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HUONG DAN GIAL

Van dé 1. CHUNG MINH HE PIEM THUQC MAT NON, MAT
TRU, MAT CAU.

Bail

1.

Qua O ké dudng thing A vudng
goc v6i mat phang (P) thi A ¢b

dinh. Goi A 1a goc gitta A VA | . \
Taco g =90° — o khong déi nén @ 7

duong thang | thudc mat non cod Y
\

dinh co trucla A, dinh1a | vagoc ¥
& dinh 1a 28 = 180° — 2¢.

~
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2.

Goi K 1a hinh chiéu cia M 1én AB, ta
cé hai tam giac vubng MKB va MHB
bang nhau suy ra MK = MH khong d6i.
Vay diém M ludn ndm trén mat tru c6
trucla AB vabankinh r =BH .

3. Goi O, R 14 tim va ban kinh mit cau va AM 1a mot duong thang bat ky
qua A va tiép xic v6i mit cau tai M . Pit OAM =, 0A = a
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Tacé: tana = % - R \hong ddinén o khong déi.
a

Vay AM luon ndm trén mot mit ndn ¢ truc 1a OA, dinh A va goc ¢ dinh
la 2a. ) 7
4. Goi H 1a chan duong cao ha tr M xudng duong thang AB . Ta c6 dién
tich tam giadc MAB 13 S = % MH.AB = MH = % khéng doi.
Vay M thudc mat tru ¢b dinh ¢6 tryc 1a duong thé“ing AB, ban kinh
r=MH = E
AB
Bai 2
1. (Ban doc tw vé hinh) .
Ta chirng minh dugc AD L BC. Goi M,N,P,Q, E, F lan luot la trung
diém cua cac canh AB,CD, AD, BC, BD, AC.
NP //MQ//AC
Tacé {MP//NQ//BD = MPNQ 14 hinh chir nhat nén giao diém O cua
AC 1 BD
MN va PQ cach déu bén diém M, N, P, Q.
Tuong tu ta ciing c6 O cach déu bon diém M, N, E, F
Viay O cach déu sau diém M, N, P,Q, E, F nén sau diém nay nam trén mat
cau tim O.
2. TacO AN L SC. Tt AM 1L BC,AM 1L SC tac6 AM L MC.
Tuong tw AP L PC.
Do d6 cac diem B, D,M, N, P cung nhin doan AC dudi mt goc vudng.
Viy A,B,C,D,M,N,P thudoc mit cau tim O c¢6 béan Kkinh I

Va2 + b?

—y

3.Goi F = KL nMN, E la giao diém ciia PF voi mit cau ngoai tiép hinh
chép PABC. Khi d6 cac diém P,Q, R, E nam trén dudng tron 13 thiét dién
clia mit cau ngoai tiép hinh chép PABC véi mit phang (PKL) .

Mit khac F = KL nMN = P, S, T, E nam trén dudng tron thiét dién cau
mit cdu ngoai tiép hinh chép PACD véi mit phang (PMN) .

r =
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Do d6 cic diém P,Q,R,S,T nim trén hai dudng tron cét nhau tai hai diém
P, E nén hai duong tron ndy nam trén mot mit cau.

Bai 3
1. (Ban doc tur vé hinh)
Taco: (Q) L SC= AC' L SC = AC'C =90° (1)
SAL(P):{SAL BC . BC 1 (SAB)= AB' L BC.
BC 1L AB
SC 1 (Q)= SC L AB'= AB' L (SBC)
— AB'LB'C= AB'C=90° (2).
Chimg minh tuong tu ta c6 : AD'C =90° (3).
Talaic6 ABC=ADC=90° (4).
T (1), (2), (3) va (4) ta suy ra bay diém A, B,C, D, B',C',D’ cung nhin
doan AC dudi mét goc vudng nén ching thudc mat cau c¢o dinh c6 duong

kinh 1A AC. Béan kinh hinh cau: R = % = %.

oM L AB
O,M L AB

Goi d; la duong thang di qua O, vavuodng goc

2. Goi M 1a trung diém cua AB = { = AB L (O,0,M)

] ) ! d
v6i mat phang chira (O,), d, 1a duong thang di :
qua O, va vudng goc v4i mat phang chira P} |
0,). B 10

Vid,,d, < (0,0,M) nén d, nd, ={O}.

A
Khi d6 moi diém N ndm trén (O;) hodc (O,) taluén c6 ON = OA = OB.
Do d6 tat ca cac diém nam trén hai duong tron (O;) va (O,) déu thudc mit
cau (O, OA).

Bai 4
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1. Goi O la tim mit cau ngoai tiép tir dién, AH 1a duong cao cua hinh
chop, H,, O, 1a tryc tim va tim dudng tron ngoai tiép tam giac BCD.

Trudc hét ta chimg minh O, la trung diém A
doan HH, (RN
14 o« o K ’ ! \\\\\\\
Ta lay hinh hop chir nhat ngoai tiép tir ,:'; N
dién ABCD | AN
Taco O la trung diém cia AK , KBCD [ Y
[N A \ \ A ! N
la tr dién vudng va H, la tryc thm tam [ .\/(\\01 R
- A s [ S NN B
gi4c BCD nén KH, 1 (BCD), do d6 hinh " Hi 177 ¢
r | £ - \\\\
chiéu O ==

ciia O xudng mit phang (BCD) la trung diém doan HH 1-

Tt d6 suyra OH = OH,.

Goi P latrung diém AH ,taco
AH =400, nén OP = OH
bit r =00;,a=0;H,, ta co:

OH =OP =OH, =vr? +a?.

Tuong tu ta chirng minh dugc 12 diém noi trong bai toan ndm trén mat cau

tam O, ban kinh R =r2 + a2 |

Van dé 2. CAC BAI TOAN VE DIEN TiCH XUNG QUANH,
THE TiCH VA THIET DIEN CUA KHOI NON, KHOI TRU.

