). DPINH NGHIA:

PINH NGHIA 1: Ta néi day s (un) c6 gidi han 1a 0 néu véi mdi s§ duwong nho tiy y cho trude, moi s&
hang cta day sd, ké tit mot s6 hang nao do6 tro di, déu cd gid tri tuyét d6i nho hon sd duwong do6. Khi dé ta

viét limu, =0 hay lim(un) =0 hay u, —» 0 khi n —+o0. B.:Emg cach stt dung cac ki hiéu toan hoc, dinh
n—oo

nghia trén c6 thé viét nhu sau: limu, =0 < (Vs >0,3n,:n>n, = |un| < 8) .
Mot s6 gidi han ddc biét:

a). Day s (u,)c6 gidi hanla 0 < day s3 (|u,|) c6 gisi han 1a 0.

b). im0 =0.

Q). 1imik:0,(k >0).
n

d). Néu |q| <1 thi limq" =0.
DINH NGHIA 2: Tanéi day s§ (u,, ) c gi¢i han 1a s6 thuc a néu lim(u, —a)=0. Khi d6 ta viét

limu_ =a hay limu, =a hay u, —a khi n — 4. Day s0 c6 gi6i han la s6 a httu han goi la day sd c6

n—oo
gidi han hitu han.
Nhan xét:
a). limu, =a < |url —a| nho bao nhiéu cling dwgc véin du 16n.
b). Khong phai moi day s6 déu c6 gidi han hitu han.
Mot s6 gidi han dac biét:
a). limc=c (clahang sd).
b). Néu limu, =a thi lim[u,|=/al.
c).Néu u, > O,(‘v’n) thi a>0 va limju_ = \/; .
2). PINH Li VE GIOI HAN HUU HAN :
Dinh1i 1: Véi hai day s5 (u,,) va (v, ), néu |u,|<v,,(¥n) va limv, =0 thi limu, =0.
Dinh1i2:
a). Gia str limu, =a va limv, =bvaclahang s6. Khi dé ta co :
o lim(un +Vn) =a+b
. lim(un -V ):a—b

. lim(un.vn) =ab

. lim(c.un) =ca.

b). Cho ba day s0 (un),(vn) va (wn) .Néu u, <v_ < wn,(Vn) va limu, =limw_ = a,(a = ) thi
limv, =a (goidinhli kep).

c). biéu kién d€ mot day s6 tang hodc day sd giam co gidi han hitu han:

Mot day so tang va bi chdn trén thi c6 gidi han hitu han.

Mot day s6 giam va bi chan dudi thi ¢ gidi han hitu han.

3). TONG CUA CAP SO NHAN LUI VO HAN:
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Cho cap sd nhan (un) 6 cong boi q va thoa |q|<1. Khi d6 tobng S=u, +u, +u; +---+u, +--- duocgoila

o A . . ul(l“ln) u;
tong vO han cia cp sd nhan va S=1im$S_ =lim 1 o
-q -q

4). GIOI HAN VO CUC:

a). Day s0 c6 gidi han +o0 : Day s6 (un) c6 gidi han 1a +w khi va chi khi véi moi s§ duong tuy y cho
truedc, moi sd hang ctia day so, ké tir mét s6 hang nao dé tro di, déu 16n hon s6 duong dé. Ta viét
lim(un) =+ hodc limu, =+ hodc u, — +o.

Vi dy: limn = +o0,lim/n = +00,lim In = +o0, limn® = +oo,(0c > O) .

b). Day s6 c6 gidi han —oo : Day s6 (un) c6 gidi han 1a —o khi va chi khi véi mdi s6 am tuy y cho trudc,
moi s6 hang ctia day s6, ké tir mot s& hang nao d6 tré di, déu nho hon s6 am d6. Ta viét lim(u n) =0
hodc limu, = - hodc u, - —w.

Chuy:

elimu =-w < lim(—un) =40,

o Cac day s6 o gidi han +wo hodc —o dwoc goi chung la cac day s6 ¢ gidi han vé cuwee hay dan dén vo
cuc.

e Néu lim|un|:+oo thi lim——=0.

Uy

PHUONG PHAP GIAI TOAN:

VAN DE 1: Chéing minh déy s8 c6 gi6i han 14 0.
PHUONG PHAP:
Céch 1: Ap dung dinh nghia.
Cach 2: St dung cac dinh li sau:
« Néu K 1a 3 thyc duong thi lim—— 0.

n
* Vi hai day s6 (un) va (Vn), néu |un| <v, véimoinva limv, =0 thi limu, =0.

+ Néu |q| <1 thi limq" =0.

Vi du: Chting minh cac day s6 (un) sau day co gidi hanla 0.

-1 2 3 1 n
bou oy costn o dreosn® () 1
4n+5 2n+3 on+l  gn+l
LOI GIAI
ST . , , -1 1 1 1(1
a). Véi moi s6 duong ¢ tuy y, cho trudc, ta co |un|: = <geo4n+5>—<n>—|—-5/|. Suy
4n+5 4n+5 € €

e Xe . e oA 1(1 “ A 1s
ra véi moi s6 duong cho truedc, thi voi moi so ty nhién n > i 5| ta déucod |un| <g.Vay limu_ =0.
€

1
n+3

1

n

cos4n
n+3

b). Tacoé Vne¥ * thi |cos4n|£1:|un|= < <

L Ap dung dinh 1 “Néu k Ia mot s6 thuc
n

duong cho truedc thi limik =0" ta duoc lim 1= 0.Tweddésuyra limu, =0.
n n
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2

2n

3
1+ cosn | | |
0s < <

<|—2 < 2= L Ap dung dinh If “Néu k Ia mot s6
2n+3 | [2n+3| n

c). Taco Vne¥ * thi ‘COSD3‘S1:>|UH|=|

thiee dwong cho trudce thi limik =0" ta duoc liml =0.Tkdosuyra limu, =0.
n n

-1 | n
d). Ta co |un|:|( ) - < ! + ! < ! + ! =L,Vne¥.V‘1 limizlim 1 =0.Tuwdd
‘ 2n+1 3n+1 2n+1 3n+1 2n+1 2n+1 2n 2n 2

suy ra limu, =0.
VAN PE 2: Dung dinh nghia chitng minh diy s6 (un) c0 gidi han L.
PHUONG PHAP: Chitng minh lim|un —L| =0.

Vi du: Chttng minh:
a). u, _2n+3 1 b). limuzz ). lim(\/n2+2n—n):1.

4n+5 2 63" +32" 3
LOI GIAI
a). goi un:M. Vne¥* tacod un—l:|2n+3—l:| ! |<l
n+ 2| [4n+5 2| [8n+10| n
L PN 1 . 1
Vi lim—=0 nén lim| u, —— |=0, suyra limu_, =—.
n 2 2
r1_ n n_ n r\_ n_ n_ n
by, Goi u, = 237520 v e un_g‘: 43" =52 2| 123" 152" ~12.3" 62"
6.3" +3.2" 3| |63n+32n 3| | 363" +32") |
oo | gan 72 7 (gj“
637 +327| 63"+32" 63" 6(3)°

Vi lim| 2 =0 nén lim un—E =0.Do do limun:%.
3 3 3
c). Goi u, :(\/n2+2n—nj. Vne¥ * tacd |un—1|: Vn?+2n —(n+1)
2
[\/n2+2r1—(n+1)}[\/n2+2n+(n+1)ﬂ ‘(\/n2+2n) —(n+1)*

Vn?+2n +(n+1) ‘ ‘ Vn?+2n+(n+1) ‘

1 | L <L VilimL=0 nén lim(u, -1)=0. Do d6 limu, =1.

\/n2+2n+(n+1)‘:\/n2+2n+(n+1) n n

VAN PE 3: Tim gioi han cua day (un) 0 gidi han hitu han:

P(n
DANG 1: u, 1a mét phén thirc hiru ti dang u, = % (trong d6 P(n),Q(n) 1a hai da thtc ctia n).
n
Phurong phap: Chia ca tir va mau cho n* véi n* 12 Ity thita c6 s§ mii 16n nhat ctia P(n) va Q(n) (hodc
rat n* 13 liy thita c6 s8 mii I6n nhét cua P(n) va Q(n) ra lam nhén tr) sau d6 ap dung cac dinh ly vé

gidi han.
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Vi du: Tim giéi han ctia day (u, ) biét:

2n% -3n+1 -2n®+3n% +4 2n* +3n% -n
a). un=2— b) un=# C). un= 5
5n° +3 n* +4n’ +n (2n+1)(1—3n)(2n +1)
2 3
. . (2n-1) (3—4n ) nm 41
d). u, =— -— e). u, = 3 > f.unzz—
n“+2n 2n°+3 (4n+2) (2—n) n?+2vJn-3
LOI GIAI
a). Ta thdy n*la ldly thita cao nhat ctia t&t va mau, nén chia ca tir va mau cta u, cho n? duoc:
2n* -3n+1 3.1
2n2-3n+1 2 e 3 1 3
u, = = n = 0 Tacd lim—=0,lim—=0 va lim—-=0 nén
5n% +3 5n% +3 5,3 n n n
n’ n’
. 2-0+0 2
limu, = =—.
5+0 5

b). D& dang thay n*1a l{iy thira cao nhat ctia t& va mau, nén chia ca t& va mau cua u. cho n* dwoc:
n

-2n°+3n?% +4 2 3 4

73 2 4 2 4
u = TECSN A n ~ 0 n® n' Tae6lim2 =0, 1im%=o,1imi4=o,1imi=o
n* +4n® +n n* +4n®+n 144, 1 "N n n n
n' n n’
va limi:0.Dodé limun:0+0+0:
3 1+40+0
4 S
c). Co 2n4+3n2—n:n4(wj=n4(2+i—i], 2n+1:n[2n+1J:n[2+lj,
n4 n n3 n n
_ 2
1-3n=n| 1230 n[ L 3l vaon? +1=n2| 22 o220 L) Tivds
n n 2 2
n4(2+3—1j n4[2+3—13j 2+§_i
n p? n n n n .
T = ANE! 1) 1)1 1) (., 1)1 R
n| 2+ |n| = =3 |n*| 2+ nt| 2+ || =-3 |2+~ 2+— || —=-3 || 2+—
n n n? n)ln n2 n)ln n2
limizo, limizo, liml=0 va limi:O.Nén limu, = 2+0-0 :—l.
n e n 2 (2+0)(0-3)(2+0) 6
1 1 n?-2n+3

d). Budc dau tien qui dong mau u | =

n2+zn‘zn2+s:(nz+2n)(2nz+3)‘
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2 2
Tacé n?-2n+3=n> ﬂ :n2(1—£+ij ,n?+2n=n? n”+2n :n2(1+£j va
n? n p? n? n