Bail
1.a) Goi S,0 la dinh va tAm dudng tron ddy cua hinh nén, thiét dién qua
dinh la tam gidc SAB. Theo bai ratacé ASAB la tam giac vudng can tai

S.
J2a

Tac6l=SA=a; AB=2r=\/§SB=\/§a:>r=T.
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Dién tich toan phan cua hinh nén la:

1+\/§7za2
Stp =7zr(r+l)=—( 2) :
3
Thé tich khéi nén 1a: V = %mZh - ﬁl;;a .

b).Xét thiét dién qua dinh S tao voi miat phang

day mot goc 60° 1a ASAC. Goi H latrung
diém cua AC.

Tacé: AC LOH,AC L SO = AC L (SOH) = SHO =60°.

SH = 9 =@,AC=2A| = 2ySA2 - SH2 =2—*/§"".
sine0® 3 3
2
Dién tich thiét dién ld: Sgac = > SH.AC = */éa .
2. (Ban doc: tu vé hinh ) )
Goi | 1a diém tiép xuc cua duong tron ndi ti€p cia tam gidc ABC vdi canh
BC;

SI0O=fh=SO=rtan 1 =Sl = ——

cosf
ar?
a) Dién tich xung quanh hinh nén S, = zrl = .
cosp
B zr3tan B

Thé tich hinh non V,, = %mzh -

2
b) Tacd AC = \/3AB,BC = 2AB; S5 = %AB.AC - \/5';'3

3+\/§

2

AB.r = AB = (/3 + 1)r.

1
Sasc = (AB+AC +BO)r =

Dién tich xung quanh hinh chop

_\3@+3)r?

She = l(AB + AC +BC).SI =
2 cospf
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\/_(2+\/_)r tan/f

3. Goi | 1a trung diém doan thing AB thi Ol L AB,SI L AB,

Ol =a
V3

Tacd AO = SA.cos30° = 7.SA;

Thé tich khoi chép Vg = 2 150850 -

— SAcos60° = %SA .

Tur d6 suy ra

AO\/_

Talai co Al =cos|AO
AO

J6 a J6a

=sinlAO=—=—= A0=—=
3 OA 2

_ Jza.

Dién tich xung quanh cta hinh nén la: Syq = 7t = J3ra?.

5

Thé tich khdinén 1a: V = %ﬂ'R2h = %72'.0142.50 = e za’.

Xeét tam gidc SAO, tacd SA =

cos 30

Bai 2

1. Do thiét dién di qua tryc hinh tru nén ta c6
h=2R. /?\

Dién tich xung quanh 1a S, = 27Rh = 47R? ( \,é//

dvdt). | |
Dién tich toan phan 1a : Stp =27R(R+h) = 67R? 2R i i
(dvdt) ) ””T&Eeiri\\
2. Thé tich khéi tru V = zR?h = 27R3 (dvtt). \\O_/

3. Do khéi lang tru ni tiép 1a t gidc ddu nén day 14 hinh vudng canh 2R .
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Thé tich cta khdi lang tru la V = Bh = 4R3 (dvtt).

Bai 4

Ké duong sinh AA', goi D la diém d6i ximg v6i A’ quatam O' va H a
hinh chiéu cia B trén A'D.

Tacoé BH L (AOO'A’) nén V =%BH.SAOO.. A O'H D

Tacé A'B =+/3a, BD = a, tam giac BO'D déu ;

'\/ga ///

suyra BH = —.
y 5 /

< s 1 2 . , -
Mitkhac S,5q- = > a“ nénsuy ra Y 1,' N
A o)
A or 7 ‘A Y \/§a3
Bai 5 (Ban doc tw vé hinh )
1. Taco SM = (_)M = _R ,SO=Rcot o .
sina sina
Dién tich xung quanh khdinon S, = 7R
' gd XA sing
3
Thé tich khéi nén V = ”R%t“ .
2. Giasu (P) cat hinh nén theo thiét dién 1a tam giac SMN .
] 1 R?
Taco SM L SN = S,;, =-SM.SN = ————.
2 in2
2sin“ «a

3. Goi | latrung diém cia MN ,tacé SIO= 4.

Taco Ol = SOcot = Rcot a.cot B khong doi.

Vay S| thudc mot mat non ¢d dinh ¢6 dinh S, truc SO va duong tron day
(©;01).

Bai 6

Goi E 1a trung diém ciia BC, D ddi ximg ciia A qua O.
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Tam gidc ABC céantai A nén tim duong
tron ndi ti€ép H nam trén doan AE.

Vi CBD = CAD = BAD va HB la phan
gidc nén HBC = HBA, nén HBD = BHD,
do d6 HD = BD = AD.sin 15° <%, hay

HD < OD => H nim trong doan OE, vi thé
M nam trén duong sinh SD.

Goi V,,V,, 1an luot 1a thé tich khéi chép, khéi nén.
1,01 1

Taco: V=2 MH.~ AC.AB.sin 30° = 5 MH AB?V, = %z.OAZ.SO

V. 1 AB2 MH 1 ADZ?cos?15° DH

Do do —& =—. _ .
n 47 opa? SO 47r OAZ2 "DO
Ma DO =X AD,HD = BD nén 27 =2P8 _ 560150, dods
2 DO AD
v 2
Ve i-—AB w - Y 4cos?15°.2sin15° = ic03150_
cos15° = cos(45° - 30°) = cos45°.sin 30° —sin 45°. cos 30° = e Z 2
V
Vay —& = _\/E 2 .
Vi, 87
Bai7

1. Tt A, B tadung cac duong sinh AD,BC

Tacd {OA 1O'B = OA 1 OB, ching minh tuong tu ta c6 cac mat cia tir

OA 1 OO
dién OAQ'B la céc tam giac vuoéng.

1 \/§r3

Thé tich tor di€n: Vopo g = EOA.SOO. B="¢g
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2. mp(a) chira AB va song song vgi OO' chinh
la mp(ACBD). //\\
o
o

Ké Ol L AC = d(00",(a)) = Ol = | s
D
3. Xét hinh tru T c¢6 hai duong tron day tdm la ,;/
0,0" vaban kinh la Y- */_r | S
Ta c6 khoang cach gitra truc OO0'va mp(a) la A A
\/EI’ ) [’ :’/,’/ O I// R+ k
Ol = — nén mp(«) ti€p xuc véi hinh try T . s /\/‘“’,‘//‘“/1 T

Bai 8
1.Ké OM L AB,O'N L CD thi MA =MB,NC =ND, MN cit OO' tai
trung diém | ctia mdi duong va MN L AB.