1"12 1—24-i 1—E+i
2 o[ 2n? +3 2 3 N n p? 1 n_p? .
2n“+3=n > =n 2+—2 T do u, = =—2~—.V1
n n2£1+2jn2[2+32j n (1+2j[2+32J
n n n n

n
lim2 =0, lim—-=0, lim—-=0 va lim—=0. Do dé limun=0.—1_0+0 -
n n? n? n? (1+0)(2+0)

on-1)(3-4n° - 2 9
e). unz( n ) ( n ).Tacé (211—1)2: H(Zn—lﬂ :n2(2_lj , 3_4n3 :n3(3_4n3]

(4n+2)’ (2-n)’ n n n’
3 an+2\[ 2\’ 2-n I 2 Y
:n3(—3—4], (4n+2)3={n( n+ H -n’ 4+—] va (2—n)2={n[;“ﬂ =n2(——1j .
n n n n n
2
n?|2- ——4 L[ 3 g
n n3 N g 1 . 3
T doé u, = > = 3 >, ma Iim—=0, lim 3—0 hm =0.Do dé
2 2 n n n
] 6
n n

(2-0) (04 )_i

limu, = 3 = .
(4+0)' (02 16
= 2nvn +1 2 1
2nyn +1 2 n? A T o1
f). u_ = = n = L .Ma lim—==0, lim—=0, hm——
" n2+2\/;—3 n2+2\/;—3 14 2 _i \/; n? n\/_
n? nWn n?
lim—=0.
2

DANG 2: u,, 1a mét phén thirc hiru ti dang u,, :%n)) (trong d6 P(n),Q(n) 1a céc biéu thirc chira cin
n

cda n).

Vi du: Tim giéi han ciia day (u, ) biét:

\/4n2—n+1—n NV2n+1-4n+3

a). u_ = b). u, =
! V9n? +3n 4n-5
\/4r12—1+%/8n3+2n2—3 \/n3+n+%/n3+3r1
o). u, = d). u, = e).
J16n? +4n —¥n* +1 6nt +1

LOI GIAI
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\/27 n zj_n n 4—l+—2—n 41 —
In“-n+1-n n n n n n N |
= = = = .Vicéd im—=0,

a). u, = =
\/9n2+3n o[ 9n? +3n n\/9+3 \/9+3 n
n 2 n n

n
limiz:(), va 1im§:0_Nén limu, = 4-0+0- 1_1
n n 940
2n+1 n+3 1 3 1 3
M \ n - - —— -
Zn+l-vn+3 \/ ( n ] \/ ( n j Jn. 2+n \/;.\/1+n \/2+n \/1+n \
o E \/ - = . Vicod
4n-5 n( n- 5) \g.\/4_5 J4_5
n n n

hml—O hmi—O va hm—:

) E i ey

J4-0 2

o[ 4n? -1 5[ 8n®+2n% -3
3 5 n 5 +3n 73
Van? -1+38n®+2n -3 n n
Vien? +4n - {n* +1 \/ 2(16n2+4nj \/ 4(n4+1]
n|———|+4n
n2 n4

r1.\/4—12+n.i/8+2—33 \/4—1 \/8+2—33 1 5 3 4
n 4 0 _ .Vicd im—=0, im—=0, im—=0, lim—=0

n2 3
r1.\/16+4+r1.\/1+1 4/16+—+ /1+— n n n
n 1'14

va hm%—O Tt d6 suy ra limu, —0+JER0- 4

n \/16+0+\/1+O "5

5 n%+n 3 n®+3n
n o |+3n 3
\/n +n+\/n +3n n n

d). Taco u, = =

H16n* +1 \/ 4[16n4+1j
4N R —
1'14

3
2

Tt d6 6 limu, =

c.Tacé u, =

n. 1+l+n.31+i \/1+1+31+
n’ n n | .3 o 1 A
= Vicd im—=0, im—=0, va im—=0.Nén

: n 2 4
4/16+i4 n n
n

n.416 +

:‘H

1+0+31+0

1

+
N+

limu, = —.
+0 2

N

DANG 3: u, 1a mét phén thirc hiru ti dang u,, :% (trong d6 P(n),Q(n) 1a cac biéu thirc chira
n

ham mi a",b",c",.... Chia ca t& va miu cho a" véi a 1a co s6 16n nhat).

Vi du: Tim giéi han ctia day (u, ) biét:
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B 21’1 +41’1 b 3 3‘211 _51’1 B 4n+2 +6n+1
)y = 4" _3n ) o = 54" 465 -ty = Y
D u - 2" (B s 2n a5t
) o = 5 €)- tn = 24" 435" )- o = pn+l , 3n+2 | g+l
+
LOI GIAT
M pgn n og4n (2)

Y g gl @ o 2)" 3Y
a)Tacéu, = = = = .Tacd lim|=| =0 valim|—| =0.Nén
41‘[ _31’1 41’1 _3]‘[ 41’1 31’\ 3 n 4 4

o o4 g TG
lim u, = O—+1 =1
32"-5" 32" 5" 3( 2 j“ ¥
n_gn . n n
b). Tacé u, = 32 -5 _ 5 S > .TacélimE =0V‘alimé =0.
54" +6.5" 54" +6.5" 54" 65" 4 \" 5 5
5 s e 5] e
Do d6 limu, = 3.0-1 :—l.
50+6 6
4" 4% 16" 6 4" 42 d 6".6
0. Tach u. = 4n+2 pgntl _ 4" 4% 166 _ 6" 6" 6"
Tognlioentd 55l i06"6® 505714266 5"5T 26760
6" 6" " 6"

4{2} +6 2 5
:—H.Tacé llm[gJ =0 Vii llm[gj =0
(5
5 1() +2.6°
6

2
Dodélimunzf'o—+6:i.
510+26° 72
n n
222 41 2)2 1
. N e i
V"1 2271 22241 2 ) 5 2)2
d). Tacd u, =— =" === = f’ = 23 .V‘1—<1:1im[gj =0,
3242 3242 3242 3242 I+—
n 32
32
lim—— =0 va lim->=0. Do d6 limu, =229
n n 1+0
32 32
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(-3)" —205" (3 ( 3]“
n n —207 — _20
-3)" —45™  (=3)" -205" n n 5
e).Tacc’):unz( ) =( ) = 5 - = , ma
24" +3.5" 24" +3.5" 24" +3.5" 4" 5" a4\
— 2—+3.—  2/=| +3
5 5 5 5
lim —E =0 va lim é =0.Do do limun:O_20 —E.
5 5 20+3 3
2" —3" +100.5"
_An n+2 n_Aan n —n
. Taco u = 3 +24.5 . 2" -3"+100.5" _ 5
0ty gnt2 L gntl 9on 1 93n 455" 227 493" 4550
51’1
27_374_10057 (;J —(gJ +100 o) 3\
- 5n 5 . 5n - . —— . Vi Iim(gj -0 va hm(gJ -0 nén
22 103 450 2[2] 19[2] 45
5 5" 50 5 5
) 0-0+100
limu =——=
T 20+9.0+5

DANG 4 : Nhan lwong lién hop:
PHUONG PHAP : Str dung cac cong thitc nhan lwong lién hop sau:

R T
e a’-b?>=(a+b)(a-b)—> at
a+b=az:};2
e a_b_ a’-p? e atbe a’+b°
a’+ab+b? a’—ab+b”
. %_b_(%—b){(j/g) +\/—b+b2:|: 2a—b3 |
(%/;) +3fab+b (%/5) +3ab+b?
. %b:(@b)[(ﬂ \/_bb} s
(JE) ~Yab+b? (Fa) -3ap+p?
a—% _a2+a.3b+ 3’/5 ] 3
e L]
a’+aib ( ) a2+a.3b+(§/g)
o a+3b:(a+\/7) ’ _a3b+(%) _ a’+b
a’-ai (%)2 a’-a. b+(\/g)2
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o ]
oo (o)

. f—(%+%)[2(%) fJB+(f)L e
() -dbs(®) (%) -¥adb (V)

Vi du 1: Tim gi6i han ctia day (un) biét:
a). un:\/n2+3n+5—n b). u, = 9n®+3n-4-3n+2
Q). u, =In®+3n? -n d). u, =3/8n° +4n% +2 -2n+3

e). u, :\/4112 +3n+7 —%/8n3 +5n% +1 f).lim(\/n4 +n%+1 —%/n6 +l)

LOI GIAI
2 2
(\/n +3n+5—nj(\/n +3n+5+nj
a). Ta co un:\/n2+3n+5—n: = n g .Vacéd
Vn2+3n+5+n Vn2+3n+5+n
2
3n+5=n Sn+s =n 3+E va yn? +3n+5 = [n? 1+ =n 1+i+i.
n n 1'12 n n2
5
n 3+ 3 5 3
Do dé u , Vi l1m——0 lim—=0 va lim—-=0.Nén limu,

n n2 2
n/1+ +—+n /1+ +—+1
n n? n pn?
NHAN XET : Tai sao phai nhan leong lién hop ?

Quay lai vi du a) théng thuong ta didt n* 1am nhan tir chung nhung sao lai phai nhan luong lién hop. Bay

gio ta thir 1am lai cau a) theo phuwong phap ddt n* trong cin thitc thir xem sao ,va sau d6 rut ra nhan xét.

Tacéu, =Vyn®+3n+5-n= ’ 2 n’ +3n+5 n=n f1+ +——n n( /1+ +i—1J Vi
n p?
hmﬁ—hmi—o nén lim 1+ +——1 =0 va limn =+ do do6 limu, =+©.0 (day la dang vo
n n2 n n2

dinh). Nén cach 1am nay khong la khong duwoc r6i, ta phai st dung phwong phap nhan luong lién hop dé
khtt v6 dinh sau d6 cach lam hoan toan nhu dang 1.