Do d6 NMO = 45°, | M :g.Dét

OA=R,00'=h
Xét c&c tam giac vudng OIM, AMO: :
OM =0l = MI.sin45° = &
22

—~00'=h=-"2%

N
R2=OA2=OM2+AM2_3i:>R_ﬁ

8 4
2

Dién tich xung quanh hinh tru: Sxq = 7ra2\/§ .

3
Thé tich khéi tru: V = 7R2h = #

Bai 9
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1. Gia st SM 1a mot dudng sinh bat ky cia
hinh non .

ASM = 3, AM < AB = 2R. Ta can ching
minh g<a.

Ap dung dinh cosin trong tam giéc ta co:

AM? = SA? + SM? — 2SA.SM cos B = 21(1 - cos )
AB? = SA? + SB? — 2SA2.SB? cosa = 2I1%(1 - cos )
AM <AB=1-cosff<1-cosa = cosa < Cos f

Do0<a<180° = B<a.

312

4.
Giasu S, 1a mot thi€t di¢n qua dinh cat mat nén theo hai dudong sinh
SA,SM .

2. Dién tich thiét dién S, = %SA.AB.sin 120° =

. AL g 1 . 12 sin x
Dat ASM = x. Dién tich thiét dién S, = > SA.SM.sin x = >

3

Taco SX=So:>sinx=—:>x=600;x=1200.
2

Vay khi x =60° thi S, =S,
Bai 11
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1. Chiéu cao cta hinh tru AA'=h = 2R. Do d6

2
qu trui = 27Rh =4xR
2
Stp trui = qu trui T 2Sﬁay =67R
2.V, .= 7R%h = 2zR%

trui
3.Tacd AB = Ry2, AA' = 2R nén thé tich khéi
lang tru la:

1 3
V = AA"S,pp = 4R%.
4. Dyng duong sinh MM ' va

HM' 1 AC (H € AC)
Khi d6 MH2 = MM 2+ M 'H2 =4R%? + M 'H?2
VIO<SM'H <R=2R<MH <Ry5.

Lai ¢6 Syac =%AC.MH = 2R% < S,;ac < R%5

Vay min S, ac = 2R? dat dugc khi M'= A hoaé M '=C
max Syyac = V5R? dat duge khi M'=B hoaé M =D.

Bai 10

1. Dung cac duong sinh MH, AA’,BB’. K¢

HK L AB thi MK L AB.

Tacd MK?2 = MH? + HK? = h? + HK? T
N 1 W
Nén Sy, ap :EAB.MK hay 1 \

Syag = RVh? + HK 2. /

Vi 0<HK <R nén /

Rh < Sy, ap < RVh? + R, A@B

e Dién tich tam giac MAB dat gia tri nho nhat 1a Rh khi M tring A",
hoac M trung B'.

« Dién tich tam gisc MAB dat gia tri 1on nhat 1a Vh2 + R? khi diém M
thoa man OM 1 A'B'.

>

Q
1Y =

o
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2. Chiéu cao cta khoi lang tru ndi, ngoai tiép hinh tru béng chiéu cao cua
hinh try. Xét day cua lang tru thuoc mat phang chtra duong tron (O; R) la da
giac déu AA, . A,

« Da gidc déu A A,...A, ndi tiép duong tron (O; R) thi dién tich da gidc

AAS A, la
2r

n . n_o .
SA:LAZ"'An nSA10A2 > OA,;.OA,.sin A|OA, > sm—n

X r 1 1% Ar iAo 13 X n,_»> . 2z
Theé tich lang try noi ti€p hinh tru la V|, . = h'SAlAz---An =7 hR< sin -
e Da giac déu A A, ... A, ngoai tiép duong tron (O; R) thi canh cua da giac
V4

R /4 n aA s , \ 2
la 2Rtan —, nén dién tich day la SAlAZ"'An = nSA10A2 =nR* tan .

n

Thé tich lang tru ndi tiép hinh tru la Vlt.ngt = h'SAlAz---An = nhR? tan %

Bai 11

1. Dung cac duong sinh MH, AA’, BB'.
Ké HK L AB thi MK L AB.

Tacd: MK? =MH? + HK? = h? + HK?

R 1 M
Nén Sy, ag =EAB.MK hay '
A' O // I B
SMAB:R.\}hZ"'HKZ. N = ://// :\\
Vi 0< HK <R nén PENY L

/

Rh < Syag < RVh? + R2,

e Dién tich tam giac MAB dat gia tri
nho nhatla Rh khi M trung A" hoac
M trung B'.

« Dién tich tam gisc MAB dat gia tri 1on nhat 1a Vh2 + R? khi diém M
thoa man OM L A'B".

2. Taco HK L AB,HK L O'O nén HK L (ABQO’). Do d6 khoang cach tur
M dén mat phang (ABO") la HK .
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Vi M, N ddi xtmg véi nhau qua O' nén khoang cach tir M, N dén A'B’
bang nhau. Do d6 Vasun = Vasmo + Vaeno = 2Vagmo-

, 1 1 \ A~
Taco VaBMO' :gHK-SABo' :éh.R.HK va HK < R nén

2 2. 5

Do d6 Vpgyy dat gid ri 1on nhit 1a = hR? khi MN L A8
3. Chiéu cao cua khdi lang tru nodi, ngoai tiép hinh tru bfmg chiéu cao cia
hinh try. Xét ddy cua lang try thuoc mat phang chtra duong tron (O; R) la da
gidc déu A A,. A, .
e Pa giac déu A A, A, ndi tiép dudng tron (O; R) thi dién tich da giac
AA,.A 2

2

n ! n_»o .
SAlAZ"'An = nSA10A2 =E.OA1.OA2.S|n A OA, :ER smF.
Thé tich 13 oi tiép hinh try 13 h " hR2 sin 2~
¢ tich lang tru no1 tiep hinh try la Vi, .y = 'SAlAz---An :E R SIn?.
e Da giac déu A A,...A, ngoai tiép dudng tron (O;R) thi canh cua da giac
T

N T N caA s . 2 2
la 2Rtan —, nén dién tich day la SAlAZ“'An = nSA10A2 =nR*“ tan .

n

Thé tich lang tru ndi tiép hinh tru 13 V; ngt = h.SA1A2 A= nhR2tan Z.
. A n

Van dé 3. MAT CAU NGOAI TIEP HINH CHIP V LANG
TRU.