Dé&u hiéu nhan biét nhan luong lién hop : D& nhan biét mot bai tdp ¢é nhan luong lién hgp hay khong
cac ban chi cht y t6i n c6 mii cao nhat sau d6 dua ra ngoai d&u cin thiic, néu chting trit nhau béang 0 thi

bai nay ta phai nhan long lién hop. Cu thé ta 1am lai cau a) u, =vn? +3n+5 —n biéu thirc trong cin
thiec 6 n? 1a cao nhét va ta quan tim dén « né », nhitng thira s8 sau bo hét c6 nghia xem

u, = \/1172 -n=n-n=0 (nén cac ban phai nhan Irong lién hgp). Ching ta xem thit bai nay c6 nhan
luong lién hop hay khéng u_ =+2n”+3n+5 —n chiing ta ciing quan tdm dén s& hang c6 chita mii 6
nhat dé 1a 2n?, c6 nghia u, dwocviétlai u, = \/?—n =nv2-n= n(\/i—l) ta céd \/5—1 #0 nén bai
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nay duoc lam tryece ti€p khong can nhan luong lién hop. Cu thé bai nay ta lam nhu sau

2
un:\/2n2+3n+5—n: n’ 2n”+3n+5 —n:n/2+§+i—n:n ’2+§+i—1 do
n’ n n? n p?
lim§=lim%=0 nén lim[ f2+§+%—1]=\/§—1 va limn =+ do d6 limu, =+OO.(\/E—1)=+OO (cu
n n n n

thé cac ban xem phuong phap tim giéi han day s0 cd gidi han vo cuc).
3n-4

( 9n% +3n-4 —BnJ(\/9n2 +3n-4 +3n)
+2 = +2.Ta
Von? +3n—-4 +3n V9n? +3n-4 +3n

— 2 —
co 3n—2:n(3n 2j:n[3—zJ va VY9n? +3n-4 =\/n2 [W] =n /9+i—i2.T1‘r do suy ra
n n n n n

n(3_2j 5-2 2 3 4
n +2,vi im< =0, lim==0 vi lim—= 0.Nén

u, = +2= n B
n 9+E—i+3n 9+E—i+3 " " 1
n nz n n2
3

limun:;o— 1.

J9+0-0+3 2
2
(\3/113 +3n? —n){(%/ns +3n2) +n.§/n3 +3n? +n2:|

2
(\3/n3 +3n? j + n.\3/n3 +3n?% +n?

2 3 2
- - 3n .Tacé Yn® +3n? = 3’113 [#J =nj} }1+g .Do do
n
(%/n3+3n2) + .%/113+3r12 +n? n
2

n
u, = 3n = p ,tacod limi:0 .Nén limu, =1

2 2 n
n2{3/1+3] +r12.3‘[1+i+n2 {3,/1+3] +3‘}1+§+1
n n n n

d). u, =38n®+4n’ +2-2n+3

2
(3 8n° +4n2 +2 —2nj{(x3/8n3 +4n? + 2) +2n38n® +4n2 +2 +4n2}
_ +3

2
(\3/8n3 +4n%+2 j +2n38n% +4n2 + 2 +4n?

4n% +2
= n o+ +3.

2
(\3/8r13 +4n° + 2) +2n3/8n° +4n? + 2 +4n?

b). u, =V9n®+3n-4-3n+2=

_3 3 2 _
¢.u, =yn"+3n" -n=
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3 2
Taco Ysn® +dn2 42 =an®| S T4 +2 1 e %02 pods
n3 n n3

2

5 n = 2 n .V\l hm%zo,

n
n’ 38+é+i +2r12.38+é+£+4n2 38+é+i +2.38+é+£+4
n n3 n n3 n nS n n3

limizo va lim%:O .Nén limu, =
n n

e). u, =\/4n2+3n+7—%/8n3+5n2+1 =

un:

I~ W[+~

\/4112 +3n+7 —2nj+(2n—\3/8n3 +5n? +1j

7
3+—
e Tinh lim(\/4n2+3n+7—2n):hm 3n+7 = lim n L3
4n® +3n+7 +2n 4+i+l+2 4
n nz

e Tinh lim(2n—\3/8n3 +5n2 +1)
2
(2n—\3/8n3 +5n2 +1) 4n? +2n8n +5n% +1 +(§’/8n3 +5n2 + 1)

=lim

2
4n? +2n3/8n% +5n2 +1 +(%/8n3 +5n2 + 1)
— 2 —
= lim on -1 1)
2
4n? +2n.3/8n% +5n% +1 +(%/8n3 +5n2 +1)

3 2
C6 ¥/8n° +5n% +1 = 3n° B +5n” +1 :n,3/8+i+i
n3 n n3

2 1
n[_S_an
Nén(l)@lim 5
4n2+2n2.38+é+i+n2. 38+§+i
n n3 n n3
1
== _ i
2
=lim n __
5 1 5 1 ’ 12
4+238+—+— +|38+—+—
n na n n3

Tt d6 suy ra limu, :%—%:%.

f). lim(\/n4 +n?+1 —i’/rl6 +1)zlim[(m—n2)—(M—nzﬂ
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2 2
e Tinh lim(\/n4+n2+1—n2) =lim n+1 =lim| ——2 :l.
Vn* +n?+1+n? 2

e Tinh im®R/n® +1-n?)=1lim ! =0
Y +1)? +n2Y(n® +1) +n*

Do dé Iim(\/n4 +n?+1 —%/n(’ +1] :%,

Vi du 2: Tim cac gidi han sau:

\/n2+n—n _2n—\/4n2+n

a). lim——— b). u, =
4n% +3n -2n n+34n? -n°

C). lim(2n—\/9r12+n +\/n2+2n) d). lim(\/nz—Zn +2%/1r12—8r13 +3\/r12 +n}

LOI GIAI

(\/nz +n —n)(\/nz +n +nj - .
- = = va
VR +n+n n‘/1+l+n ‘/1+l+1
n n
(\/4n2 +3n —Zn)(\/4n2 +3n +2n) 3n 3

4n%+3n -2n = > = = .
Van? +3n +2n n\/4+3+2n \/4+3+2
n

n
4/4+E +2
vy n
3[1/1+1 +1]
n

2n-+4n? +n
n+\3/4r1—r13
Ta co 2n—\/4n2 +n

(Zn—\/4n2 +n)(2n+\/4n2 +nj

2n+\/4n2+n 2n+\/4n2+n 2+\/4+1
n

a). Taco Yn*+n-n=

Do d6 limu, =lim :é.

b). lim

_ -n _ -1
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(F){ o lant o +( Y o’ ﬂ

2
n? —n.%/4n2 -n® +(‘z’/4r12 —n3j

4n? 4n?

N 3/
va n+¥4n%-n® =

Do d6 limu,, =lim- =——.

). u, :2r1—\/91r12 +n +\/r12 +2n :(3n—\/9n2 +n)+(\/n2 +2n —n).
(3n—\/9n2 +nj(3n+\/9n2 +n)
(3n+\/9n2 +n)

Tinh lim(Bn—\/9n2 +n) =lim

. -n . -n
=lim =lim

3n+\/9n2+n 3n+\/n2[9n2+n]

1,12

-n . -n . -
lim =lim =—=

B 1

6
3n+n1/9+l n{3+1/9+1] 3+4/9+l
n n n

0 2
K . . ( n +2n—n)( n +2n+n) on
Va lim| vn© +2n —n |=lim

=lim

=lim

\/n2+2n+n \/n2+2n+n
2

. n . 2n ) 2
=lim =lim =lim =
2
,nz(n +2T1J+n n‘f1+g +n n[ /1+2+1J ‘f1+£+1
n2 n n n

Do d6 limu, :—l+1:§.
6 6

d). u, =\/n2 -2n +2€’/n2 -8n° +3\/n2 +n =(\/n2 —2n—n)+(23 n’® -8n’ +4n)

+(3 n? +n—3n) :(\/nz -2n —nj+2(\js n? -8n’ +2nj+3(x/ﬁ—nj
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e Tinh 1im(m_n):hm(\’n2 -2n _n)( /n2 —2n +n)

-2n
\/n2 -2n +n

\/n2 -2n +n
-2n -2

m —2n =lim —2n =lim =lim =-1.
2
a2l R —2n in n‘{l—£+n n /1—£+1 1/1_34_1
1,12 n n n

e Tinh lim (\3/r12 -8n° + 2n)

2
(\3/ n?-8n° + 2n) {(\3/ n? —8n® ) — 2n.\3/ n? -8n? +4n? }
2
(\3/n2 -8n° ) —2r1.\3/r12 —-8n® +4n?

2

=lim

=Imm

. n
=1lim

(o | andt ot vt

2
— 2
Co \/n -8n° —3/n n 8n 3[——8:> j :n2[3l—8]
Dodo()<:>hm =1im 1 1 .
1) [ T ¥ .1 12
n2[3—8] —2n%3/— -8 +4n? (il—sl —i/—8+4
n n n n

\/n2+n—nj(\/n2+n +nj
e Tinh lim(\/n2 +n —n):lim( =lim n
Vn?+n+n Vn?

n“+n+n
lim 1 =lim d =lim s =lim ! :%.
2 (
\/nz(n +HJ+H n\/1+1+n n[ 1+1+1] \/1+1+1

rl2 n n n

Ttr d6 suy ra limu, :—1+i+l=—i.

12 2 12
Vi du 3 : Tim gi6i han cta day (u,, ) biét:
a). u, !

1 1 1 1
— et b). u, =—+-—+ ot
2 2.3 n(n+1) 14 47 710

1 (3n-2)(3n+1)
9. u ( J{ j(l_izj d). u, = 14+3+5+-+(2n+1)
n

3n%+4
+22+32+ -+n? . 1 1 1
e). un— f). 1 + oot
n(n+1)(n+2) 123 234 n(n+1)(n+2)
3,03, ., .3 2 2, 2 2
o). liml +42 + 3+r1 h). Tim 2174327 +---+(n+1)n“ +n(n+1)
n*+4n° +1 n?
LOI GIAI
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a). Taco —— - Krl-k_ kil kL1 (wk=12,.n). Tido
k(k+1) k(k+1) Kk(k+1) k(k+1) k k+1
11 1 1,11 11 1
u =—+—+t——=l-—F———=+F————=1- .
12 23 n(n+1) 2 2 3 n n+l n+1
Nén limu_=lim|1- :liml—limLzl—Ozl.
" n+l n+1
, 1 1 (Bk+1)-(3k-2) 1 3k+1 3k-2
b). Ta co =— =-— _
(3k—2)(3k+1) 3 (3k-2)(3k+1) 3 (3k—2)(3k+1) (3k—2)(3k+1)
—1 L— 1 (Vk=1,2,3...,n) Tedé u, =— L+ 1 et 1
3k-2 3k+1 T14 47 710 (3n-2)(3n+1)

1 11 1 1 1 1 1 T 1 .
==|l-—4+—=+=——+-+ =— , €O lim =0 .Do dé
3 4 4 7 7 10 3n-2 3n+1) 3( 3n+l 3n+1

imu < L(1-0)=t
hmun—3<l O) .