Bail

1. (Ban doc tir vé hinh ) 7
Goi H la hinh chiéu cua S 1én mat phang (ABC),tacOd H la tdm cta
AABC.
Nén SH 1a truc duong tron ngoai tiép AABC . Trong ASAH dung duong
trung truc I1x ctia canh SA. Goi O=IxNSH.

O e SH :{OA=OB=OC

Oelx 0OS =0A
S.ABC.

= O la tim mit cau ngoai tiép hinh chop
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Béan kinh R = SO. Pé tinh ban kinh R ta co thé thuc hién theo hai cach

sau.
Céch 1.
Tacé SAH =(SA,(ABC)) = 60° ; AH _2 M =3.@=—*/5a( M 1A
q 3 372 3
trung diém canh BC ).
— SH = AH tan 60° :@.\/gza,SA: AH _2J3a
3 cos60® 3
2
Do AS|O~ASHA:>i:£:>SO= SASI :Si:§.
SH SA SH 2SH 3

Vay ban kinh hinh ciu ngoai tiép hinh chdp la R = % :
Céch 2. Goi D la giao diém cuia AH v&i mat cau, tim O thudc mp (SAD)
nén duong tron ngoai tiép ASAD 1a dudng tron 16n.

D¢ thay ASAD la tam giac déu nén ban kinh

J3sA 3 243a 2a
3 3 3 3
2. (Ban doc tu v€ hinh)
Goi | 1a trung diém canh AC. Trong mp(SAC) ké Ix//SA.
Taco Ix la truc dudng tron ngoai tiép AABC, Ix cit SC tai O.Tacod O
1a tAm mat cau ngoai tiép hinh chép S.ABC. Ban kinh R = OA.

R:

SAB = (SB, (ABC)) = 60%; SA = AB tan 60° = 3a, AC = AB == 23a.
sin 30

Goi J 1a trung diém SC = AIOJ 1a hinh chit nhat

:R:AO=\/A32+A|2=—“221"".

3.. (Ban doc tu v€ hinh) . i

Vi tam gié(} AMB vubng tai M nén tdm mat cau di qua ba diém

A,M,B ndm trén A; la truc dudng tron ngoai ti€p tam giac AMB, tirc la
trung tryc ciia AB (xét trong mit phang (ABC)).

Tuong tu tAm mit cau di qua A,C, N nim trén A, la trung tryc cia AC
trong mat phang (ABC). Goi | = Ay N A, thi | 1a tdm dudng tron ngoai
tiép tam gidc ABC VA | cach déu tat ca cac diém A, B,C,M,N nén céc

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

diém d6 nam trén mat cau (S) tdm |, ban kinh R . Vé4i R 12 ban kinh

\ \ Lk . B
dudng tron ngoai tiép tam giac ABC = R = — ¢ = .a .
sin A sina

4
i az.
gnza
Thé tich khéi cdu v = 2ZR3 = 47 3,
3gn3a

4. Goi | 1atrung diém ciia BC,taco Al L BC.
Mit khac (SBC) L (ABC) nén S

Al 1 (SBC) = Al L SI = Sl laduong

cao cua tam gidc SBC.

Taco

AABl =AASI = IS=I1B=I1C=1 la

tam duong tron ngoai tiép ASBC

Goi O 1a tam hinh cau ngoai tiép hinh B
chop S.ABC tac6 OS =OB = OC nén

O thudc thang

Dién tich mat cAu S =47R? =

d qua | vudng goc voi (SBC).
Tacd (SBC) L (ABC) = d = (ABC) = O e (ABC) = O la tim dudng
tron ngoai tiép AABC.
Goi K la giao cia Al voi duong tron ngoai tiép tam giac ABC.
AB?

Tacd:AB2 = Al.AK = Al2R = R =",
2Al

2 2 2
Ta c6: AI2=ABZ—BI2:aZ—%:a2_ﬁ

4
2 2 2 2 2 2
2 a“+x 3a —x 3a° —x
— a2 _ = = Al =———— (0<x<+3a
" 2 S J3a)
2
\/:’»az—x2
Bai2

1. Goi O la giao diém hai duong chéo cta hinh thoi ABCD.
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Theo bai rataco BD = a. Matam
gidc ASBD vuong tai S nén

SB = SD =£a,80=3.

2 2
Goi H 1a hinh chiéu cua S trén
mit phang day thi H 1 tim dudng
tron ngoai tiép tam giac ABD (do
cac canh bén SA = SB = SC).

Tacé SH =\SO? — OH? =§a, SC =ySH2 + HC? zga,

Goi K 1a tAm ciia tam giac déu BCD thi K 1a trung diém ctia HC, truc
duong tron ngoai tiép tam giac BCD di qua K va song song voi SH nén
1a trung truc cia HC cat SC tai diém | . Tacd | 14 trung diém cua SC
nén 1S=1C, dod6 | chinh la tAm mit ciu ngoai tiép hinh tir dién SBCD.

1 J6

Ban kinh cia mit cdu 1a R = > SC = -_ a.

Bai 3

1.Vi AB =DE = AD =a va DAB =1v nén ABED Ia hinh vuéng.
Tam giac BCD c6 S

EB = ED = EC = a nén vuong
tai B, BE L CD nén trung diém
M cua BC la tdm duong tron
ngoai tiép tam giac EBC. Dung
A 14 truc dudng tron ngoai tiép
tam gidc EBC thi A song song
vo1 SD.

Dyng mit phang trung truc
canh SC, mit phang d6 cat A
tai | .