3
2_ —
0. VK22 taco 1-— = k 1 (k 1)(2k+1).Do 6 u, =[1—ij[1—ij...(1—ij
k k k 22 3 n?
_13 24 35 46 (n-3)(n-1) (n-2)n (n-1(n+1) _1 n+1
22 3 42 52 (n-22  (n-1)% n? 2 n
1
1+—
Nén limu_ =limn—+1=1im n_1 .
2n 2 2
d). un:1+3+5+-~+(2n+1)‘
3n? +4

Ta cd day s6 1+3+5+---+(2n+1) la mot cdp s6 cong véi u; =1 cong sai d=3-1=2 va sd hang tong

quat u, =2n+1 c>u1+(m—1)d=2n+1<:>1+(m—1).2=2n+1<:>m:n+1,nént6ng cua day sO trén la

1)
m n+1 2 (n+1) (1+n] 1 4
Sz—(ul+um):—(1+2n+1)=(n+1) Teddu, = = c6 lim—=0 va lim—=0
2 2 3n2 +4 344 n n?
2
Ny ] 1
tit d6 suy ra limu,, =N
292,932, .12 n(n+1)(2n+1 .
e). unzl ik . Ta cé tong 12+22+32+~~-+r12:w (dwoc chitng minh bang
n(n+1)(n+2)
1
2+—
phuong phap quy nap). Nén u, = antl _ D vi Iiml:limz:O do do limun:z:l.
6(n+2) 2 n n 6 3
6| 1+—
n
f). Taco L + L ot ! i (Chiing minh dwa vao nguyén ly quy
123 234 nn+1)(n+2) 2|2 (n+1)(n+2)
nap). Do d6 L =lim~| ~————— | ~lim - ~Jim -~ 20—+
2|2 (n+1)(n+2) 4 2(n+1)(n+2) 4 4
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13 L 93 3 n2(n+1)2 . . 3 . .
g).Tacd 1°+2° +---+n =T(chu’ng minh bang phwong phap quy nap). Do d6
2 n+1 : 4 1 2
112(n+1)2 e n " 1+;
L =1im Z . =lim " . =lim
4(n*ean’+1) i ntean’ 41 4n4(1+4+1j
n? n

2
[HlJ 1 4 1
“lim—— lim = =lim = =lim—-=0 nén L:i.

4£1+4+1J n n n
n 1'14

h). Tacé 2.12+3.2% +-+(n+)n? +n(n+1)? = “(“”)(“4”)(“3).
T TR ) ) e,
nn|1+— |n|1+— |n| 1+— 1+— || 1+— || 1+—
ey () ()l
4n* 4n* 4

limlzlimgzlimgzo nén L :l.
n n n 4

DANG 5 : TINH GIOI HAN DUA VAO PINH LI KEP:
PHUONG PHAP: Dya vao dinh li: Cho ba day s6 (un ),(Vn) va (Wn) .Néuu, <v_< wn,(Vn) va

limu, =limw, =a,(ae i ) thi limv, =a.

Vi du: Tim gi6i han caa diy (un) biét:
135 2n-1

1 1 1

a). u, =—-—-—--- b). u_ = + +-t

246 2n ! Vn?+1 +n?+2 Vn? +n

1.357...(2n-1) \ 142 +3 +..+n
o). u, = ,(ne¥) d). u, = .

24.6..2n nn
LOI GIAI
a). Ta co 2k_1=2k_1s 2 _ 2k_1,(Vke¥*).TL‘rdétaCé:
Va2 a1 Y2kl

1 1
< |=
2 \3
< Slamot I Pt o

5 24 2n \N3\5N2n+1 " onsl
2n-1 2n-1

<
2n 2n+1
Do dé |un|s;,Vn.Mé lim 1 =0 dodd limu, =0.

V2n+1 V2n+1

b). Ta ¢6
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1 1 1 1

< < =
\/n2+n \/n2+1 n’> n

1 1 11

< <—=
\/n2+n \/n2+2 n*> n

1 1 1 1
< <—=—.
\/n2+n \/n2+n n> n

A 7 A, < ’ N A A n
Cong céac bat dang thirc trén, v€ theo vé ta dugc ——==<u, < 1,(Vn c¥ *) .

n?+n
v 1 n n 1
Ma hmz—
Nn©+n r1‘{1+l ‘{1+l
n n

c).Rorang u, >0,Vne¥ * do CI(')(un)2 >0,Vne¥ *.Co

=lim

=lim =1valiml=1.Tkdoésuyra limu, =1.

(] 1232527%...(2n-1)’ 1232527%....(2n-1)’

u = <

n 2242.62..(2n)> (22 —1)(42 —1)(62 —1)...[(211)2 —1]
12325272 (2n-1)’ 1

©13.3557...2n-1)2n+1) 2n+1"

.Ma lim0=0 va lim =0 nén lim(un)2 =0. Tt d6 suy

Doddétacdé Vne¥ * thi O<(un)2 <
2n+1 2n+1

ra limu, =0.
d). Dé dang chttng minh %\/E < (k+1)\/k+1 —k\/E <%\/k+l .Ap dung voi k=1,2,3,..,n duoc:

12 43+t <§i[(k+1)ﬁ—k\/ﬂ:%[(nﬂ)@—l} (1) va

1+ﬁ+ﬁ+...+&>§i[k&—(k—1)\/ﬁ]>§n&(z).
(n+1)\/ﬁ—1 . 2 9

Tix (1) va (2) suy ra §<1+\/E+J§+---+\/H<§— Ma lim= == va

nvn 3 3
Dn+ri=1
Jion 2 R T :% gl lim(1+\/2+\/3+-~+\/n):§.