Diém | 1a tim mit cau ngoai tiép hinh chép S.BCE.
Ké SN / /DM cat MI tai N, tacO SDMN 1a hinh chit nhat véi SD = a va
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~DB?+DC? BC? AB?+AD?+DC? EC’+EB? 5a?
2 4 2 4 2

DM 2

Tacd SI2=SN2+NI?=SN?+(NM —IM)Z:gaZ+(a—IM)2

2
Ma |02=||\/|2+|\/|<:2=||\/|2+""7 va

2
R:IC:IS:gaer(a—IM)Z:IM2+%<:>IM :ga

Vay ban kinh mit cau ngoai tiép hinh chép S.BCE la

R= M2+ Y1 a.

2 2
2. ( Ban doc tw vé hinh )
Goi O la trung diém doan thing AD,tac6d O la tim dudng tron ngoai tiép
tr gidc ABCD.
Ké Ox song song v4i SA, tacd Ox 1a truc duong tron ngoai tiép tir giac
ABCD. Trong tam gi4c SAC tir trung diém J cua canh SA ké Jy song
song vdi AC, taco Jy la duong trung tryc canh SA.
Goi | 1a giao diém ciia Ox va Jy.
Taco | thuoc Ox nén IA=IB=1C=1D va | thuéc Jy nén IS = |A.
Vay | latdm mat cau di qua ndm diém S, A, B,C, D va ban kinh mat cau
naylar =1A.

Theo giai thiét ta c6: SCA = ((SCD), (P)) = 60°.
Suyra AC = ADsin60° = \3R, SA = ACtan 60° = 3R.

T gidc AOIJ 13 hinh chit nhat nén Al =vVAJ? + AO? = @.

Vay ban kinh mit cau la r =

J13R

—

Bai 4

1. (Ban doc tw vé h{nh) ’ ‘

Goi O la tam mat cau ngoai tiép tir dién ABCD. Do O cach déu AB nén

O thudc mit phing trung tryc canh AB . D6 chinh 1a mp (MCD). Véi M 14
trung diém AB . Tuong ty O cach déu CD nén O thudc mp trung truc
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canh CD 1a mp (NAB), véi N 1a trung diém CD. Vdy O nam trén giao
tuyén MN cua mp(MCD) va (NAB). Do MN L AB vadVIN L. CD.

OA = 0D = R;OM = yR? - AM? = R? —9,0N = yR? - ND? = JR? 16
DM2 = AD? - AM2 =65 = MN? =DM? —-DN? =49 = MN =7.

e Néu O nam trong hinh chép thi MN = OM + ON .
Suy ra 7-JR2-9+JR?-16 = R2 =25 = R 5.

e Néu O nam ngoai hinh chép thi MN = OM —ON .
Suyra 7 =vR? -9 —yR? —16 phuong trinh v6 nghiém. Vay ban kinh
R=5.
2. Goi G la trong tdm tr dién ABCD va goi Q 1a diém thoa man
Q—A+@+&+@+@=6®4Q—G+@=6 (diém Q chia doan PG
theo ti s6 —4).
Vi G, la trong tim cta tir dién PBCD nén
QB +QC + QD + QP = 4QG, = QA +4QG, = 0

Hay diém Q nam trén dudng thiang AG,.

Tuong ty, diém Q ciing thudc cac duong thang BG,,, CG., DGy.
Vay cac duong thang AG,,BG,,CG_, DG, dong quy tai Q.

Taco 4QG + QP =0 nén GQ = —%@ hay Q la anh cia P qua phép vi
tu tam G, ti sO —%.

Vay Q nam trén mat cau la anh ctia mat cau nodi tiép tor dién ABCD qua
phép vi tu tim G, ti s6 —%.

Bai 5
1. Goi I, 1’ lan luot 1a trung diém cua BC, B'C’.
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Taco I, 1’ lan luot 1a tAm dudng tron A o
ngoai ti€p cac tam giac

ABC, A'B'C".

Goi O la trung diém cua 11" tacd O
14 tAm mait cau ngoai tiép tr dién.
Ban kinh R =0C.

DoIC:Bcz AB =a;
2c0360O
:>R:x/OI2+IC2=¥

2. Goi M 1a trung diém ciia BC. Do tam gidc ABC déunén BC L AM
Suyra A'M L BC (dinh li ba duong vudng goc). Vay A'MA = 60°.
A G

~~~~~~~~

73

Taco AM =7a nén A’A = AM.tan A’'MA = ga.
Thé tich khéi ling try ABC.A'B'C’ la
V = AA'S,pc = ga.ﬁaz :ﬁa?

2 4 8

MG 1 MH

Goi H la trong tdm cua tam giac ABC, tacd MA -3° MA nén

GH / /AA"= GH L (ABC). Do H ciing 1a tim dudng tron ngoai tiép tam
gidc ABC nén GH la truc duong tron ngoai tiép tam giac ABC. Goi | 1a
giao diém ctia GH vdi trung truc cia GA (qua trung diém N cua GA) thi

d6 1a thm mat cau ngoai tiép tor dién GABC.
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IG GN

TacO AIGN ~ AAGH nén —— = ——, suy ra ban kinh mat ciu
AG GH
r_ GAGN _ GA?
GH 2GH
ViGH =22 _ 2 nan A2 =GH2 + HA2 = " a2, Viy R= ~a
3 2 12 12
Bai 6

Vi (P) L (Q) vd CA L A nén CA L (Q)= CA L AD.
Twong ty BD L BC, nén cac diém B, A
cung nhin dgan CD dqf(')i mot goc vuong,
do d6 mat cau ngqai tiép tr dién ABCD
¢6 tdm la trung diém CD va c6 ban kinh

R= % . Ap dung Pitago cho céc tam giac

ABD, ACD taco: R =%\/AC2 + AD? =%\/ACZ + AB2 + BD? =§a.

Ké AH L BC thi H 1a trung diém ciia BC (do tam giac ABC vubng can
A).

Tacé: AH = = BC = l\/AC2 + AB? = ﬁa.
2 2 2
Vi BD L (ABC) = BD L AH nén AH L (CBD).

2

Vay d(A,(BCD)) = AH = 7a.

Bai 7 ( Ban doc tw vé hinh )

1. Goi G la trong tAm tir dién, H 13 diém thoa man OH = 2&, khi do6 ta
co:

OA+ OB +0C +0D =0

AlAO:A10+OAO:ﬁ+%(£+o?+(ﬁ):§(a+2a)

AgH :A0A1+A10+a:A0A1+6A+ﬁ:AOA1+(07+2(%):%A1A0
Suyra Ay, A, H thang hang hay AyA; diqua H
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Chung minh tuong ty ta cling ¢6 ByB,,C,C;, DyD; ciingdiqua H .
Vay A, Aq, B,By, C,Cq, D;D, dong quy tai diém H
2.Goi M, N lan luot 14 trung diém cua AB va CD taco

WH:m+a:_%@+®+§@+@+&+®

=%(OT:+$):W
Ma ON 1. CD = MH 1L CD

Chutng minh hoan toan tuong ty ta ¢6 dugc cic dudng thing di qua H va
trung diém cua mdt canh thi vudng goc voi canh doi dién.

Bai 8 ( Ban doc tw vé hinh )

1. Goi I, 1" lan luot 1 tAm ctia cac dudng tron ngoai tiép tam gidc
ABC,A'B'C' va O la trung diém cua 1. Tacd O 1a tAm mit cau ngoai
tiép lang try. Ban kinh R = OC. Goi r 14 ban kinh dudng tron ngoai tiép
tam gidc ABC,taco:

2 2 cin2
IC=r=_5C K L Rr-Vic2 4102 - YK +h7sin"a

23inA:23ina 2sina

2. Tacoh:

- (AB + AC)2 cos? a

2
BC2 = AB2 + AC%2 —2AB.AC.cosa > %

2 2
:kzza——azcoszﬁooza—.
2 4

Viy R nho nhat khi k nho nhat hay tam gidc ABC déu canh %.

Bai 9

( Ban doc tu vé hinh )

Goi H 1a hinh chi€u cua S trén mat phang (ABCD), M la trung diém cua

CD.

Phén giac trong géc SHM cit SH tai J 1a tAm mit cau ndi tiép hinh chop.

Pit SMH =2¢(0< ¢ < 45%) tacd HM = HJ.cot ¢ = a = 2r.cot ¢ Va
SH = HM.tan 2¢ =r.cot ¢p.tan 2¢

nén thé tich khéi chép S.ABCD
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V = %.SH SaBcD = %.r.cot @.tan 2¢.(2r.cot (p)2 = g r3.cot® @.tan 2¢.

Mait khac V = %r.Stp nén Sip = V. 4r?.cot3 p.tan 2¢ = 4r2.f (p).
r
Vi 1 khong doi nén S, nho nhdt khi f (p) = cot® p.tan 2¢ nho nht.
1 2tangp 2
2

tan3 o '1-tan? ® (1—tan2 p)tan© ¢
O<tangp <1,
Do d6 theo bit dang thirc Cauchy ta co:

Ma f(p) = va 0 < ¢ < 45° nén

2
1—tan2(p+tanzgoj _1

1—tan2 tan2 <
( ®) ® [ > 7

Nén f(¢) = 2 >8= S, >32r2.

i >
(1—tan2 (p)tanzqo P
Vay max Stp =32r2. Dat duoc khi

1—tan2(p=tan2¢:>tanqo=%:>a=2\/§.r,h=4r.

2

Bai 10

R O , AB®
1. Goi V la thé tich tit di¢n ABMN. Ta tinh dugc V =

1a gid tri

khong di, ma r = S nén r 16n nht khi S, dat gid tri nho nhé.
tp
Pit AB = 2a, AM = x,BN = y.

To AM + BN = MN suy ra xy = 2a2. Dién tich toan phﬁn cua tir dién la
Stp =a(x+y) +%(y\/x2 +4a° + X y2 +4a2).
Str dung bat dfmg thirc Cauchy, ta tim dugc gié tri nho nhét cua Stp dat

duoc khi

2

x =y =ay2, hay AM = BN == AB.

2. Ban kinh mit cAu ngoai tiép ta dién 1a R = \/xz + y2 +4a nén
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R= \/x2 +y? +4a% > \/2xy+4a2 = \/8a2 =2\2a.
min R = 2v/2a khi x = y = a2, hay dat dugc tuong tng véi ban kinh mat
cau ndi tiép dat gia tri 16n nhéat.
Bai 11
a) Goi H 1a hinh chiéu cua O Ién (P).
OAH =(AO, (P)) =30°.
Ta c6 ban kinh ctia duong tron
thict dién la:
r=AH = R.cos3OORT\/g
Dién tich thiét dién 1a

S = xr? —BﬁRz
1

b) Mit phang (ABO) di qua O
nén cat mit cau theo duong tron
16n.

(P)