3 m/n

DANG 6: u,, dugc xac dinh boi mot cong thirc truy hoi.

Phuong phap:

Tim cong thirc tdng quat cta u,, theon, sau d6 tim limu,, .

Chtng minh day s6 ¢6 gidi han hitu han (c6 nghia chitng minh day s6 tang va bi chén trén hodc day s6
giam va bi chan dudi) sau dé dya vao hé thirc truy hoi d€ tim gidi han.

u, =2013

Vi du 1: Cho day s6 (un) xac dinh nhw sau: N 1
u, . =nllug + n=1)
2013"

Tim cong thitc s6 hang tong quat va giéi han day s6 (un )?
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LOI GIAI
4 N n+l _ .n 1 n+1 n _ 1
Taco u,>0,VneN va uml—un+2013n nil — n_2013n
Do d6: u% —u% :L
2013!
1
3 .2
u =
7 00132
n n-1 _ 1
T T e
n-1
T
| 1 1 2013
Suy ra: u; —u; = -+ Tt —=
2013° 2013 2013" 2012
[ 1 n-1
n - 2013]
Vay u, =\/2013+ ———
2012
n-1
_(1j 64748
n 2013
l<u, = 2013+T <2014 < 1+1+...+1+2014 :1+2013 (Co si)
n n

2013] =1.Vay limu_ =1
n

Mait khac lim (1 +

, =1Lu, =6
Vi du 2 : Cho day so (un) xac dinh boi o t .
u,.,—-3u,,+2u, =0,Vne¥

un

3.2"

Tim lim

LOI GIAI
Ta co
u,=1=-4+52°
u, =6=-4+52"
u, =16 =—4+52°
u, =36=-4+52°

u, =-4+52",Vne¥

Stt dung phwrong phap quy nap ta chirng minh duoc u, =—4+52",Vne¥ lasd tong quat cua day s6

(un)-

1
n —4.—+5
Do dé lim Y _ lim —4+52 =lim 2 =—.
3.2" 3.2" 3 3

, -~ , . u = 1, u, = 3
Vi du 3: Cho day s6 (un) dwoc xac dinh nhu sau:
u, ,=2u,,,-u,+1, ne¥”*
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LOI GIAI
Tacéu,,,-u, ;=u,,-u,+1, ne¥ * suyra {un+2 —uml} 1ap thanh mot cap s6 cong c6 cong sai bang

lnénu,,,-u, ,=u,-u+nl=n+2 (1)

Tt (1) ta dwoc v, —u; =u, -u, _;+u,_;—u, ,+..+u,—u, =n+n-1+.+2

n(n+1)
=>u, =1+2+.+n=—7—=
u n(n+1
lim — — Jim u:1.vay lim Yo L
noto 2 no+o 2p2 2 n—+wo 2

DANG 7: DAY SO €O GIOI HAN VO CUC:

Vi du: Tim gi6i han cua diy (un) biét:

[14 3
a). u, =3n’+2n*-2 D). u, =-2n*+3n°+n 0. u, = w
n°+1

n+l1 2 \/n4 +4n% -1 -2n?

nm 2
e). u, =ncosﬁ—4n f). u_ =

! \/n3+3n—2n

d). u, =4"+2.(-3)

LOI GIAI
a). Tac6 u, =3n’+2n°-2=n’ 342221 6 lim2 =0,lim—=> =0 nén lim| 3+ 2 -2 |=3 va
n 1‘13 n 1,13 n 1‘13

limn® = +o0. Tt d6 suy ra limu, = +o.

b). Tacé u, =-2n* +3n’ +n=n* (—2+3+i3j.v1 lim> =0, lim—~ =0 nén 1im(-z+3+iJ=—z va
n n

n n

limn* = +o0. Tt d6 suy ra limu, = —o.
i S n* 4+2
, 4n* +2n° +1
c.Taco u, = =
2
n”+1

limi =0 va Iimi =0 nén lim
n* n?
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d). Tacéd u, =4" +2.(—3)“+l =4"-6.(-3)" =4" [1—6.ﬂj =4" [1—6(—%) } Vi 1im(—%j =0 nén
41’1

n
limll—é(—%j ]:1—6.021 ngoai ra lim4" =+o0. Tt d6 ¢6 limu,, = +w.

n’n n’n n’n
a2 COS—— COST 1 1 COS——
e). Taco u, =ncos——4n? =n?*| — 2 4 |. Vi |——/<— ma lim==0 nén lim——"-=0 do
10 n n n n n

n’n
cos——
d6 lim 10 _4|=0-4=-4 (1). Ngoaira limn? =+ (2). Tix (1) va (2) suy ra limu,_ =—
n
4 2
n4(n+4nlj_2nz Y LR
4 2 2 4 2 _4
n*“+4n“-1-2n n n° n
f). Taco u, = - = =
/ 3
n’ +3n-2n ns(n +3nJ_2n nJn 1_,_%_2“
3 n
n
n? 1+i2—i4—2 Jn /1+i2—i4—2
n° n n° n < 4 o1 .3 . 2
= = Tacéd im—=0, lim—=0, im—=0va lim—=0

y 2 4 2
he3_2 n n n Jn
n? n
/ a1,
2 ot /
do dé lim n 1+0-(g 2:—1 (1). Ngoai ra co lim~/n = +o0 ).
/ 3 2 1+0-0
2

Tt (1) va (2) suy ra hm u, =~
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