Goi | 1a trung diém cia AB tacd Ol L AB nén tir giac OIAH la hinh

chit nhat do d6 1A = OH = Rsin 30° =§.

Viy AB=2Al =R,

Bai 12

Goi dy,d, 1an luot 1a hai duong thang di qua 0O;, 0, va vudng goc véi (P)
va (P").
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Goi M 1a trung diém AB taco

(MO,0,) L AB = d;,d, = (MO,0,).

Goi O 1a giao diém cua d, vad,.Taco O la
tAm mdt cu chira (O;) va (O,) . Ban kinh

R =0A.

2 2 . 2 2
MO, = |12 - MA? = 4;MO, = \|r? - MA? =1

Ta c6 ti gidc MO, 00, 1a tir gidc noi tiép.

MO? + MO3 - 0,03
1 2 172 _ 1 0,m0, =120° = 0,00, = 60°
2MO;.MO, 2

bit x=00,, y=00,,z=0M. Ap dung dinh ly cosin cho AO,00,

cosM =

ta c6: 0,05 = 002 + 003 —200;.00, = x* +y* —xy=21 (1).

Do tir gidac MO,00, ndi tiép nén

MO, .00, + MO,.00; = M0O.0,0, < 4x+y =121z (2)

OM? = MO? +0,0? = MO2 + 0,0% & 22 =16+ y* =1+ x* (3)

Giai hé gdm ba phuong trinh (1),(2) va (3) ta tim dugc

x =33y = 23;2= 27 = 0A%? = AO? + 0,0% =37 = R = OA =37

Bai 13
1. Goi R la ban kinh ctia mat cau.
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IA L (ABC),BS L IH,IA = IH = R. Goi ’
O latam cua day, ha IK L SO.
SBO=45°:>SO=OB_a\/_ SB = ;{g e o
T giac 1AOK 1a hinh chit nhat nén N
V5. 70
IA=0K =R;IK = OA—a \/ s
SK = SO - IA_i—R AT
D
HS=BH - BS = BA-BS = a—i C

Vi IH?2 + HS? = IK? + SK?2 nénsuy ra

e o f]-(2 ]

a(2\2 - /3)
RN

Ta tim dugc R =

Bai 14
1. ( Ban doc tw vé hinh )

Ap dung dinh 1y cosin cho tam gidc ABC ta c6 :

BC? = AB? + AC? - 2AB.ACcos120° = 3a® = BC =+/3a
Tam gidc ACD déunén CD =a. Vi AABD vudng can tai A nén

BC = x/§a.
Tacé BC? + CD? = 3a? = BC? = ABCD vudng tai D.
Goi H 1a trung diém ctia BCtac6 AH L BC (1).

AH = ABsin30° = 2:

BC \/_a

Tu (1) va (2) suyra AH L (BCD) nén AH la duong cao cua tr dién ABCD.

DH = = AH2+DH? =a? =AD? = AH LDH (2

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

3
Thé tich tt dién: V = % AH.S,5cp = */f—: .

Dién tich toan phan cta tr dién :

@+ \/E + x/g)az
ZS = SxaBc T SaaBD * Saacp + Sasep = 5

3V _ JP2a
2SS 20+\2+3)

Goi r la ban kinh mat cau noi tiép, tacd r =

2. ( Ban doc tw vé hinh)

a) TAm va ban kinh mit cau ngoai tiép.

Goi H 1a tm cua hinh vudng ABCD. Ta c6 SH 14 truc dudng tron ngoai tiép
day. Trong mit phang (SHA) ké duong trung truc canh SA cit SH tai O. Ta
¢6 O 1a tim mit cAu ngoai tiép hinh chép S.ABCD, ban kinh R = SO.

Goi N la trung diém SA, ta co:

SN _SH

2
ASNO - ASHA = 2= _, go-SN-SA _SA

, SA SH 2SH
Ap dung dinh 1y sin cho tam gidc can SAB ta c0 :

SA _ AB . SA = AB “SH = /SAz_Asza\/COSa.

0 - .
sin(180 ) siha 2sin & 2sin &
2 2 2
Vay R = SO = a

. 06.
4 COSOz.smE

b) Tam va ban kinh mat cau ni tiép.
Ta c6 tam I ciia mit cau ndi tiép thudc duong thing SH. Goi M 1 trung
diém cia
AB, tacd AB L (SHM) tai M. Goi I la chan duong phan giac trong cta goc
SMH (I € SH). Ta c6 I 1 tAm cta mit cau noi tiép hinh chop . Ban kinh
r=IH.
Pé tinh ban kinh r ta c6 thé tinh theo hai cach sau:
Céch 1. Dua vao tinh chat ciia dudng phan giac ta c6

IS MS SH MS+MH SH.MH

— = = = = IH

IH MH IH MH MS+MH'’
SM =§cotg,MH :E.
2 2 2
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aycosa

Vay ban kinh mat cau nodi tiép la: r=1H = .
. a a
2(sin =+ cos—)
2 2

Céch 2. Dua vao cong thirc r = %
Thé tich khéi chop: V = %SH Sascp =

a3 \ COSx

3.2$ing
2

2,. o (04
1 ) a(sm§+cosE)
ZS:4SASAB+SABCD =4.§SM.AB+a =

. a
sin —
2
Bén kinh r = 3VS= aveose
Z 2(sing+cosg)
2 2

¢) Tam cua hai hinh cau tring nhau<s R+r = SH .

a + a\/cos o _ a\/cos o

Hay:
4cosa.sin & 2(sing+cosg) 2sin &
2 2 2 2
1 Cos o cos o o . a COoSa
= + = +C0S— —Sin — =
. a .o a .o .o 2 2 .a
2sin— sin —+4+c0s— Sin — 2sin — sin —
2 2 2 2 2 2

. . (04 .
<:>1+S|na—25|n25:2005a<:>sma:cosa<:>a:450.

Vay khi o = 45° thi tAm mit cau ngoai tiép va tAm mat cau noi tiép cua
hinh chop trung nhau.

3.Vi SA=SB=SC va ASB=BSC=CSA=a nén AB=BC=CA
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Ké SH L (ABC) = HA = HB = HC hay
S.ABC la hinh chép tam giac déu

Goi P la giao cia SH véimitcau, M 1a
giao cia AH va BC thi MB = MCva
SP = 2R, SAP = 90°

bat SA =SB = SC = x, ta cé:

—SA2-SH.SP = SH =~

, . (04 A
Taco MczxsmE nén

BC\/_ a

3sin —
2

BC :2xsin%;AM

2
Ma SC2 = SH?2 + HC? :SH2+(§AMJ

2
Suy ra X2 =X—+£xzsin2g:>x2 =£R2 3-4sin?<
2 2 3 2

4R
2
A 1 8\/5 3. 20 .2

Ap dung BPT C6 si cho ba s duong ta co:

8$:inZg 3—4sinZg 3—4sin22
2 2 2

3
8sin? % 13-4sin?%13-4sin?%
3
Do d6 Vg ppc < 8\/_ R3, déng thuc xay ra khi o = 60°.

sJ_

Vay max Sg pc =~ R3, dat dugc khi a =60°.

Bai 15
1. ( Ban doc tu vé hinh)
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Theo tinh chat phuong tich ciia mot diém d6i véi mot dudng tron, ta co
GA.GA’ = GB.GB' = GC.GC' = GD.GD' = R? - OGZ2.
V61 moi diem M ta co:
. N2 I,
MA2=MA:{MG+GA)=AM¥+2MGGA+GA2
Vd GA + GB + GC + GD = 0 nénsuy ra
MAZ + MB2 + MC? + MD? = 4MG2 + GA2 + GB? + GC? + GD?Z.

Cho M = O thi GA? + GB? + GC? + GD? = 4(R? - OG?).
4(R? -0G?) GA? +GB? + GC? + GD?
R? - 0G? R? - 0G?

Vithé 4 =

__GA? eB? &c?  GD? >4dGA GB GC GD
GA.GA' GB.GB’ GC.GC' GD.GD' \GA' GB' GC' GD'
kﬁyGA.GB.GC.GD >1 (1).
GA GB GC GD

Mait khac, do G la trong tdm cua tir di¢n nén

VAlBlch! _ VGB’C'D' + VGC'D,A, " VGDIA!B! + VGA’B’C'

VABCD VABCD VABCD VABCD VABCD

V ! ’ V ’ ! V ! ’ V ’ ! !
GB'CD + GCD'A + GD'A'B + GA'B'C

4vCBCD 4VGCDA 4VGDAB 4VCABC

_1{GB.GC'GD’ N GC'.GD'.GA' N GD'.GA'.GB’ N GA'.GB'.GC’
GB.GC.GD GC.GD.GA GD.GA.GB GA.GB.GC

24#GA.GB.GC.GD @.
GA GB GC GD

Tu (1) va (2) suy ra diéu phai chtrng minh.

Dau dang thuc xay rakhi G = O, hay ABCD la tir dién gan déu.
2. ( Ban doc tw vé hinh )

2h? + a?

a) Ban kinh mat cau ngoai tiép R= ah
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ah

a+\4h? + a?
b)

b1) Thé tich khéi chép V = %azh.

Ban kinh mat cau noi ti€p r =

3
Thé tich hinh cau ngoai tiep V, = 47[3R .
Arr3

Thé tich hinh cu ndi tiép V., = 2

3
ah
Ar| —F——
4rr3 B (a+x/4h2+a2] _ 4zah?

2 2 3’
h h
a a (a+x/4h2+azj

Pit tang = 20, (0° < & <90°)

V.
Suyra —2 =
y V

a
V _ A
Khi dé ~2 = 4xd=cosa)cosa _AxA =D _ ¢ 1~ cosy (0<t<1).
v 4(1 + cos a)? @1 +1)?
Taco f:(t) = 2ZL=3Y ¢ty o=l
(1+t)3 3
V
Vay max -2 =~ khi h =+2a.
vV 2
r 4ah?

V
b2) Tacd 2 =— = .
Vi R (2n2 4 a2)a+ Vah? + a2)
V. ,
Tuong tu ta tim dugc —2 16n nhatkhi h=a \/52+ 2 .
1

3.Goi M,N,P,Q lan luot la cac tiép diém cua mat cau tim | v&i cac canh
AD, BD, AC,BC.
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Tacé BN =BQ,IN =1Q =r, nén D
AIBN = AIBQ suyra IBN =1BQ

Tuong tu 1AP = IAM nén ACAB = ADAB
.Dodé AC=AD,BC=BD (1.
Twong ty cho mit cau tim J ta co

DA =DB,CA=CB (2).

Tur (1) va (2) taco
CA=CB=DA=DB=a

Vi DI laphén gidc goc ADB va tam tam giac ADB cantai D nén | la
trung diém cia AB. Ciing nhu thé, J 1a trung diém cta CD. Dit
AB =2x,CD = 2y.

Taco ID =va? - x* V& Sy = 2Spg NéN

2_
AB.ID = 2IN.DB & xya? - x? =r.a s, _XNa = Xo
ya? - y?

Tuong tu ry = 2

2 4
Vay CD2 —4r2 =ay? 4 Y@ Y)Y _ 32(cp? - 4r2) = acD?
a.2 8.2
2,2 2 4
XA X)) 4 X a2(AB2 - 4r2) = 4AB*
a2 a.2
4AB*  a®(AB? -4r?) hay AB*  AB? - 4r?
acp*  a?(cp?-4r2)" " cp* cp?-ar?
4. ( Ban doc tw vé hinh)
Tacd MN la duong trung binh ctia tam giéc déu nén

5

S =—S
AMN 4 ABC ~ 4 4

AB? —4r? = 4x* — 4

Do do6

Thé tich hinh chép S.AMN : V = %so.s AMN = % :
Bén kinh r mat cau ndi tiép hinh chép S.AMN
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. 143 + 92
Taco: D' S=Sgapm +Ssan * Ssmn + Samn -

R 1 3V 3
MaVv==r.)S=r= = .
R R AN
5. ( Ban doc tw vé hinh)

Ta ¢6 O 12 hinh thoi nén O cach déu bon canh ctia hinh thoi.

Goi H, K 1an luot 13 hinh chiéu ctia O 1én CD va CB thi H, K ciing 14 hinh
chiéu cua S 1én CD, CB.

Goi I thudc SO, Goi E, F 1an luot 1a hinh chiéu cta I 1én SH, SK , ta ¢6 IE,
IF 1an luot 1a khoang cach tir I dén mp(SCD) va mp(SCB).

SI.HO SIKO 45 HO=KO va SH=SK nén IE=IF.

Taco IE = JIF =

Viéy khoang cach tur | dén cac mp(SCD) va (SCB). Chiing minh tuong tu ta
co I cach déu cac mat bén cua hinh chop. Tir d6 suy ra tim mat cau ngoai
tiép ctia hinh chop nam trén dudng cao SO. Goi I 13 tAm mit cau thi I 1a
chan duong phan giac goc SHO.

J3a V382 + 4b?

Tacd OH = =% SH ===,
2
IS_HS _1S+10_HS+HO _ o HOSO _ J3ab
10~ HO 10 HO HO+HS 3., Jaa? + ap?
\/gab

Vay ban kinh r = :
\/Ea + \/3a2 + 4b?

6.a) Taco AB L (CDM)= DM 1 AB.Khi DM L CM thi DM 1 (ABC)
nén DM la duong cao cua tir dién. Khi d6 tam giac CDM vubng can tai D

nénsuy ra DM =9.
2
Tacd x = AB = 2MB = 2¢BD2 - DM ?2 = 2,/CD —J2¢cD.

2

b) Thé tich tir dién V = ECD3 .

Dién tich toan phén cua tur dién: Z S=2S,cp +2Sagp = —5— CcD?

\/§+2
2
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3V 2J3-3

s 2

Goi r 1a ban kinh mét cau ndi tiép tir dién ta co: r =
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